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Weierstrass solid immersion lens (SIL) has been used to obtain superresolution because a smaller
focal size is desirable. In this paper, focus shaping of Weierstrass SIL illuminated by an axisym-
metric Bessel-modulated Gaussian beam (QBG beam) is investigated. It has been found
theoretically that the sharper focusing of Weierstrass SIL disappears for a certain beam order of
QBG beam. For case of a smaller beam order, the focus still locates on the plane of Weierstrass
SIL and Weierstrass SIL still plays a tighter focusing role. However, when the beam order increases
continuously, the focus lefts the plane of Weierstrass SIL, and shifts along an optical axis
considerably. In addition, under condition of the higher beam order, the dependence of the focal
shift on the beam order is nearly linear, which may be used to alter a focal position conveniently.

Keywords: Weierstrass solid immersion lens, Bessel-modulated Gaussian beam, vector diffraction
theory.

1. Introduction
Focus size is a very important parameter in many optical systems, and it is usually
known that a focal spot size is about λ /2NA, where λ is the wavelength of the laser
light and NA = nsin(α ) is the numerical aperture (NA) of the system, where n is
the refractive index of the material, and α is the convergence angle of the lens [1].
Therefore, a smaller focal size may be decreased by increasing the NA, shortening λ,
or increasing n. Therefore, a solid immersion lens (SIL) was used to decrease the size
of a focal spot [2]. There are two types of spherical SILs, one is a simple hemi-
sphere SIL [2] and the other is an aplanatic supersphere SIL (Weierstrass optic) [3].
Because NA may be improved by a factor of n2, the Weierstrass SIL has widely been
applied in optical storage [3, 4], lithography [5], light extraction [6], surface micros-
copy [7] and subsurface microscopy [8], and spectroscopic imaging of semiconductor
nanostructures [9]. Focal size within λ /10 at the bottom of the hemisphere SIL can be
achieved [10, 11]. 
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On the other hand, since CARON and POTVLIEGE introduced a novel class of beams
expressed in a cylindrical coordinate system, namely, the Bessel-modulated Gaussian
beams with quadratic radial dependence (QBG beam) [12], QBG beam has attracted
much attention [13–15]. It was shown that such class of beams has familiar collinear
geometry of the Gaussian beam and also interesting non-Gaussian features for certain
values of its parameters [12]. Particularly, it was demonstrated that the zeroth-order
QBG beam, which is referred to as the axisymmetric QBG beam, can be expanded in
Laguerre–Gauss modes and has a very flat axial profile when the beam parameter l is
of order of unity [12, 13]. Bessel-modulated Gaussian light beams passing through
a paraxial ABCD optical system with an annular aperture have also been studied [16].
Focusing properties of the cylindrical vector and the spiral polarized axisymmetric
QBG beam were also studied by the vector diffraction theory [17–19]. 

However, to our knowledge, the focusing properties of QBG beam through
Weierstrass SIL have not been investigated. The aim of this paper is to get deep insight
into the effect of Weierstrass SIL, so we studied the focus shaping of Weierstrass SIL
illuminated by QBG beam, and found that Weierstrass SIL still plays a tighter focusing
role for case of a smaller beam order. When the beam order increases continuously,
focus lefts the plane of Weierstrass SIL, and shifts along an optical axis considerably.
The principle of the focusing QBG beam through Weierstrass SIL is given in Section 2.
Section 3 shows the simulation results and discussions. The conclusions are summa-
rized in Section 4.

2. Focusing principle of Bessel-modulated Gaussian beam 
through Weierstrass SIL

Weierstrass SIL is placed in a laser path with the focus on its plane surface.
The Weierstrass SIL’s thickness is R(1 + 1/n), where R is its radius and n is the re-
fractive index of the material. We assume that the system is illuminated by the axisym-
metric QBG beam with polarization in x coordinate direction. Following the procedure
similar to that in references [20, 21], we can obtain the transmitted field distribution
near the focus of the aplanatic Weierstrass SIL in the form,

E(r, ϕ, z) = Ex(r, ϕ, z)ex + Ey(r, ϕ, z)ey + Ez(r, ϕ, z)ez (1)

where ex, ey and ez are the unit vectors in x, y and z coordinate directions, respectively;
(r, ϕ, z) are the cylindrical coordinates in image space with the center at the geometric
focus. The three orthogonal components can be written as [20],

Ex(r, ϕ, z) = I0(u, v) + I2(u, v)cos(2ϕ ) (2a)

Ey(r, ϕ, z) = I2(u, v)sin(2ϕ ) (2b)

