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DEGRESSIVELY PROPORTIONAL FUNCTIONS
USING THE EXAMPLE
OF SEAT DISTRIBUTION
IN THE EUROPEAN PARLIAMENT

Piotr Dniestrzanski

Abstract. This article presents an example of the current problem from the borders of
economics and politics, which can be used in mathematics courses for economics majors.
This problem is the distribution of seats in the European Parliament among the member
states of the European Union, and the principle of degressive proportionality formulated for
this purpose in the legislation.

Keywords: degressive proportionality, mathematics teaching.

1. Introduction

Mathematics, one of many subjects in the curricula of economics’
studies, is sometimes treated by students as a “necessary evil” you just have
to deal with. At the same time more and more often, because of further cuts
in the number of teaching hours, teachers are forced to reduce the scope of
the taught content or the implementation of some parts of the material to an
even more narrow range’. The best bet in this situation would be to reduce
the application part which, in turn, sometimes is not very well received by
the participants. Probably anyone who has run a course in mathematics (for
studies other than mathematics) will have encountered, in connection with
the presented material, questions like, “What do we need it for?”, “When
will we use it?”, “Where will we be able to apply it?”, etc. Presenting at an
appropriate stage of the lecture (class/practice) a well-chosen example of
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! The deterioration of the results of teaching mathematics at the universities of
economic developments in the software in high school and a decrease in the number of
hours extensively in college teaching article treats Miskiewicz (2011).
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application is usually the key to a wider interest in the presented material
among the participants. A great source from which mathematics (and not
only) teachers can draw from in recent years is an issue which the European
Union has not been able to settle for a long time — the distribution of seats in
the European Parliament. On the basis of this issue, one can build a lot of
potential problems, more or less complex, ideally suited for use in a mathe-
matics course. This example can show how even simple tools of quantitative
methods may be useful in the analysis, resolution and, above all, under-
standing of important issues related to the functioning of significantly large
structures, including the entire European Union and, more specifically,
the European Parliament which represents its citizens. Although parliamen-
tary democracy has been in use in the majority of member states for many
years, the EU still has not managed the creation of a precise mechanism
for selecting members of the body that represents its citizens. This article
does not aim at analyzing the problem itself (it is being dealt with by many
mathematicians, economists, lawyers and politicians), but at building on its
basis examples of the possibilities of using it in an academic course of
mathematics.

2. Derivation of the issue

The concept of degressive proportionality became popular around
2005/6, in connection with the distribution of seats in the European Parlia-
ment among the member states of the European Union. The distribution of
seats is based solely on the size (measured by population) of the member
state. In this case no other parameters or characteristics of the merits of the
state, such as its size, the size of GDP, the length of presence within the
structures of the European Union, are relevant. This is of course consistent
with the traditions of selecting national parliaments, and no other criteria for
the allocation of seats were taken into account. Large variations of the
member states in terms of population prevents the use of proportional
divisions. Suffice to note that the ratio of currently the most populated (the
largest) member of the EU (Germany) and the smallest (Malta)?
is 81843743/416110 ~ 196.7. So, if Malta had a minimum representation of
the current 6 seats (assuming proportional distribution), Germany would
have to be represented by 1180 members of Parliament and the Parliament

2 Eurostat, on 1 December 2012.
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would come up to about 7,260 members.®> Assuming, possibly in the near
future, the accession of Turkey to the EU structures, the situation would be
even more drastic.

The first fine adjustment of the composition of the European Parliament
took place at the Council of Europe meeting in Edinburgh (11-12 December
1992) and was connected with the unification of Germany. See below what
was then established:”

1. Each state, regardless of population, receives six seats.

2. Countries with a population of between 1 and 25 million receive one
additional seat for every 500,000 citizens.

3. Countries with a population of between 25 and 60 million receive
one additional mandate per million citizens.

4. States with a population of over 60 million receive a mandate per
each 2 million citizens.

The problem of allocating seats due to the dynamic fluctuations of
the EU’s composition and increase of its importance, caused the need for
stricter regulation, especially in view of the accession of more countries and
demographic changes in the member states. The existing legislation in this
subject is the Treaty of Lisbon,> which states:®

The European Parliament shall be composed of representatives of the
Union's citizens. They shall not exceed seven hundred and fifty in number,
plus the President. Representation of citizens shall be degressively propor-
tional, with a minimum threshold of six members per Member State.

