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Andrzej Wilkowski
(Wroctaw)

NOTES ON NORMAL DISTRIBUTION

Abstract. In this paper several characteristics of normal distribution are presented. A new
bimodal Weber distribution model is also postulated.

Key words: normal distribution, Cramers theorem, Fellers and Novak's characterizations,
Webbers distribution.

1. Normal distribution is one of the most important probability distribu-
tion formulas used in the theory and practice of probability science and
statistics. Normal distribution was originally introduced by de Moivre
(H. Cramer (1958)) in 1733, in his examination of limes forms of binomial
distribution. This initial postulate went largely unnoticed, leading to the re-
discovery of normal distribution in the works of Gauss in 1809 and Laplace
in 1812 (H. Cramer (1958)). The authors arrived at normal distribution
principles in the course of their analyses of experiment error theory.

Definition 1. Random variable X is considered as falling into normal
distribution with parameters m and s (in principle, X ~ N(m, s)), where
s >0, m € R, if its density function takes the form of

fo (X)) = exp(—M], xeR.

s\27 257

As seen in the above formula, the resulting curve is symmetrical and
unimodal, reaching maximum at point x = m, which at the same time is the
mean (E(X) = m), median and modal value of the distribution. Variance of
random variable X is expressed by the second parameter:

Var(X) = s>.
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In this case, the moments of odd order in relation to the mean equal
zZero:

EX-m)=EX-m)y=EX-m)’ =...=0,
while the moments of even order in relation to the mean equal:
EX-m*=1-3-...-2n—-1Ds",neN.

The figure below shows the normal distribution density function for
m=0,s=1.

Fig. 1

Source: own research.

2. This section addresses selected properties that characterize normal
distribution. Variants of the central border theorem as well as the infinite
divisibility property are omitted, with discussion centered on some of the
less-known characteristics.

e If U and V are independent random variables defined on the same
probability space, monotonously distributed on (0, 1), then

X =-2logU cos(27V)
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and

Y= 4/—ZIOgU sin(27V)

are independent and distributed along N(0, 1) (J. Jakubowski, R. Sztencel
(2000)). This property is frequently used in normal distribution random
number generators (random numbers in monotonous distribution can be
generated fairly easily).

e Cramér”s theorem. If normally distributed random variable X is a
sum of two independent random variables Y and Z, then those both variables
are normally distributed as well (H. Cramer (1958)).

e Let random variables U, V' be independent, and
X=aU+ bV,
Y=cU+dV.
If X and Y are independent, then all four variables are normal, unless
b=c=0ora=d=0(W. Feller (1978)).
It must be noted, that the above property allows to define Gaussian ran-

dom variables in infinite-dimension Banach spaces or groups (in the latter
case, it is enough to define the sum).

e Let R(X, Y) be defined as:
R(X, Y) = sup r{fiX), g(Y)},

where 7 is a correlation coefficient of respective random variables, while
supremum applies to all functions f'and g, for which

0 < Var{f{X)} <o,
0 < Var{g(¥)} <co.
If random vector (X, Y) is normal, then
RX, V) =| KX, 1) .

The proof of this theorem can be found in (H.O. Lancaster (1957);
Y. Yu (2008)).

e Assume that random variables X and Y are independent and identi-
cally distributed. Then
2XY

JxX2+v?

~N(O0, s)

only if X ~ N(0, s).
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Analogical characteristics applies to symmetrical Bernoulli distribution.
While keeping the above assumptions,

2XY
NX?+Y?
is a random variable which is symmetrically, Bernoulli distributed only if
variable X is distributed in the same way. It is worth noting that Poisson

distribution and standard Bernoulli distribution do not share the above prop-
erty. For proof on that see S.Y. Novak (2007).

3. Normal distribution is closely related to some other distribution pat-
terns widely used in statistics. These include:

e Chi-square distribution,

e Student's t-distribution,

e Fisher“s z-distribution.

This section includes postulated bimodal distribution of smooth density
plot, other than a mix of distributions defined on a straight line.

Definition 2. Random variable X is said to be Weber-distributed with
parameters a, p, y (i.e. X ~ W(a, B, 7)), where a, >0, y € R, if the density
function is in the form of

s, (x)= mexp(a(x—y)2 —,B(x—y)4), xeR.

