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Using vector diffraction theory, we analyze how heterogeneous phase modulation affects the focusing
behavior and propagation of Bessel-Gaussian beams. We systematically analyze the influence of
beam parameters, topological charge L, phase factor n, and focusing angle phase parameter B on
the normalized intensity distribution. The results reveal that the topological charge L can precisely
control the opening degree of the spiral-shaped curve on the focal plane: as L increases, the ring
opening widens, and a second ring emerges. Increasing the phase factor n concentrates beam energy
toward the central spot. The focusing angle phase parameter B strongly affects peak intensity lo-
cations: larger B shifts energy toward bilateral regions, and further increase displaces the highest
-intensity spot outward along the y = x direction. Increasing beam parameters causes focal plane
intensity peaks to separate, expanding the overall focal pattern outward. We also examine how neg-
ative B values alter peak intensity positions. As B decreases, peak intensity locations rotate clock-
wise. These findings have potential applications in optical trapping, particle manipulation, and
modern medical technologies.

Keywords: focusing characteristics, heterogeneous phase, vector diffraction theory, Bessel-Gaussian
vortex beams.

1. Introduction

In 1987, James Durnin first proposed the concept of an ideal Bessel beam, which ex-
hibits a diffraction-free property. Its transverse intensity profile is described by a Bessel
function and theoretically maintains its shape over an infinite propagation distance.
However, such ideal Bessel beams require infinite energy, making them experimentally
unrealizable [1,2].

To overcome this limitation, GorI et al. introduced the Bessel-Gaussian beam
model, which multiplies a Bessel function with a Gaussian envelope. This modification
eliminates the infinite energy requirement, providing a practical approximation of dif-
fraction-free beams [3].
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In the 1990s, researchers successfully generated Bessel-Gaussian beams experi-
mentally using axicons, annular apertures combined with lens systems, or laser mode
converters. These methods achieved the desired Bessel-Gaussian intensity profile by
modulating the laser wavefront phase [4,5].

Inrecent decades, research has expanded beyond beam propagation to include tight
-focusing systems, leading to widespread applications of tightly focused Bessel-Gaussian
beams with high numerical aperture objectives [6-11]. For example, Liu ef al. demon-
strated that radially polarized Bessel-Gaussian vortex beams with a power-exponent
phase profile produce subwavelength focal spots with strong longitudinal fields under
high-NA focusing. Such configurations show potential for optical trapping of multiple
particles and laser fabrication of chiral microstructures [12].

However, studies on Bessel-Gaussian beams with heterogeneous phase modulation
remain relatively scarce [13]. In practice, many optical applications, such as light field
manipulation or optical devices, deliberately employ spatially or temporally nonuniform
phase distributions. Unlike uniform phase distributions, heterogeneous phase structures
break symmetry and introduce controlled wavefront propagation differences, enabling
unprecedented manipulation of optical amplitude, polarization, and momentum. Meta-
surfaces leverage spatially varying phase profiles to achieve light deflection [14-16],
orbital angular momentum beam generation [17-19], or sub-diffraction-limit focus-
ing [20-23]. This motivates our further investigation into how heterogeneous phase
modulation influences beam focusing.

2. Theory

This study focuses on the focusing properties of Bessel-Gaussian vortex beams with
heterogeneous phase modulation. The scheme of the optical system is shown in Fig. 1.
The heterogeneous phase function can be expressed as:

exp(iB NA'sin6 + iLgp) exp [in sin(ng) tin cos(ngo)} (1)

Here, B is the focusing angle phase parameter, » is the phase factor parameter, L is the
topological charge of the helical phase component, and NA is the numerical aperture
of the focusing system. J;, denotes the zero-order Bessel function, f represents the
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Fig. 1. System structure diagram.
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beam parameter, and o is the waist width of the Bessel-Gauss beam. Thus, a vortex
beam with heterogeneous phase modulation in a focused optical system can be ex-
pressed as follows [24]:

2 2
o) - Jo(ﬁ(r/a)z Jexp(_ (r/a)zj
(w/a) (w/a)

x exp(i B NA'sin6 + iLp)
X exp [in sin(ng) tin cos(ngo)] 2)

In cylindrical coordinates denoted as » = fsin#), where a = fsinf substitution

into the above equation yields:

max?

