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DIVERSITY AND HETEROGENEITY OF POPULATION

Abstract

The paper addresses some problems concerning the diversification of populations.

The problem of economic diversification, particularly with respect to income inequality, is reviewed
very briefly. The main purpose, however, is to present the recently developed theory of heterogeneity
of population with respect to the mortality. The core of this theory has been initiated in 1979, the
exposition of it is illustrated by a series of simple examples.

1. Introductory remarks about the unequal world

Diversity concerns both income and health. To see the income gap let us notice
that the ratio of income of richest to poorest in 1960 [8] was as 30 : 1, in 1991 this
ratio was as 61 : 1, and in 1997 the income ratio of richest to poorest was as 74 : 1.

In 1960 the poorest 20% have only 1% of world’s GDP, while the middle 60%
have 13% of world’s GDP, and the richest 20% have 86% of world’s GDP.

According to the HDR published in 2005 the world’s richest 50 individuals have
a combined income greater than that of the poorest 416 000 000.

Polarization is increasing dramatically. Recently, of the world’s 6 billion people,
2.8 billion live on less than $ 2 a day, 1.5 billion live on less than $ 1 a day. And on
the other hand, according to American Obesity Association, 127 000 000 people are
overweighed, 60 000 000 people suffer from overweight and 9 000 000 Americans
are dramatically obese.

2. Measurement of inequality

One distinguishes two classes of measures of financial inequality: mechanistic
and statistical. Among the mechanistic measures (see [2]) the well-known is the
relative mean deviation (Schutz’s coefficient). This measure is defined as follows:
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where x, x,,..., X; denote annual income of n persons and x is an average annual
income. The other measure of this kind is the famous Gini index which is the most
commonly used measure of inequality. This index is usually defined in terms of the
Lorenz curve. The following equivalent definition makes it clear that the Gini index
is a measure of dispersion divided by twice the mean. The numerator of this
expression known as Gini coefficient is the average absolute difference between all
pairs of individuals
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As the third measure it should be mentioned the Teils’ measure
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The most often natural logarithms are used.
General family of inequality measures that includes, among others, both the Gini
index and the coefficient of variation, is given by the following formula:
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When r =1, then / is the Gini index.
Statistical measure of inequality is defined as a mapping (see [3])

K:Dy ,—R,

where D, ,; denotes the set of all distribution functions satisfying

Fy(y)= 0 for y <0, (U, >0) . (5)
1 fory>za (aeR,)

The statistical measures most commonly used in theoretical as well as in empirical
work include the coefficients listed below.
1. Coefficient of variation

o,y = I (©)

F
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where V(F,) is a variation random variable X, and x,.is a mean random variable X.
2. Relative mean deviation

“x
R(Fy) = J-‘__ldFX(x)' (7)
0 /uF
3. Gini coefficient
1 a
G(Fy)=— [(Fy —F})dx. (8)
Hr g
4. Area of concentration
1
A(FX)ZEG(FX)’ ©)

where G(F,) is Gini coefficient.
5. Standard deviation of logarithm

2
S(F,)= I{log[ij} : (10)
0 /,l F
6. Atkinson index

Atkinson’s measure of inequality is based on the social welfare function (see
[2; 3]). The problem is that the choice of a social welfare function is normative, not
empirical, and it is difficult to achieve any agreement on what that function should
be. Perhaps the most widely acceptable class of function is the additive concave
welfare function. For this class, Atkinson showed that the following inequality
measure was especially appropriate:

A(FX):I—LngFx(dx)T . (1)

FLoO

Atkinson’s index in case of discrete finite random variable is defined in the
following way:

A(F,)=1- i(:—fjlf)((xi) - (12)

where f,(x,) is the density function random variable X in the point x,.
Yitzhaki index is a generalization of an absolute parametric Gini index of equality.
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It is defined as follows:

b
50) = [4" (dy. v 20, (13)
0

where A(x) = 1 — F(x) and F(y) represent cumulative income distribution and v is a
parameter ranging from 0 to .

3. Longevity diversification

Benjamin Gompertz proposed in 1825 that the force of mortality increased
exponentially with age for humans (see [7]). It has been discovered that Gompertz’s
formula describes the mortality at younger adult ages. This formula does not capture
the rise of mortality for advanced ages. There is an evidence that the mortality
decelerated at highest ages. For the explanation of this phenomena there were
proposed several theories.

In 1990 Medvedev reviewed more than 300 theories of aging. Mortality
deceleration came as a big surprise (see [5]). All populations are heterogeneous. Some
individuals are frailer than others, and they tend to die first. Let 7'be a positive random
variable representing the life span of an individual drawn at random from G population
of newborn. Random variable 7 is conveniently characterized by a survival function:

S@=P(T>t)+1-F(t), t>0,
where
F(H)=P(T<1).

