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Summary: This paper discusses the calculation of moments of cash value of future pay-
ment streams arising from portfolio of multistate insurance contracts, where the evolution
of the insured risk and the interest rate are random. A matrix form for formulas for the
first two moments of cash value of the stream of future payments for a portfolio of poli-
cies is derived. As an application formulas for insurance premiums are provided. The
general theory is illustrated with a case where the rate of interest is modeled by a Wiener
and an Ornstein-Uhlenbeck process.
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1. Introduction

Multiple state modelling is a classical stochastic tool for designing and
implementing insurance products. The multistate methodology is in-
tensively used in calculation of premiums and reserves of different
types of insurances like life, disability, sickness, marriage or unem-
ployment insurances.

In this paper we focus on the discrete-time model, where insurance
payments are made at the ends of time intervals. It practically means
that immediate annuity and insurance benefits are paid immediately
before the end of the unite time (for example: year or month). Premi-
ums and annuity due are paid immediately after the beginning of the
unite time.

The aim of this paper is to give a general approach which can be
used to calculate the moments of cash value of future payment streams
arising from a portfolio of multistate insurance contract with the finite
term of policy. These formulas are usually quite extensive, thus we
propose to employ a matrix notation which was used in [3] for the
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analysis of single policies. This notation not only makes calculations
easier, but also provides a nice form for important actuarial values
both for a heterogeneous and homogenous portfolio. Moreover the
matrix form enables us to factorize the double stochastic nature of
moments of the cash value of future payment stream.

Note that premium is risk-rated for individuals and groups on the
basis of characteristics such as age, sex, occupation and previous
health conditions. It also depends on the largeness of a portfolio. It is
more difficult to diffuse risks in small groups (like an individual insur-
ance contract) than in large groups. When a portfolio gets larger, the
average expected cash value of payment streams is less likely to vary.
It appears that the matrix notation helps in analyzing the influence of
the policies portfolio size on moments of average payment streams per
policy.

The paper is organized as follows. After a brief description of
modified multiple state model, we distinguish between different types
of cash flows (premiums and benefits) arising from modified multi-
state insurance contracts (Section 2). Then in Section 3 we present a
matrix form expressions for the first two moments of cash value of the
stream of future payments arising from a single policy. Section 4 deals
with the analysis of a portfolio of insurance contracts. Some applica-
tions including formulas for premiums are provided in Section 5.

2. Modified multiple state model

Following D¢bicka [2012] with a given insurance contract we assign a
modified multiple state model. That is, at any time the insured risk is
in one of a finite number of states labelled 1,2,...,N*. Let S* =
{1,2,..., N*} be the state space. Each state corresponds to an event
which determines the cash flows (premiums and benefits). In particu-
lar a state may represent such an event as death, disablement, recov-
ery, unemployment, etc. Additionally, by T* we denote the set of di-
rect transitions between states of the state space. Thus T" is a subset
of the set of pairs (i,j) , i.e., TS {(i,)) | i=]; 1, j € S*}. The pair
(S, T™) is called a modified multiple state model.
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In this paper we consider an insurance contract issued at time 0
(defined as the time of issue of the insurance contract) and according
to plan terminating at a later time n (n is the term of policy). We focus
on discrete-time model. Let X*(t) denote the state of an individual
(the policy) attime t (t € T={0, 1, 2, ..., n} ). Hence the evolution
of the insured risk is given by a discrete-time stochastic process
{X*(t); t € T}, with values in the finite set S*.

The individual’s presence in a given state or movement (transi-
tion) from one state to another may have some financial impact. We
distinguish between the following types of cash flows related to modi-
fied multiple state insurance:

—  p;(k) —a period premium amount at time k if X (k)= j),

— (k) — apremium amount at some fixed time k if X (k)= j,
—  Db;(k) — an annuity benefit at time k if X(k)= j,
— d;(k) —alump sum at some fixed time k if X (k)= j (for instance

pure endowment),
—  Cj(k) —a lump sum at time K if a transition occurs from state i to

state J at that time (for discrete-time model it means that
Xk—-1) =i+ j,X(k)=jandX(k + 1) # ).

