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TRANSFER OF A UNIT OF GOOD
BETWEEN AGENTS IN CASES
OF DEGRESSIVELY PROPORTIONAL ALLOCATION

Janusz Lyko

Abstract: The paper discusses the conditions of transferring one unit of a good between
agents so as to satisfy the principle of degressively proportional allocation. Solving this pro-
blem is a prerequisite for possible modifications of some proportional division methods if we
want to apply them in the degressively proportional allocation of goods. In particular, these
methods use the relation of priority and are based on the minimization of certain measures of
disproportionateness. It turns out that the well-established approaches to proportional alloca-
tion are not always possible. The research findings presented in the paper demonstrate that
the strongest constraint in this problem is the potential small diversification of the sequence
of claims of individual agents.
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1. Introduction

A proportional division of goods, generally accepted as fair in the Euro-
pean culture, does not always lead to a generally accepted solution. There are
situations where agents agree to deviate from classical rules for the sake of
reaching a common, desired goal, such as the case of distributing seats in the
European Parliament among the member states. As a result of considerable
differences in the population numbers of the member states, the Treaty of
Lisbon [The Treaty of Lisbon 2007] stipulated degressive proportionality as
the rule of the allocation of parliamentary mandates. The rule enables all
member states to be justly represented while keeping a the entire assembly
at a reasonable size. Article 9A of the Lisbon Treaty reads: “The European
Parliament shall be composed of representatives of the Union's citizens. They
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shall not exceed seven hundred and fifty in number, plus the President. Rep-
resentation of citizens shall be degressively proportional, with a minimum
threshold of six members per Member State. No Member State shall be allocated
more than ninety-six seats”.

A precise statement of this provision is given by the 2007 resolution of
the European Parliament: “the larger the population of a country, the greater
its entitlement to a large number of seats”, and “the larger the population of a
country, the more inhabitants are represented by each of its Members of the
European Parliament” [Lamassoure, Severin 2007]. In addition to the rule it-
self, this article also indicates the so-called boundary conditions of allocation,
I.e. the minimum number of seats allocated to the smallest country, and the
maximum number of seats allocated to the greatest country. The original con-
straints were given as inequalities, however following the current interpreta-
tion we assume they specify the exact numbers of seats allocated to Malta and
to Germany: s; = m = 6and s, = M = 96. Also the total size H of allo-
cated good is often treated as a boundary condition [Lyko 2012] and
[Dniestrzanski, L.yko 2014]. In our case it is the total number of seats, equal
to 751.

We reject the concept of unrounded degressive proportionality known in
the literature [Delgado-Marquez et al. 2013], which assumes that the degres-
sive proportionality condition should hold only before rounding to integers,
and we formally define the set of feasible solutions to the problem of degres-
sively proportional, integer allocation of H units of a good among n agents,
whose claims are defined by the sequence P = (p4, Py, ..., Pn), Where
0 < p;<p,< ... <p,, and satisfying given boundary conditions s; = m and
S, = M.Theset DP(P,H, m, M) is the set of all sequences S = (54, S5, ..., Sp)
of integer terms such that:

(1) s;<s;4, foreach 1<i <n,
(2) Bi<Piuiforeach 1<i < n,

Si Sit+1

3) s;=mand s, =M,
4) s;+s,+--+s,=H.

2. Problem formulation

The theory of the fair distribution of indivisible goods includes the pro-
blems of allocation where a given relation generates priorities or claims to
obtain a good. Other problems are also studied that assume minimization of
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a certain measure of disproportionateness [Pukelsheim 2013]. In both cases
the concept of transferring a unit of good from one agent to another is useful.
Then a relocation means that first, a good is moved from a less entitled agent
to a more entitled agent, and second, the measure of disproportionateness is
lessened. There are no additional constraints for executed transfers, because
each solution is feasible. We deal with a different situation when transfers are
executed in degressively proportional allocations. In this case the condition
of degressive proportionality must also be satisfied by the sequence generated
after the transfer, i.e. this sequence must be an element of the set
DP(P,H, m, M). Therefore, if we try to modify such methods in order to em-
ploy them in the case of degressively proportional allocation, we have to
begin by determining when a transfer of one unit of good between agents does
not lead to the violation of the principle of degressive proportionality.

Let us assume that given P, H, m, M, the set DP(P, H, m, M) is not empty
and that S = (s4, Sy, ..., Sp) IS an element of this set.