B(fsin6/ fsinf_ )* sin@/ fsinf__ )
gy = ma)” | | (sin0 sindg,)

(w/a)2 (a)/a)2

x exp(i BNA 'sin@ + iLp)

X exp[insin(n(p) + incos(ntp)} 3)
Assuming the system is in air, where 0 € [0, arcsin(NA)] and NA = sin0,,,,, the
above equation can be further modified to:
Bsin®g sin’g
E(0, 9) = J, 5 2|7
NA“(w/a) NA“(w/a)
x exp(iB NA'sin6 + iLgp)

X exp [in sin(ng) tin cos(ngo)} (4)

When the incident light is polarized along the x-axis, the electric field distribution in the
focal region can be derived using Richards—Wolf vector diffraction theory as [25,26]:

. [cos® + sinp(1 — cosO)]x
E(p,y,z) = - JE(H, ¢)4 cospsing(cosf — 1)y

Q cospsinfz

X exp [—ikp sinf cos (¢ — l//)j| exp (—ikzcosf)sinddf do (%)
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where p, vy, z are cylindrical coordinates in the focal region, x, y, z are Cartesian unit
vectors, and k = 2m/4 is the wave number.

Substituting Eq. (4) into Eq. (5) yields the electric field within the focal region
along the x, y, and z directions.

The electric field in the x direction is

.[ max j ﬂsm 6 exp|— sin’g
A

E (p,y,2) = > >
NA? (w/a) NA“(w/a)

x exp(iB NA'sin6 + iLgp) exp [in sin(ng) +in cos(ngo)]

X [cos@ + sin2¢(1 - cos@)] exp [fikp sinf cos(p — 1//)}
x exp(—ikzcosf)sinfdf de (6)

the electric field in the y direction is

max sin 9 sin29
e
NA2(w/a)’ NA%(w/a)

x exp(iB NA'sin6 + iLgp) exp [in sin(ng) tin cos(ngo)}

x cosgsing(cosf — 1)exp [—ikp sinf cos (¢ — 1//)}
x exp(—ikzcosf)sinfd6 do @)

and the electric field in the z direction is

Ez(p3 l//’ Z)

exp|— - >
NA? (a)/a) NA“(w/a)

I maxj ﬂsln 9 Sln20
A
x exp(i B NA'sin6 + iLp) exp [in sin(ng) +in cos(n(p)}
X cos @ sinfexp [—ikp siné cos (¢ — z,u)}
x exp(—ikzcos®@)sinfd6 do (8)
3. Numerical results

Building upon the equations derived in the preceding section, we perform numerical
simulations to analyze the optical field distribution and examine the properties of
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Fig. 2. Intensity distribution of the focused field for a Bessel-Gaussian beam with heterogeneous phase mod-
ulation under the following conditions: NA =0.95,n=0,B=1,f=5,and(a) L=1,(b) L=2,(c) L =3,
(dL=4,(e)L=5,(f)L=6,(g) L="7,and (h) L=38.
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Bessel-Gaussian beams under heterogeneous phase modulation. For our analysis, we
assume a focusing optical system with numerical aperture NA = 0.95 and relative beam
waist width w = 1, without compromising the validity or generality of our results. All
distance units in the figures are normalized to k~!, where k denotes the wave number.

Figure 2 presents the intensity distributions at the focal plane for varying topolog-
ical charges L, with the system parameters set as NA=0.95,n=0,B=1,and f=5.
When L = 1, the intensity distribution on the focal plane appears as a symmetric cir-
cular ring, as illustrated in Fig. 2(a). As the value of L increases, the intensity distri-
bution gradually expands, and the diameter of the circular ring also enlarges. At L =4,
compared to L = 1, a second ring emerges within the circular intensity pattern. With
further increases in the topological charge L, the second ring progressively approaches
a uniform circular intensity distribution. From Fig. 2(a) to (h), it can be concluded that
the topological charge L significantly influences the intensity distribution in the focal
region: the overall intensity distribution expands outward, and as L increases, the in-
tensity of the first ring decreases while the intensity of the second ring increases. More-
over, the intensity distribution of the second ring becomes more uniform compared to
the first.

Investigating the influence of the focusing angle phase parameter B on beam intensity
distribution, Fig. 3 presents and analyzes the intensity distribution of Bessel-Gauss
beams with heterogeneous phase modulation under the conditions of numerical aper-
ture NA =0.95,L =1, B= 5, and § = 5. The simulation results reveal that the intensity
distribution undergoes significant changes as the focusing angle phase parameter B var-
ies. When n = 0.1, two intensity bright spots appear symmetrically along the vertical
axis, with the upper spot exhibiting higher intensity than the lower one. As n increases
to 0.4, the upper and lower bright spots gradually merge, forming a single high-inten-
sity spot. When n further rises to 0.8, the focal plane stabilizes into a steady intensity
distribution, maintaining a single well-defined bright spot. These observations demon-
strate that the focusing angle phase parameter B effectively modulates the energy dis-
tribution of the intensity pattern, and compared with the previous research results [24],
the focus of the beam can be controlled more sensitively by adjusting focusing angle
phase parameter B.