Thus for the modified multistate model all types of cash flows are
connected with staying of the process {X*(t)} in a considered state,
although the c’s correspond to cash flows connected with transitions
between states. This situation occurs because of procedure of the mod-
ification of multistate model and assumption that a lump ¢;(k) sum
does not depend on state i and P(X*(k + 1) = j|X*(k) =j) = 0.

Therefore pair (S*, T™) not only describes possibilities pertaining
to an insured risk, but also informs which transitions the lump sum are
connected with, as far as its evolution is concerned.
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Let cf;" (k) be the future cash flow payable at time k (k= 0, 1, ..., n) if
the process {X*(t)} is in that time in state j (j = 1,2, ..., N*)

cfi (k) = cfx-o=;(k)

Since at each time k , all of the above types of cash flows may oc-
cur, then

cfi (k) =pj(k) + m;j(k) + bj(k) + d;(k) + c; (k). (1)

Let C represents the total payments made up to the end of the term
of policy with respect to the individual insurance contract, i.e.,

n
C = Z CfX*(k,)'
k=0

Moreover, let Y (t) denote the rate of interest in time interval [0, t].
Then the discount function v(t) is of the form v(t) = e™¥®. Thus,
the cash value Z of the total payment stream has the following form

Z = Yioocfy-(k)e ", (2)

Let us observe that Z is a random variable, which has a double
stochastic nature. It depends on process {X*(t)} and the stochastic
interest rate Y (1) .

We denote by Z; the cash value of total payment stream to be paid
with respect to the insurance contract for the | -th policy (when its
realization is described by process {X; (t)}), which belongs to portfo-
lio of L insurance policies (| € {1,2, ..., L} ).

In order to study the moments of Z we make the following as-
sumptions (see also [4] and [8]):

Assumption 1. The random variables X; for | = 1, 2, ... are independ-
ent and identically distributed.

Assumption 2. Conditional on knowing the values of Y (k) fork =0, 1,
2, ..., N, the random variables Z; are independent and identically dis-
tributed.
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Assumption 4. All moments of the random discounting function
e~ Y(® are finite.

Note that for a portfolio of L policies, the random variables
Z1,Z,,...,Z; are not independent, since the discount function is the
same for each Z;.

Before presenting formulas for two first moments of Z; we need to
introduce some matrix notation.

Let
s = (11,.,1)T erRV
;= (00,..1,..07 €RV
J
lk+1 = (OlOl ey \_:,!:; ) ---;O)T € Rn+1
k+1

foreachj=1,2,...,N*andk=0,1,2,..,n.
By diag(A), where A = (a,, a,, ...ay-)T € R¥ we denote a diag-
onal matrix

a 0 - 0
diag)=| 0 %@ o 0
0 0 - ay
Furthermore, for any matrix B = (bi J):l;;ll let Diag(B) be a diagonal
matrix
by, 0 - 0
piag®=| ¢ = 0
0 0 - Dbnyinn

Additionally, in order to describe the probabilistic structure of
{X*(t)}, for any moment k € {1, 2, .., n} let p;(k) = P(X"(k) = j).
We introduce

P(k) = (p;(k), p3 (K), ..} (k))| € RV’
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D= P(l) € R(n+1)XN* (3)
P(n)

Moreover for any kq,k, € {0,1,2,...,n} let

P(ky, k;) = (p;j (ky, kz))

where p;;(ky, k;) = P(X"(ky) =i, X"(k;) = j).In case of {X"(¢)}
being modelled by a Markov chain, a precise description of the con-
struction of matrices D and P(kq, k) is given in [Dg¢bicka 2002] and
[Debicka 2012].
Let C denote (n + 1) X N* cash flows matrix defined by
i) cfi(0) - cfy-(0)
co[FD fO . i)

cfi(n) cff(m) - cfy-(n)
The following notation is useful to describe moments of rate of inter-
est. Let