Let

i — (ot oF +
Sk1 = (51, +++» Sk-1,Sk~1, Skt 15 -+ S1-1,S1 + 1, S144, e, Sp) = (57,83, ..., 51)
and
Si1 = (S1s s Sk—1,Sk + 1, Sk1, s S1=1, 81 — 1, S0, 000, S) = (81,52, -+, 57)

denote an allocation generated from S after transferring one unit of the good
from agent k to agent [ or from!l to k, respectively. Since s; = m and
s, = M have fixed values, one has to assume that 1< k < | < n, which also
implies that the problem can be considered only if n > 3. Its solution consists
in identifying such conditions that

St € DP(P,H,m,M) and Si, € DP(P,H,m,M).
3. Transfer of goods vs. degressive proportionality

By definition of elements S,:fl and Sy ;, they meet condition (3) in the
definition of the set DP(P, H, m, M). It is easy to notice that both S;; and Sy,
also meet condition (4). Transferring one unit of the good between agents
does not affect the total H. Therefore it suffices to consider merely conditions
(1) and (2).

Forany S € DP(P,H,m,M) and 1 < i < n, we have

ES pi and thus ES Pi
Si—1 Si Si—1 si—1
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and
Pi Pi+1 : Pi Pi+1
=< implying —— < =,
Si Si+1 Pying si+1 Si+1
As aresult, we have 2=t < Pk gnq PL < Pl
Sk—1 Sk S Si+1
and also

Pk < Phtignd Bt < Plfprany 1 <k <1 <n.
Sk Sk+1 Si—1 St
The remaining inequalities, i.e.
+ + + + + + Pk Pk+1 Pil-1 Pi
Sk-1S Sk SSk41, S SS SSR FSF o F S F
k k+1 -1 l

and
Pk-1 < Pk Pi < Di+1

Sk-1 = Sk = Sk+1:51-1 =51 = Si41, o s = s
do not necessarily hold in a general case. Diversification of elements of the
sequence P considerably affects whether they hold. To be more specific,
extremely small differences between neighboring terms of the sequence, i.e.
between p; and p;, 4, lead to such allocations, given the boundary conditions
H,m and M, that all the elements of the set DP (P, H, m, M) satisfy the equality

Si = Si+1-

Example. Given the set P = (100,201,403,405,750,100) with m = 4,
M = 20and H = 70, the set DP(P, H, m, M) contains six elements. It is
easy to see that

DP(P,70,4,20) = {(4,6,11,11,18,20), (4,8,10,10,18,20), (4,7,11,11,17,20),
(4,6,12,12,16,20), (4,8,11,11,16,20), (4,7,12,12,15,20)}.

In addition, the allocation S = (4,8,10,10,18,20) forany 1 < k <[ < 6
satisfies S, € DP(P,70,4,20) and Si;; € DP(P,70,4,20).

Proposition 1. If S € DP(P,H,m,M), sy_; < s, and s; < s;,1 With

P < Sk 1 and-PL> L4 1 then Sy, € DP(P,H,m,M).

Pk+1 Sk+1 Sk+1 Pi-1 Sl-1 Si-1

Proof. It is known that s,,_; < s, hence

+ — — ot — ot
Sk—1 = Sk-1 = Sk — 1 = S = Sk < Sp41 = Sky1-
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In the same way, the inequality s; < s;,; results in
Sfi=s511<s,<s;+1=5s] <5141 = 5[4

As a result, the condition (1) in the definition of the set DP(P,H, m, M) is

satisfied. In addition, if 2~ < %k — 1 then

Pk+1 Sk+1 Sk+1

Sk—1
Pk < k and Pk pk+1 that Imp|IeS pk < pk+1
Pk+1  Sk+1 Sk—1 Sk+1 sk Ske1

Likewise the inequality -2~ > =L 4+ — results in

Pi-1 ~ Si-1 Si-1

Pl1 Pi
=5

+1
PL > 37 and BL > b= Pima *, thus implying that
Pi-1 Si—1 s+l - i1

In this way, one can also prove that pr0p05|t|on 2 1s true.
Proposition 2. If S € DP(P,H,m, M), s, < Si4+1 and s;_; < s;, with
Sy 1

s 1
Pk > %k 4~ and BL< L —
Pk-1  Sk-1  Sk-1 Pi+1 Ssitl s+l

then Si, € DP(P,H, m,M).

Proof. The condition s;, < sj,4 resultsin
Sk—1 = Sk—1 S Sk =S+ 1 =5, <Sk+1 = Ska1
whereas the inequality s;,_; < s; leads to

- — o — ot
Si—1=S1-1 = S; =1 =5 < 5141 = Sp4q.
1

- . S
In addition, if 2 > 2k 4
Pk-1 Sk-1 Sk-1

, then

Sk+1 . . —
P > k7- and Pk > Pk=t - thys implying that 2= < Bk
Pk-1  Sk-1 Sg+tl Sk Sk-1 Sk
N 1 . s;1—1
The inequality < - results in 2 < 2= and 2L < P11 thgt
P41 Ssitl s+l Pi+1 Si+1 s1=1  Si41
completes the proof, because it means that f—_‘ < %.
l I+1

Propositions 1 and 2 specify the conditions which must be satisfied if a
transfer of a good between fixed entities k and [ is required. The conditions
are not general because specific values of the sequence S are referred to.
Therefore it is still unknown in general cases how to specify sequences S
which satisfy

Sit, € DP(P,H, m,M) and S, € DP(P,H, m, M).
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If the set DP(P, H, m, M) is not empty, then a sequence

Smm — (Smln min min)
[Lyko, Rudek 2013] can always be found where
smin — S;.