It is interesting to note here the normalization constant z(a, f). As it
turns out, the above integral may be expressed using Weber special func-
tions (H. Bateman, A. Erdelyi (1953)), that are arrayed. Thence:

t(a B) = [y —exp L | YLy (e
() ae-on{ )0 5 )

where D is a Weber (N.A. Weber (1946)) function that satisfies the differen-

tial equation of:
d’D,(x) 1 X
—L2—+| p+———1|D,(x)=0,
dx* (p 2 4 )7 ()

forp#0,1,2, ...
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As seen from the above definition, the g function is symmetrical, with
two mods (maxima) in points

o
M :—f—+ ,
0 28 4
(04
M =f—+ ,
0, 25 4

while the expected value of random variable X is:
E(X)=y.
The resulting moments of odd order in relation to mean equal zero:
E(X-y)=EX-y)=EX-y)’=...=0,

while the moments of even order in relation to mean equal:
1

2
q/ﬁr[i+ng£i+g,%,Z—ﬂ]+
E(X=p)" =5 B0

2Z(a,ﬂ) +a §+£ H §+£ g a_z ,
4 2 2°2°

where n=1,2, ... and H is a confluent hypergeometric function (H. Bateman,
A. Erdelyi (1953)).
The function is expressed as a sum of the series:

H(a, b,x)z/;(((z))";;,

a,b,xeR,
(a),=(a+k-1)(a+k=2)..(a+2)a+]).
It can also be expressed in the integral form of:

I'()

0= 5 Zor@

1
J.exlta—l(l _ t)b_a_ldl .
0
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The confluent hypergeometric function is a solution of Kummer diffe-
rential equation:

xy"'+(b-x)y'—ay=0

with boundary conditions

y(0)=1
and
Y=

It can be considered a generalization of some other special functions,
such as: Weber function, Bessels function, Laguerres and Hermite®s poly-
nomials, etc. Its values are arrayed.

Below, a distribution density function is shown, W(2, 1, 1).

0.5/7F

Fig. 2
Source: own research.
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Modal values are in points:
M01 = O,
MOZ = 2,

while expected value E(X) = 1 is in this case unexpected, since the proba-
bility mass is grouped around modal points. It can be seen that for parame-
ters a, f close to each other, Weber distribution is similar to that of normal
distribution, which can be applied in the case of non-uniform samples,
where two points of probability mass grouping can be observed, or in the
case of discrimination problems. Weber distribution is characterized by

uniformity property.
If
c#0,
X~W(a,pB,v),
then
a
v 12(z, :%)W(a B >
¢ lc] z(a, B) 2 ek Y

Proof for the above can be found in (A. Wilkowski (2008)).

In conclusion, it must be noted that with the increased number of mod-
als, for analogous distribution patterns, determining the moments will pose
increasing difficulties.

Literature

R. Antoniewicz, A. Wilkowski (2004). O pewnym rozkiadzie dwumodalnym.
Przeglad Statystyczny. Vol. 51. No 1. Warszawa. Pp. 5-11.

H. Bateman, A. Erdelyi (1953). Higher transcendental functions. Mc Graw-Hill.
Book Company. New York.

P. Billingsley (1987). Prawdopodobienstwo i miara. PWN. Warszawa.

H. Cramer (1958). Metody matematyczne w statystyce. PWN. Warszawa.

W. Feller (1978). Wstep do rachunku prawdopodobienstwa. Tom II. PWN.
Warszawa.

J. Jakubowski, R. Sztencel (2000). Wstep do teorii prawdopodobienstwa. Script.
Warszawa.

J.L. Neuringer (2002). Derivation of an analytic symmetric bi-modal probability
density function. Chaos, Solitons & Fractals. Vol. 14, Issue 4. Pp. 543-545.



78 Andrzej Wilkowski

H.O. Lancaster (1957). Some properties of the bivariate normal distribution consi-
dered in the form of a contingency table. Biometrika 44.

S.Y. Novak (2007). A new characterization of the normal law. Statistics & Proba-
bility Letters 77. Elsevier.

Y. Yu (2008). On the maximal correlation coefficient. Statistics & Probability
Letters 78. Elsevier.

N.A. Weber (1946). Dimorphism in the African Oecophylla worker and an anoma-
ly. Annals of the Entomological Cociety of America. Vol. 36. Pp. 7-10.

A. Wilkowski (2008). O wielosredniej. Prace Naukowe Uniwersytetu Ekono-
micznego we Wroctawiu nr 1195. Pp. 81-89.