N*
P 2

i,j=1

Y=(e"®er® e‘y("))T € R,
and
M = E(Y) = (my, my, ..., m,)T € R**1,
with m;, = E(e‘y(k)). By R = (ri 1)7;11 we denote covariance matrix
of random vector Y, where
r;; = Cov(e™¥®,e7Y1)),
Furthermore, let A= ((Si J)n+1 , Where
i,j=1
51']' = E(e_y(i)e_y(j)) = rij + mlm]
Note that the following identity holds:
A=R + MMT,
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We refer to [Debicka 2003] for the exact forms of matrices M, R and
A when Y (t) is modelled by Ornstein-Uhlenbeck process or Wiener
process.

In the following theorem we present a matrix form for the first two
moments of Z (see [Debicka 2012]).

Theorem 1. For the modified multistate model (S*, T*), if Z, Y (t)
satisfy Assumption 1-Assumption 4, then

E(Z) = M"Diag(CD™)S, (4)
E(ZZ) = 7(11=0 ZE:O ll€2+1AT1k1+1Il€1+1CP(k1» kz)CTIk2+1; (5)
E(Z,,Z,) = (Diag(CDT)S)"A(Diag(CDT)S). (6)

The matrix form presented in Theorem 1 factorizes the double sto-
chastic nature of Z. Matrices D and P(k4, k,) depend only on the dis-
tribution of process {X *(t)} , while M , A and R depend only on the
interest rate. Moreover, matrix C depends on cash flows and describes
the type of the insurance contract.

4. Moments of Z for a portfolio of policies

We consider a heterogeneous portfolio of L policies, where for the I-th

policy in the group (1=1, 2, ..., L) we have

e x;— ageatentry,

* n; — term of policy,

* {X/(t)} — the random state occupied by /-th insured at time ¢,

« D, and P,(k,, k,) — probability vectors described on the distri-
bution process {X; (t)},

* C; — cash flows matrix.

We assume that the term of each policy in the group is the same
and equals n .

Let Z(; be the random variable representing the total cash value of
cumulative payment streams with respect to the entire portfolio of L
policies, that is
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where Z; denotes the cash value of cumulative payment streams for
I-th insured with respect to the multistate insurance contract.

Theorem 2. For the modified multistate model (S*, T*), if Z, Y (t)
satisfy Assumption 1 - Assumption 4, then

E(Zy)) = CIM,
Var(Z(L)) = CLRC; — X1, (CTAC, - =0 2m=0 ey +1 AT 1115 41 C P (Ky, kz)cllezﬂ),
where C;, = Diag(C,D7)S and C; = Y}, C, = diag(Xt_, C,DT)S.

Proof. The idea of the proof is analogous to the proof of Theorem 2 in
[2], with an observation that for each [;,l, = 1,2,...,L

E(2,2,,) = (Diag(C,,D)S)" A(Diag(C,,DL)S).
]

Note that €, = (XX, ¢f;(0)p;(0), X, cfi(Dp; (1), ., T, cf; (n)pi(n))T
is a vector where its k-th element denotes the expected value of total
cash flows arising from insurance contract, which are realized at mo-
ment K. Namely, k-th element of vector Cy denotes the expected value
of total cash flows at moment K for the whole group.

If the portfolio of policies is homogeneous with respect to the age
atentry (x; = x),then C;, =Cand D, =D for | =1, ..., L (it also im-
plies that C; = C) . In this case we have the following Corollary to
Theorem 2.