= DP(P,E,m,M)
The sequence S™™ does not have to be an element of the set DP (P, H, m, M).
Its terms are numbers indicating the amount of the good available to each
entity in compliance with the rules of degressive proportionality.

Lemma.If Se€ DP(P,H,m, M) andforalli € {2,3,...,n — 1}

Di <1-— niin ’ then < Pita Pit+1 and bi < Pt Pi+1
Di+1 Siy1 Si— Si+1 Si Sip1+1
Proof. If 2- < 1 — —— then
Pit+1 i+1
i 1 i 1 i 1 i—1
Pi 1= =% T oS _ 2 570 and therefore
Di+1 Sit1 Si+1 Si+1 Si+1 Si+1 Si+1
Pi P pl+1
Si—l Sit1
a+1
Moreover forall 0 < a < b and b # 0 following lnequallty <

holds and hence
s;i—1 < Si—1+1 < Si
Sivr ~ Sivrtl T Sppptl

It means that - < and therefore & < Pixt_

Pit+1 51+1‘|'1 Si T Sip+1
Theorem 1. If the set DP(P, H, m, M) is not empty, if S is not its greatest
element under the antilexicographic order,and if forany i € {2,3,...,n — 1}
the inequality p’."' < 1 — =5 holds, then there exist such numbers

+1 i+1

k,l€{23,..,n—1} that S, € DP(P,H,m M).

Proof. Let S* = (s{,s5,...,5,) be the greatest element of the set
DP(P, H, m, M) under the antilexicographic order, and let [ = ieﬁ?é",?‘.,n} S;i #S;.
Hence, it is known that l < nand s; < s;. Inview of s; < s; and

Si+s;t++s,=si+s;++s;=H

we have s; > s; for a certain ;.
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Let ' = max s;>s/
i€{1,2,..,.n}
We demonstrate that if k = min _s; = s/, then

i€{1,2,..,.n}
Sit, € DP(P,H, m,M).

Evidently, k > 1, because of s, > s;. In addition, inequalities s;_; < s
result from the definition of numbers k and I, therefore condition (1) in the
definition of the set DP(P, H, m, M) is satisfied.

The inequalities % < %% and % < B¢ hold by lemma, because if
k k+1 S1—1 l

PL < Pis1 polds, then in particular 2% = P < Phtt — Phit g e, while
Si—1  Si4 Sk Sk=1  Sk41 Sk41

Pla _ Pl1 o P results from % < PitL

sty si1 sl+1 si T Sig1tl

Theorem 2. If the set DP(P,H,m, M) is not empty and S is not its
greatest element under the Iexicographic order, and if the inequality

P <1 ———holds foranyi € {2,3,. — 1}, then there exist such num-
Pi+1 Sit1

bers k,l € {2,3,..,n— 1} that S ; € DP(P, H,m,M).

Proof. Let S = ( "sy, *sz,.., “sp,) be the greatest element of the set
DP (P, H, m, M) under the lexicographic order, and let k" = ,E{rlnzin ) si# s
L A ()

It follows that k' > 1and s,» < “spr.

Because of s; + s, + -+ s, = sy + “sp + -+ s, = H, there exists

such j that s; > "s;. Let = ,E{rlnzin ,Si > *s;.  We demonstrate that
L ) n
Si1 € DP(P,H,m, M) holds for k = e{rllrlzax }sl = s,s. From the definition
i n

of numbers k and | we know that
Sk < Sk+1, S > *Sl and S1—1 < *Sl—ll

thus the condition (1) in the definition of the set DP(P, H, m, M) is satisfied.

As in the proof of Theorem 1, one can observe that inequalities
Pe1 < Pk and BL < P& are special cases of inequalities

Sk-1 Sk_ .51 Si4+1
Pio P and PL <P ragpectively,
Si  Sit1t1 Si=1  Siqa

which implies that S, € DP(P,H, m, M).
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4. Conclusions

Transferring one unit of a good between agents is not always possible so
as to meet the rules of degressively proportional allocation. In fact this oppor-
tunity depends on the diversification of the set P of claims. The proven the-
orems imply that a transfer of goods between agents can be accomplished on

the condition that 2+ < mT_l because it is the smallest value attainable by

Pi+1
the sequence S™™. As a result it is possible to control the boundary condi-
tions in such a way that transfers of goods both from smaller as well as from
larger agents always take place in the set DP(P, H,m, M). The only limits in
this respect are determined by the greatest elements under antilexicographic
and lexicographic orders.
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