Ez(r, ϕ, z) = –2iI1(u, v)cos(2ϕ ) (2c)
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where (u, v) are the axial and transverse optical coordinates and can be given by

u = 4nkzsin2(θ2m /2) (3)

v = nkrsin(θ2m) (4)

where k is the wave number in vacuum, and θ2m is the effective convergence angle
that is related to the convergence angle of the objective lens α  through θ2m =
= asin[nsin(α )]. The functions Ij (u, v) with j = 0, 1, 2 are integrals over the effective
aperture of the system, and are given as [20, 21], 

(5a)

(5b)

(5c)

where 

(6a)

(6b)

(6c)

where θ3 = asin(nsin(θ2)), and P(θ2) is an effective apodization function; Jn is
the Bessel function of the first kind of order n, (t1s, t1p) and (t2s, t2p) are the Fresnel
coefficients at the spherical and planar interfaces of the Weierstrass SIL, respectively,
and in the form as,
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 (7b)

where 

(8)

In the focusing system we investigated, the focusing beam is a cylindrical vector
axisymmetric QBG beam whose value of the transverse optical field is the same as
that of the scalar axisymmetric QBG [12–14], and its polarization distribution is in
x direction. Therefore, in the cylindrical coordinate system (r, ϕ, 0), the field distri-
bution E0(r, ϕ, z = 0) of the axisymmetric QBG beam at the plane z = 0 is written in
the from [12, 13]

(9)

where J0 denotes the Bessel function of order zero, ω0 is the waist width of the Gaussian
beam, μ is a beam parameter which is complex-valued in general. In order to make
focusing properties clear and simplify the calculation process, a simple form of  Eq. (9)
is made as follow:

(10)

where parameter L is the focal length and r0 is the radius of incident optical aperture
of the focusing optical system. In focusing systems, θ1max = asin(r0/L). And it is pro-
posed here w = ω0/r0 is called the relative waist width. The Eq. (10) can be rewritten as, 

(11)

where θ1 = asin(sin(θ2)/n) and θ1m = asin(sin(θ2m)/n) = α 
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The optical intensity in the focal region is proportional to the modulus square
of Eq. (1). Basing on the above equations, focusing properties of Weierstrass SIL by
an axisymmetric QBG beam can be investigated theoretically.

3. Numerical results and discussions 
Without loss of validity and generality, the relative waist width, refractive index of
Weierstrass SIL, and maximum convergence angle are chosen as w = 1, n = 2, α = 20°,
respectively [21]. And it should be noted that the unit of the focal spot is λ , where
λ  is the wavelength of the incident beam. Figure 1 gives the intensity distribution in
the focal plane of a Weierstrass SIL with clear aperture and w = 1, n = 2, α = 20°. It
can be seen from this figure that the focal spot is asymmetric, the transverse focal size
in y coordinate direction is very much smaller than that in x coordinate direction, which
is also similar to that shown in [21].

Now the intensity distributions in the plane of Weierstrass SIL for different beam
parameter μ are calculated and illustrated in Fig. 2. It can be seen that there is only
one asymmetric intensity spot in the plane of Weierstrass SIL under condition of
small μ, and on increasing μ, the asymmetric intensity spot broadens remarkably, as
shown in Fig. 2. When the beam parameter μ increases continuously, the asymmetric
intensity spot evolves into one annular intensity distribution, as shown in Figs. 3a
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Fig. 1. Intensity distributions in the focal plane of
a Weierstrass SIL with clear aperture and w = 1,
n = 2, α = 20°.
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Fig. 2. To be continued on the next page.
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and 3b. For case of higher μ, the annular intensity distribution evolves back into one
intensity spot, which is illustrated in Figs. 3c and 3d. When μ increases continuously,
the focal spot also extends remarkably into one annular shaper, and shrinks into one
rectangular focal spot with the long axis along x coordinate direction under condition
of μ = 14, as shown in Figure 4.
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Fig. 2. Intensity distributions in the focal plane of a Weierstrass SIL with different real beam parameter
μ = 1 (a), μ = 2 (b), μ = 3 (c), and μ = 4 (d).
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Fig. 3. Intensity distributions in the focal plane of a Weierstrass SIL with different real beam parameter
μ = 5 (a), μ = 6 (b), μ = 7 (c), and μ = 8 (d).
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Intensity distribution curves along x and y coordinates directions in the focal plane
of a Weierstrass SIL with different real beam parameter μ are also calculated and
shown in Figs. 5 and 6, respectively. It can be seen that the intensity curve along
x coordinate firstly extends on increasing μ, then splits into two peaks with increasing
distance between these two peaks. When μ increases continuously, the distance be-
tween the two peaks decreases so that these two peaks combine back into one peak.
On increasing μ continuously, the above process also repeats, as shown in Fig. 5c.
The similar intensity curve evolution process also happens to that along y coordinate,
which is shown in Fig. 6. However, the critical μ of curve splits for that along
y coordinate which is bigger than that along x coordinate. For instance, when μ changes
from 1 to 4, the intensity curve along y coordinate still turns on one peak, as shown in
Figure 6a.