Corollary 1. For the modified multistate model (S*, T™), if the portfo-
lio of L policies is homogeneous (with respect to the age at entry and
the term of policy) and Z4,Z,,...,Z; and Y (t) satisfy Assumption 1-
-Assumption 4, then

E(Zy) = LC™M,

Var(Zg,) = L*C"RC— L(C"AC — 2% o X7, o Ik, 418 T, 4117, 41 CP(ky, k5)CTT 4y ),
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Proof. The assertion of Corollary 1 is a consequence of the fact that if | Nr10 ()
the portfolio is homogeneous, then C; = Cand D, =D for =1, ..., L.
Thus applying Theorem 2 we complete the proof.
[]

In particular, we have the following limit theorem for moments of
average payment streams per policy for a large homogeneous portfolio.

Theorem 3. For the modified multistate model (S*, T*), if the portfo-
lio of L policies is homogeneous (with respect to the age at entry and
the term of policy) and Z4,Z, ,...,Z; and Y (t) satisfy Assumption 1-
- Assumption 4, then

1 —_
E(3Zy)=C"M, (7)
lim, ., Var (% Z(L)) = C"RC,
where C = Diag(CD™)S.

Proof. Identity (7) straightforwardly follows from Corollary 1 and the
additivity property of the expected value operator.
Because

1 1 L-1
Var (} 2 ) = { Var(2) + <7 Cov(Z,,2,) )

then the right side of (9) converges to Cov(Z;,Z,), when L tends to
infinity. Using Theorem 1 we have Cov(Z,,Z,) = C'RC.
[]

5. Analysis of a portfolio of health insurances

From the financial point of view, the cash flow ij*(k) is a sum of

inflows representing an income to a particular fund and outflows rep-
resenting an outgo from a particular fund. Hence

C=Cp+ Coy,
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where C;, consists only of an income to a particular fund and
C,u: consists only of an outgo from a particular fund. It is important
to calculate the total loss L of the insurance contract, defined as the
difference between the present value of future benefits and the present
value of future premiums. In particular for L : C;, includes the b’s,
the d’s, the ¢’s and C,,; includes the p’s and the 7’s.

From Theorem 1 and [Dgbicka 2012] we may determine the net
single premium paid in advance at time 0, when X*(0) = 1

m,(0) = M"Diag(C;,DT)S.

And the net period premium p payable in advance at the beginning of
the unite time (for example at the beginning of the year — an annual
premium) during first m units, when X*(0) = 1

MTDiag(C;;,DT)S
p = T(y_yn+1 = T Y (9)
MT(1-3% I1T)DI,

k=m+1

where the nominator in (9) is equal to the actuarial value of a tempo-
rary life annuity due contract.

Frequently the standard deviation of L is used as a measure of var-
iability of losses on an individual multistate insurance due to the ran-
dom nature of the process {X*(t)}. Using Theorem 1 (see [Debicka
2012]) the standard deviation of present value of benefits in case of a
single premium is given by

Om,(0) = \/Zkl—o Zkz—o k2+1A Ik1+1 ky +1CP(k1'k2)Cle +1 — (MTDiag(C;,DT)S)2(10)

and for the period premium by

— Omq(0)
% MT(I-XL  LaD)py a1

Clearly, in the case of a homogeneous group, the net premium per
policy does not depend on the size of the portfolio (see (9) and (7)).
This observation, however, does not carry over to the volatility. In the
following we analyze the influence of the choice of the interest rate
model on the net premium and standard deviation of cash value of
future payment streams per policy in a homogeneous portfolio of po-
lices.
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term combining sickness insurance which includes annuity benefit. | Nri0(s)
The conditions on sickness insurance contract are analogous to the
disability insurance in The Netherlands described in [Gregorius 1993].

Modified multiple state model. We consider sickness in which we al-
low the influence of illness duration on the recovery and mortality
probabilities. In this case the modified multiple state model is

(8, T*) = ({1,2W,23,20) 200 3% 33
{(1,2M),(1,3),(2W,1), ..., (2®,1), (2W,3%), ..., (2®, 3%),
(2(1)' 2(2))' " (2(5), 2(6))})

where the meaning of the states is as follows:

1 — the insured is healthy,

2 — the insured is sick with illness duration between h — 1 and h,
forh=1,2,..,5,

2(® — the insured is sick and illness duration is at least 6 years,

3" — the insured person is dead and the death of the insured oc-
curred not earlier than one year before,

3 — the insured is dead and the death occurred at least one year
before.