To study the influence of different beam parameters f on the intensity distribution at
the focal plane, we simulated the intensity profiles of Bessel-Gauss beams with hetero-
geneous phase modulation under the conditions of numerical aperture NA = 0.95,
L=1,n=1,and B=1, as shown in Fig. 4. When the beam parameter S = 2, two in-
tensity peaks appear near the geometric focus. As f increases to 9, the overall focal
pattern expands (Fig. 4(c)). With further increases in S, the separation between the two
intensity peaks gradually widens (Figs. 4(e) to (h)). Additionally, the upper intensity
peak shifts upward, while the central peak moves from the focal center toward the right.

Under the conditions of numerical aperture NA = 0.95, n =2, f =1, and topological
charge L =1, Fig. 5 presents the focal-plane intensity distributions of Bessel-Gauss
beams with heterogeneous phase modulation for different focusing angle phase param-
eter B. As shown in Fig. 5(a), the focal pattern exhibits central symmetry. When B in-
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Fig. 3. Intensity distribution of the focused field for a Bessel-Gaussian beam with heterogeneous phase
modulation under the following conditions: NA=0.95,L=1,B=5,=5,and (a) n=0.1, (b) n=0.2,
(c)n=03,(d)n=04,()n=0.5,(f)n=0.6,(g) n=0.7,and (h) n =0.8.
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Fig. 4. Intensity distribution of the focused field for a Bessel-Gaussian beam with heterogeneous phase
modulation under the following conditions: NA =0.95,L=1,B=1,n=1,and (a) f=2,(b) f=3,(c) f =4,
(df=5,(e)p=06,(f)f=7,(g) f=8,and (h) f=9.
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Fig. 5. Intensity distribution of the focused field for a Bessel-Gaussian beam with heterogeneous phase
modulation under the following conditions: NA =0.95,L =1,f=1,n=2,and(a) B=7,(b) B=8,(c)B=9,
(d)B=10,(e)B=11,(f) B=12,(g) B=13, and (h) B = 20.
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creases from 7 to 11, the intensity distribution gradually concentrates toward both
sides, evolving from multiple discrete spots into two large, symmetrically positioned
intensity lobes. With further increase of B to 20, the intensity distribution continues to
expand, and the intensity peaks are observed to shift slowly along the diagonal direc-
tion. This demonstrates that the dimensionless axicon parameter B effectively controls
both the spatial concentration and directional movement of the focal intensity distri-
bution. Therefore, by adjusting focusing angle phase parameter B, two particles can
be separated along a certain trajectory.

Under the parameters NA = 0.95, L = -1, = 1,and n = 0.8, the focal light intensity
distribution varies with parameter B, as illustrated in Fig. 6. When the focusing angle
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Fig. 6. Intensity distribution of the focused field for a Bessel-Gaussian beam with heterogeneous phase
modulation under the following conditions: NA =0.95, L=-1,=1,n=0.8, and (a) B=-1, (b) B=-
(c)B=-3,(d)B=-4,(e) B=-5, and (f) B=-6.
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phase parameter B = —1, the peak intensity is located directly beneath the circular focal
pattern. As B decreases to —2, the peak intensity within the focal pattern rotates. As
shown in Figs. 6(e) and (f), further reduction in B shifts the peak intensity toward the
upper-left corner, while the focal spot gradually expands. By regulating focusing angle
phase parameter B, it can be used for the rotation of particles.

4. Conclusions

We investigated the focusing and propagation properties of Bessel-Gaussian beams
with heterogeneous phase modulation, systematically analyzing the influence of key
parameters beam parameter S, topological charge L, phase factor n, and focusing angle
phase parameter B on the normalized intensity distribution. Our findings demonstrate
that: Topological charge L precisely controls the focal ring’s aperture size, with in-
creasing L leading to a more pronounced ring opening and the emergence of a second-
ary ring. Phase factor n drives beam energy concentration toward the central spot,
offering tunability for applications requiring high-intensity focal spots. Focusing angle
phase parameter B critically determines the position of intensity peaks: Positive B caus-
es energy concentration on both sides, with peak locations shifting outward along y = x
as B increases. Negative B induces a clockwise rotation of peak intensity positions with
decreasing B. Beam parameter § governs focal region expansion, with larger f values
leading to outward separation of intensity maxima. These variations in intensity dis-
tribution, achievable through parameter adjustments, open new avenues for optical ap-
plications. Specifically: by adjusting focusing angle phase parameter B, two particles
can be separated along a certain trajectory. By regulating focusing angle phase param-
eter B, it can be used for the rotation of particles. These findings provide new perspec-
tives on particle transfer and transport, optical shaping, particle capture, and optical
micromanipulation.
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