No Member State shall be allocated more than ninety-six seats.

The ambiguous phrase “degressively proportional” and the problems
associated with its use, resulted in an immediate adoption (prepared by the
Committee on Constitutional Affairs) of the European Parliament resolu-
tion’ containing six rules to clarify the rule of degressive proportionality.
For further considerations two of these principles are crucial:

The principle of fair distribution: no state will have more seats than
a larger member state or a smaller amount of seats than a smaller member
state.

% A more detailed analysis can be found in the work of Cegielka et al. (2010).

*The given algorithm is then stored in the Treaty of Amsterdam, together with the
upper limit of the total number of deputies to 700.

> The Treaty of Lisbon reforming the Treaty on European Union and the Treaty Esta-
blishing the European Community, signed on 13 December 2007.

® Article 9a, the new Article 14 of the Treaty on European Union.

" At the meeting of the Parliament on 11 October 2007.
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The principle of relative proportionality: the ratio of the population
size to the number of seats is greater the larger the state, and smaller the
smaller the state.

The principle of fair distribution (PFD) and the principle of relative
proportionality (PRP) constitute the core of what is now called degressively
proportional distribution. Other rules (not cited in the article) determine
the minimum and maximum number of seats a member of the Union can
get, with a maximum size of Parliament (750 MPs). It is also stated that
smaller countries should have greater representation than that according to
ordinary proportionality, and it mentions the flexibility for minor modifica-
tions aimed at “the most equitable distribution of seats”.

It is worth noting that the findings of the Council of Europe meeting in
Edinburgh (the four points mentioned earlier) are the prototype of
degressively proportional divisions. The distribution of seats in line with
these findings clearly meets the conditions of PFD and PRP. The only
drawback in this case is the uncontrolled number of Members of Parliament,
since in the case of the (expected) rapid development of the Union it could
be troublesome.

3. Degressively proportional functions

Let x be population of a state and y = f(x) the number of members rep-
resenting the state of population x. PFD and PRP rules require the following
limitations for the f(x) function:

f(x) is non-decreasing, 1)

f(x)

——= is decreasing. (2)
X
Apart from the necessary rounding issues with the allocation of seats (we
are dealing with the allocation of the so-called indivisible goods), we will
present an analysis of functions satisfying conditions (1) and (2). Of course,
we can assume that

f:R, >R,. 3)

What is the conjunction of conditions (1)-(3), and can the considered is-
sue be used in a mathematics course at a university of economics (and not
only economics)? The function satisfying conditions (1)-(3) will be hence-
forth called the degressively proportional function or allocation function.



Degressively proportional functions... 39

The analysis of the properties of the degressively proportional functions and
their applications is an example of a nice “full-blooded problem”, which can
be presented to students. It has many attributes that can make the students
interested in the issue:

1. Itis easily definable.

2. It is closely related to an unresolved (at least until the time when
these words are written) important issue.

3. The examined issue can be analyzed without the use of complex
mathematical apparatus.

4. There is a wide space for stimulating students’ creativity.

5. More mathematically proficient students have the opportunity to
demonstrate their skills.

MANDATY

POPULACJA
I

Fig 1. The function allocating seats according to population,
and a non-concave function satisfying the principle of relative proportionality

Source: own elaboration.

The first reaction after taking a look at the conditions of (1)-(3) is often
to say that f(x) is a concave function. This is a half-truth, which is not com-
pletely true. Concavity here is a sufficient condition but not a necessary one.
The proof of the relevant facts can be found in the article Dniestrzanski
(2011). Figure 1 shows the corresponding geometric illustration, such as the
function determining the distribution of seats according to population,
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which satisfies the principle of relative proportionality but is not a concave
function.