An illustration of such a model is presented in Figure 1.

i c¥o
/

Figure 1. Scheme of the modified disease model with the sickness state split
according to duration of illness

Source: own source.
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nr10(6) | death occurred in time interval [k, k + 1) (k = 0,1,2,...,9), be equal to
100. Moreover, let the annuity payable for period [k, k+ 1)
(k =0,1,2,...,9) if the insured is sick at time k + 1 be equal to 1.
For such an insurance contract, cash flows (benefits) related to
(8*,T*) (see (12)) are described as follows

(1 if j=2D and k=1,2,..,10
j=2@ and k=2.,10

of () = j=2© and k=6,..,10 (12)
100 if j=3%* and k=12,..,10
\ 0 besides
The cash flows matrix consists only of an income to a total loss
fund and is given by
0 0000 OO 0 O
010 0 0 0 0 100 O
0110 0 0 0 100 O
01110 0 0 100 O
011110 0 100 O
C.=10 1 1 1 1 1 0 100 O
01111 11 100 0
01111 11 100 0
01111 11 100 0
01111 11 100 0
01111 11 100 0

Let p,, denote the premium payable for period [k, k + 1) if the in-
sured person is healthy at time K (that is if X*(k) = 1). Premiums are
paid during the whole insurance period of insurance policy. Thus
px # 0 for k =0,1,2,..,9.

For the constant period premium p (p = p, for k =0,1,2,...,9)
the matrix C,,; is given by
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-p 0 0 OOO O OO Nr 10 (16)
Cowr=| ¢t ¢+ :+ + :+ :+ + : =
-p 0 0 OOO O OO
0O 0 0 0O O OOTOTDO
For the net single premium 7 the matrix C,,; is given by
o 0 0 - 0
Cout = E E S .. S
o 0 0 - 0
The probabilistic structure of the model. We assume that {X*(k)} is
modelled by a Markov chain [Hoem 1969; 1988; Waters 1984; Wol-
thuis 1994]. Then matrices D and P(k, k,) can be described by a
sequence of matrices Q*(0),Q"(1),Q"(2),...,Q"(n —1), where
N*
Q' (k) = (q{,-(k))ij_land q;;(k) = P(X"(k + 1) = jIX"(k) = ) is a
transition probability. For the above described insurance contract, the
matrix transition Q*(k) has the following form
/ a1(k) g ,m &) 0 0 00 0 q13+(k) 0\
9y, (k) 0 4y, (k) 0 0 Qa4+ (k) 0
| Q;(Z)‘l(k) 0 0 Q;(Z)Z.B)(k) 0 0 0 Q;(2)3‘+(k) 0 I
Q* (k) = . H H H H H H . H . H H
95, (k) 0 0 0 0 0 q,o,0k) qu+k) 0
0 0 0 0 0 0 q;(ﬁ)z(ﬁ)(k) q;(6)3+(k) 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1

The probability g;;(k) not only depends on the future-lifetime of the
insured but also on morbidity and probability incurring on misadven-
ture. Assume that the mortality rates are based on Polish 2009 mortali-
ty tables for woman, see e.g. [Rocznik Demograficzny 2010] Proba-
bility on morbidity and probability incurring on misadventure are
based on formulas described for disability insurance in The Nether-
lands (see [Gregorius 1993]).