Force of mortality is defined as follows

AU)
1) =—"=, 14
u(t) S0 (14)
where f'(¢) is the probability density function of 7.
Force of mortality is related to survival function:
S'(1) d
H=—""—=—1-F(1)).
u==5 =g (- F0)
In the case of Gompertz law functions characterizing life span are the following:
p
J(t) =exp —y—eXp((Vf ) —Dexp(yr)), (15)
p(t)=pc’, (16)

S(t)y=e"g" ™, (17)
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where g = exp (—f/In ¢).
Suppose that there is some non-observable characteristic Z which affects the mortality
multiplicatively (see [8]):

p(t,z) =zu t,1) = zu (2). (18)
From this one has
u(0) = [u(t.2)dF (). (19)
0

Assume that Z can be treated as a random variable with a cumulative density
function F(z). The probability that an individual at the age ¢ given the value z of
variable Z will die in an interval from ¢ to #+dt is denoted as f{#,z)dt. Conditional
density function of mortality will be denoted as f'(#/z) The probability density function
f(f) can be now considered as a following mixture:

S0 = [ft,2)dF(z). (20)
It is convenient to observe that

S (O=E(f(t.2)).
Let /. (z/T > x) denote the frailty distribution in a population survived till x, then
the mean of Z is calculated as (see [5; 10]):

o0

Z(x) = jz~fx(z/TZx)dz. Q1)
0
Hence

F(x) = [u(x,2)- f(2)dz = [z- (o)) fo(2)dz = () [z f(2)dz = p (1) - 2(x). (22)

Let f,(z)denote distribution at the birth, then for any age x we have:

12)=/2) - p(x.2),
where p(x,z) is the probability survive till the age x. This probability is calculated
according to the formula (see [9; 10]):

p(x,z)= exp(—(J‘,u (t,z)dt = exp(—(J‘z,u (t,l))dt =exp(—z I,u (t,l))dt =exp(—zH (x)). (23)

Hence

fx (Z) = f;)(Z) : GXp(—ZH(X)) )
[£,(2)- exp(=zH (x))dz

24
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The mean frailty can be now expressed as follows:

o0

3 [z £,(2) exp(~zH (x))dz
Z(x) = jz- fi(2)dz = . (25)
’ [£3(2)exp(—zH (x))dz

For the illustrative purpose suppose that mortality law is described by de Moivre’s
formula:

1
a) 3

f0=

where @ = 100 and means upper limit of human life time.
Cumulative distribution is following:
t t 1 t
F(t)= j F(t)dt = j—dz =
; 5w W
Survival function takes the following form:
w—t

S@t)=1-F(@)=2"".
(6]

Using the function of intensity of mortality «(¢) and the cumulative intensity H(?),
this function can be expressed as follows:

$(1) = exp(— [ (x)dx) = exp(~H (1)) = exp(~In—"—) = exp( ! ) I ot
; (w—-1) In

(w—1) -t

where

I
u =20 _ 0 _ 1 0<7<100,

Sty o—-t o-—t

(0]

and

t t
H(t) = [p(x)d= | ! dx =—In(w-x), =—In(w )+ o =In——, 0<7<100.
; Jw—Xx -t
Furthermore, assume that mixing distribution is uniform on the interval (0, 3):

g(z):% for 0<z<3,
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then

f@0) = [f(t/2)dG(z) = [2f (t/1)dG(z) = J%zf(t/l)dz:

3
1 1
[rr—dz=——.
s 3 100 200
The mean intensity of mortality is obtained as follows:
y y N 1,5
u(t) = t,2)g(2)dz = \zu(t/z=Ng(2)dz = |-z dz=— .
() ()ju( )g(2) Oju( )2(2) 0j3 e
The distribution of the frailty in the population for any age x has the following
form:

%exp(—z In A(x))

So(2)-exp(=zH (x)) _ In A(x)exp(~z1In A(x))

f(2)=5 =5 ,
1 1—exp(—31n A(x)
Oj £,(2)-exp(—zH (x))dz ij exp(—zIn A(x))dz
where:
Ax)=—2—,
w—X

and f; (x) means the density of frailty at the moment of birth.
The mean frailty, in this case, is following:
" T InA(x)exp(-zIn A(x)) 1 1
Z(x) = dz= [z - _
() Oj Sz = [z l—exp(:3lnA(x) B B(x)

{exp(—sB(x»(ﬁ—s)}

0

where

B(x)=n—2—.

w—X

In the case when mixing function has gamma distribution:

g(2)=n"2""e" IT(2),

then
- (1)
H=——2—,
=m0
where ¢” is variation of mixing function and
t
1
H(t)= [—dx=ln—",
fw—Xx w—t
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1 1

p=—0-l - ol _ ! , for 0<7<100.
I+ HW) 1 5200 2 (—t)(l-o®)ln -2
w—t w—t

Let us take a look at a few intensity functions and calculate the average intensity
using gamma distribution function.
¢ 2
ct . . . .
If u(®)=ct, H(t) = J. cex dx = EX then the average intensity function is
0
following:
ct

f(t)=———.
M=

If u(t) —ce” , H() = %[ea—l]

and mixing function is gamma, then the average intensity function has the following
form:

ce(bt)

T l+oc[exp(bt)—11/b

0
1 1(0) =c (exp(— ba)) , H(1) = %[1— ™

and mixing function is gamma, then

—b
ce™”

(0)=—— .
1+ %c[l —exp(=bt)]

These examples demonstrate that individual aging can be different from aging in
the entire cohort.
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DYWERSYFIKACJA I ZROZNICOWANIE POPULACJI

Streszczenie

Artykut dotyczy niektorych problemow zréznicowania populacji. Bardzo skrotowo przedstawiony
zostat problem dywersyfikacji ekonomicznej ze wzgledu na nierdwnosci dochodow. Glownym celem
artykutu jest prezentacja zréznicowania populacji ze wzgledu na indywidualng witalnos$¢ lub
stabowitos¢. Istota teorii, ktora zostata zainicjowana w 1979 r., zostala zilustrowana prostymi
przyktadami.
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