Let us now move the considered issue to the level of a mathematics
course for economics majors. What are the problems associated with the
proposed issue of the division of seats the students may try to resolve? How
to formulate a suitable task?

Proposed tasks for students

Exercise 1.
Give an example of a f: R+ — R, function that is a degressively propor-
tional function and is (at least for a certain intervals) convex.

Exercise 2.
Give an example of a f: R+ — R. function which is a degressively pro-
portional function and convex for the interval (0, a), a > 0.

Exercise 3.
Determine intervals on which the function f: R, — R, defined by
f(x)=x"+a (a>0,n isa natural number) is degressively proportional.

Exercise 4.
Prove that under conditions (1) and (3) concavity is a sufficient condi-
tion so that the given function becomes degressively proportional.

These tasks are just a few examples of the possible use of this issue in
the course of mathematics. Along with purely mathematical considerations,
there can (and should) appear the application issues. The concept of
degressively proportional function has a strictly practical derivative that
may help (on the other hand, it can also narrow down) inventing examples
of applications. Here are two simple problems which the students can tackle.

P1. Give examples (real or theoretical) of implemented degressively
proportional divisions.

P2. Define degressively proportional division. Where are (or could be)
such divisions used?

4. Generalization for functions of multiple variables

The issue of distribution of seats in the European Parliament is a good
example of broader opportunities to engage students to use quantitative
methods to analyze economic and social issues. Going forward in the study
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of the degressively proportional function, one may go on to functions of
multiple variables. In this case we are able to reverse the problem or, more
precisely, one may raise the following questions:

1. How to generalize the notion of degressively proportional function in
the case of functions of multiple variables?

2. What possible use could such functions have in the modeling of eco-
nomic phenomena such as the distribution of wealth, or other?

3. Can one state where the divisions similar to the allocations based on
degressively proportional functions are already in place?

Consider the f(x,y) function. In order to generalize the notion of
degressive proportionality to functions of two variables (going to any num-
ber of variables is a formality), we can expect that the function f(x,y)
should satisfy the conditions:

f (X, y) is non-decreasing with respect to x (with fixed y), (1a)

f (X, y) is non-decreasing with respect toy (with fixed x), (1b)

RGN decreasing with respect to x (with fixedy), (22)
X
T decreasing with respect to y (with fixed x), (2b)
X
f:R. - R, (3a)

Are there other natural generalizations of the concept of degressively
proportional function in the case of multiple variables? How one can refor-
mulate the conditions (1a), (1b) and (2b), assuming the differentiability of
function f(x,y)? These are examples of additional questions indicating

other possible directions of exploitation of the topic.

Accurate mathematical analysis of the concept of degressive propor-
tionality can be found, inter alia, in an article by Stomczynski, Zyczkowski
(2012) and the compilation by Misztal (2012). The proposal for the distribu-
tion of seats which seems to be the closest to be approved by the European
Union (called the Cambridge compromise) is described in detail in the work
of Grimmett et al. (2011).
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5. Summary

The distribution of goods and “burdens”, determining the relevant rules
of such divisions, is one of the oldest dilemmas of humanity. The problems
with the distribution of seats in the European Parliament show that still there
are situations in which one does not really know how to carry out the proper
allocation. In such cases, to some extent, a mathematical description of the
problem is very useful. It allows for definition and clarification and thus
introduces more flexibility in preparing appropriate analyzes. The problem
of the allocation of seats in the Europarliament is one of the most interesting
challenges of this type. We are dealing here with a simple (in the mathema-
tical description) issue with great potential. The paper presents (or rather
outlines) the educational potential of the problem. The focus is on selected
items which can be used in the mathematics courses at universities of eco-
nomics and may be one of the incentives to study the subject.
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