For numerical illustrative purposes we consider insurance con-
tracts for insured persons at the age of 20, 40 and 60 years (x =
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nr10@6) | upon [Gregorius 1993] and [Rocznik Demograficzny 2010]. For ex-

Dy =

Dy, =

ample matrices D, have the following form:

1 0 0 0 0 0 0 0 0
0,994184 0,005566 0 0 0 0 0 0,000250 0
0,992447 0,005793 0,003211 0 0 0 0 0,000260 0,000250
0,991818 0,006054 0,003409 0,002707 0 0 0 0,000260 0,000510
0991424 0,006333 0,003632 0,002891 0,002361 0 0 0,000261 0,000770
0991129 0,006627 0,003872 0,003100 0,002536 0,002207 0 0,000282 0,001031

0,990777 0,006935 0,004128 0,003325 0,002733 0,002378 0,002206 0,000303 0,001313
0,990207 0,007257 0,004400 0,003567 0,002948 0,002572 0,004582 0,000334 0,001616
0,989391 0,007592 0,004687 0,003825 0,003178 0,002783 0,007151 0,000376 0,001950 |
0,988327 0,007941 0,004991 0,004100 0,003426 0,003011 0,009930 0,000397 0,002326
0,986973 0,008303 0,005312 0,004392 0,003691 0,003256 0,012936 0,000439 0,002723

1 0 0 0 0 0 0 0 0
0,984785 0,013895 0 0 0 0 0 0,001320 0
0,973608 0,014324 0,011203 0 0 0 0 0,001478 0,001320
0,963610 0,014824 0,011711 0,010618 0 0 0 0,001669 0,002798
0,953165 0,015358 0,012288 0,011160 0,010244 0 0 0,001871 0,004467
0,942002 0,015903 0,012905 0,011772 0,010817 0,010209 0 0,002105 0,006338

0,929755 0,016452 0,013542 0,012429 0,011463 0,010791 0,010185 0,002348 0,008443
0916363 0,016998 0,014195 0,013111 0,012157 0,011433 0,020922 0,002622 0,010791
0901774 0,017537 0,014857 0,013814 0,012882 0,012121 0,032261 0,002915 0,013413
0,885932 0,018066 0,015525 0,014533 0,013633 0,012840 0,044240 0,003237 0,016328
0,868793 0,018579 0,016195 0,015264 0,014406 0,013585 0,056877 0,003577 0,019565

1 0 0 0 0 0 0 0 0
0,954876 0,034684 0 0 0 0 0 0,010440 0
0,909159 0,034669 0,034283 0 0 0 0 0,011449 0,010440
0,862932 0,034554 0,034224 0,033842 0 0 0 0,012559 0,021889
0,816304 0,034332 0,034061 0,033736 0,033360 0 0 0,013759 0,034448
0,769393 0,033997 0,033789 0,033523 0,033202 0,032832 0 0,015057 0,048207

0,722332 0,033542 0,033399 0,033195 0,032934 0,032619 0,032256 0,016458 0,063265
0,675282 0,032965 0,032888 0,032748 0,032548 0,032291 0,063609 0,017945 0,079723
0,628383 0,032260 0,032250 0,032175 0,032038 0,031842 0,093822 0,019563 0,097668
0,581802 0,031424 0,031482 0,031472 0,031399 0,031265 0,122633 0,021292 0,117231
0,535666 0,030456 0,030577 0,030633 0,030624 0,030553 0,149750 0,023217 0,138523

The interest rate. We assume that the mean interest rate u = 0,02 and
the volatility ¢ = 0,015. Thus, for Y (t) = Y;,(t) we have

Y (t) = 0,012W(t) + 0,02¢,
and for Y (t) = Y,y (t) we have
You (£) = 0,015255 [T U(s)ds + 0,02t,

where {U(s),s = 0}is the Ornstein-Uhlenbeck process with the co-
variance function R(t) = exp(—0,1t) (cf. [8]). We refer to [Debicka
2003] for the exact forms of matrices M, A and R when Y (t) is mod-
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M, for Y(t) = Y;,,(t) has the following form Nr 10 (16)

M,, = (10,980 0,961 0,942 0,924 0,905 0,888 0,870 0,853 0,836 0,820)T
and for Y (t) = Yy, (t) we have
My, = (10,980 0,961 0,943 0,925 0,907 0,890 0,873 0,857 0,841 0,826)T

Results. Tables 1, 2 and 3 present the net single premium and its stand-
ard deviation of a single policy, the net period premium and its standard
deviation of a single policy and the limiting standard deviation of the
average benefit per policy as L tends to infinity respectively.