It can be seen from Eq. (1) that there are three orthogonal components. And
the longitudinal field plays an important role in many optical systems. For instance,
the longitudinal field was used to obtain an optical needle that may mean applications
in optical data storage density, optical tweezers, and laser machining [22–25]. KOZAWA
and co-workers employed the longitudinal field in focal region to enhance the lateral
resolution of laser scanning microscopy [26]. In addition, the lateral resolution of laser
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Fig. 4. Intensity distributions in the focal plane of a Weierstrass SIL with different real beam parameter
μ = 9 (a), μ = 10 (b), μ = 11 (c), and μ = 14 (d).
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confocal microscopy can also be increased by introducing strong longitudinal compo-
nent of focal field [27]. Here, we want to illustrate some longitudinal component
distributions of the focal field.

Figure 7 shows the intensity distributions of the longitudinal field with different
real beam parameter μ. We can see that there are two intensity peaks under condition
of μ = 1, as shown in Fig. 7a. On increasing μ, these two intensity peaks weaken, and
there occur two crescent intensity peaks outside of the center two peaks, as shown in
Fig. 7b. And when μ increases continuously, the center two peaks weakens consid-
erably, and the crescent intensity peaks shift outward.

The intensity distribution in the focal region of Weierstrass SIL is calculated and
shown in Fig. 8. Here only the intensity distributions in y and z coordinates plane are
given, namely, x = 0. It can be seen from this figure that the intensity maximum locates
at the plane of Weierstrass SIL when the parameter μ is small, which is corresponding
to Figs. 1 and 2. Under this condition, the Weierstrass SIL can be used to carry out
the superresolution effect, in other words, the sharper focal spot can be obtained.
However, on increasing μ, the intensity maximum point begins to left the plane of
Weierstrass SIL, namely, the focal spot does not locate on the plane of Weierstrass
SIL, so the sharper focus disappears. Under this condition, the Weierstrass SIL does
not focus the incident beam into a small spot, and the superresolution effect disappears.
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Fig. 7. Intensity distributions of longitudinal field with different real beam parameter μ = 1 (a), μ = 5 (b),
μ = 10 (c), and μ = 14 (d).
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So the intensity distribution becomes very complex, as shown in Figs. 3 and 4. When
the parameter μ increases continuously, the focal spot goes on shifting along the opti-
cal axis outside, which is very considerable. Therefore, the incident beam affects
the application of Weierstrass SIL to obtain superresolution, and more attention should
be paid to use of the Weierstrass SIL. 

From Figure 8, we can see that the intensity maximum point shifts far from
the plane of the Weierstrass SIL on increasing beam parameter μ. Here the focal shift
is investigated in detail. Figure 9 illustrates the dependence of the focal shift on
increasing μ. When μ is small, the intensity value decreases continuously on increasing
z coordinate, and on increasing μ, the intensity peak lefts from the plane of the Weier-
strass SIL continuously. Figure 10 gives the focal shift value curve on increasing μ,

T a b l e 1. Dependence of focal shift value on increasing beam parameter.

μ 0 1 2 3 3.4 3.7 4 5 6
Shift (λ) 0.00 0.00 0.00 0.01 0.13 0.20 0.26 0.39 0.51
μ 7 8 9 10 11 12 13 14 15
Shift (λ) 0.63 0.76 0.89 1.02 1.15 1.29 1.42 1.56 1.70
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Fig. 8. Intensity distributions in yoz plane with different real beam parameter μ = 1 (a), μ = 2 (b),
μ = 3 (c), and μ = 4 (d).
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and Table 1 gives the calculation results. We found that then μ is smaller than 3.4,
the focal shift is nearly zero, and then increases sharply on increasing μ. When μ is
bigger than 5, the dependence of the focal shift value on increasing μ is nearly linear,
which indicates that the parameter μ can be used to alter the focus position.
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4. Conclusions
In summary, focus shaping of Weierstrass SIL illuminated by an axisymmetric QBG
beam is investigated. Results show that sharper focusing of Weierstrass SIL disappears
for a certain beam order of QBG beam. For case of a smaller beam order of an axi-
symmetric QBG beam, the focus still locates on the plane of Weierstrass SIL and
Weierstrass SIL can be used to carry out a tighter focusing role. However, when
the beam order increases continuously, the focus lefts the plane of Weierstrass SIL,
and shifts along the optical axis considerably. In addition, the higher beam order,
the dependence of the focal shift on the beam order is nearly linear, which may be used
to alter the focal position. Therefore, more attention should be paid to the application
of Weierstrass SIL when different incident beams are employed.
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