Table 1. Net single premium for health insurance contract (n = 10)

71(0), 0, 0) 71(0) O, (0)

Interest rate Y (®) You (t) Yy (t) You(t)
x=20 0.46230 0.46386 5.06034 5.09097
x=40 2.65716 2.66652 13.32713 13.41627
X=60 12.24299 15.912572 28.66655 32.57454

Source: own source.

Table 2. Constant net premiums for health insurance contract (n = m = 10)

D, 0p 14 a,

Interest rate Y (1) You(t) Yy (t) You(t)
X=20 0.05088 0.05095 0.55689 0.55917
X=40 0.30633 0.30683 1.53640 1.54376
X=60 1.65036 2.16904 3.86425 4.44023

Source: own source.

Notice that for the each age at issue, premiums are larger for the
rate of interest modelled by Y, (t) (see Table 1 and Table 2). In Table
1 and Table 2 we can also observe that, independently of the age at
entry, the standard deviation of Z; is larger for Y (t) = Y, (t) than for

Y(t) =Yy, ().
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Table 3. The standard deviation of the average benefit per policy for a large portfolio

(as L tends to infinity)

Interest rate Y () You (t)
Type of premium p m1(0) p m1(0)
x=20 0.00164 0.01491 0.00418 0.03805
x=40 0.01011 0.08769 0.02585 0.22467
x=60 0.05177 0.38402 0.17527 1.28582

Source: own source.

Table 3 is concerned with the standard deviation of the average
benefit per 10-year health insurance contract %Z ) of a large portfolio

(when L — o). It appears that, for large portfolios, the standard devia-
tion of the average benefit per policy is larger for the rate of interest
modelled by the Ornstein-Uhlenbeck process (Y (t) = Y, (t)), than by
the Wiener process (Y (t) = Y, (t)). Notice that, due to Theorem 3,
the expected value of the average benefit per policy agrees with the
one presented in Table 1 and Table 2.

We can observe that, when a portfolio gets larger, the standard de-
viation of the average benefit per policy is less likely to vary (compare
Table 1 and Table 2 with Table 3).

The use of the matrix notation not only simplified formulas of net
premium and standard deviation of cash value per policy, but also due
to the factorization in the formulas, the numerical implementations are
less complex.
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MACIERZOWE PODEJSCIE DO ANALIZY
PORTFELA UBEZPIECZEN WIELOSTANOWYCH

Streszczenie: Celem artykutu jest analiza przeptywow pieni¢znych wynikajacych z reali-
zacji portfela umoéw ubezpieczen wielostanowych przy zatozeniu, Zze proces opisujacy
zmiany stanow podczas trwania umowy ubezpieczenia jest niejednorodnym w czasie
tancuchem Markowa, a losowa stopa procentowa jest modelowana przez proces stocha-
styczny o stacjonarnych przyrostach (np. proces Wienera lub scatkowany proces Ornstei-
na-Uhlenbecka). W tekscie zaproponowany zostal zapis macierzowy wielko$ci aktuarial-
nych istotnych w analizie wptywu wielkosci portfela polis na wysokos¢ sktadki i narzutu
bezpieczenstwa dla grupy zaréwno jednorodnej, jak i niejednorodnej. Uzyskane wyniki
zilustrowano na przyktadzie portfela ubezpieczen zdrowotnych.

Stowa kluczowe: model wielostanowy, przeplywy pienigzne, stochastyczna stopa procen-
towa, portfel polis, zmodyfikowany model wielostanowy.





