The Fifth-Order Fieldaberration Coefficients
for the Spherical Surfaces

Miron Gaj*

In a paper published in Applied Optics [3] the wave aberration for sagittal focus for arbitrary surface of
rotational symmetry has been carried out and then rearranged into three terms which, in the Seidel region,
go over into astigmatism (the first) and into the Petzval curvature (the second) while the third disappears. After
simplification for the spherical surfaces they can be used as basic equations. In the present paper the formulas
for the parameters of a given principal ray and the paraxial sagittal quantities Hs, h,,, with accuracy to the fifth
order were derived. Substituting them to the basic equations and recalculating simple relations for the fifth order
fieldaberration coefficients were obtained. The limits of these relations when h -> 0 have been discussed.

Let us take an astigmatic beam from an object point Q,(0, n and denote the intersection
point between the first surface and the principal ray by I\(yl, Zj). It should be emphasized that
the principal ray is here defined as a ray passing through the center of the aperture stop from
which the meridional calculations are carried out in both (image and object space) directions.

By analogy to the paraxial aperture angle u usually defined as an angle between a marginal
ray and the optical axis we introduce the paraxial sagittal aperture angle us (Fig. 1) defined as
that between marginal ray in the astigmatic beam sagittal section and the principal ray. Using
he same analogy, h, denotes the paraxial sagittal height of incidence understood as the distance

of the astigmatic marginal ray intersection point (sagittal section), in the surface from the principal
ray. When the principal ray approaches the optical axis, both us and Js go over into the corres-
ponding paraxial quantities [I]. We shall need the direction cosines, they are also shown on
the figure (Fig.l).

In the paraxial region none of the quantities (h or u) are strictly determined. Only the ratios
of heights and aperture angles, as well as height to angles, are determined. The same may be said
about hLand To avoid that either one of the angles or one of the heights is usually normalized.
For our purpose it will be convenient to assume the paraxial incidence height and the paraxial
sagittal incidence height equal to each other in the stop space [1]:

Usd —hd- (1)
The invariant I)s

A = (2)
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was used [2] to calculate the exact formula for the wave aberration in the sagittal focus of an arbi-
trary surface of rotational symmetry, ds denotes the distance of the projection of the sagittal
focus on the optical axis from the curvature center Cs corresponding to the given incidence height
of the principal ray y

&[N(HIHOWA = ~ A TZA () + ALAMY) + ~ hA(nus){\- 2C -rsceosE)l, ?3)

where
=" (%),

H = nut7, A = ni,

n = distance of the intersection point between the image plane and the principal ray from
the optical axis,

i = incident angle of the paraxial aperture ray,

(0, M, N) = direction cosines of the principal ray,

x = distance from the projection on the optical axis of the point of intersection of the principal
ray with the optical surface to the surface vertex,

G = angle between the optical axis and the normal to the surface at its intersection point
with the principal ray,

Ws = wave aberration of the sagittal focus understood as the distance between two spheres
passing through the intersection point of the principal ray and the optical axis and measured
along the ray of the astigmatic beam, the spheres centers being located in the point of the inter-
section of the principal ray with the focusing plane and sagittal focus, respectively.

The expression Hs = nusys (where ysis the distance of the sagittal focus from the optical axis)
is an invariant discovered by H. H. Hopkins and is a simple generalisation of that attributed
to Lagrange-Helmholtz. Equation (3) is written for one surface; the general equation for the
whole system may be obtained on the basic of the relation

NK{K*KVKIB,) (W' )k = A*+i(»*+i**nij*n/~«)(M.)*n- (4B

The corresponding equation for a system of p surfaces will be

1 \%
NABIIWX-N"W~" = 2T°% AMti\M + (h)i\(N)Vf
=

1 Pl
+ — AjAjintOtl—4G—(ra),c,cosGJ. (5)
‘=l

Usually the calculation is easier when computing first for one surface and then for the system
of p surfaces. Equation 3 will be the basic equation for futher considerations. The quantity A(u,)
may be expressed by invariant Ha and the paraxial sagittal height hs. Using the geometrical
properties of the astigmatic beam and invariancy of Hs after a few recalculations we get [3] three
terms: the first of which, in the Seidel region, goes over into astigmatism, the second into the
Petzval curvature and the third disappears

8 = (2zlyh)BBshhscosOA.(lIn) + 2(Ahsly)(ycosG-\-zsin(r) A(cos/),

K =(2zlyh)HHsA[-{lIn)], (6)
F = —(2zlh)AsBhA(lIn)-\-2(Ahsly)Bs&(lIn)(ysinG —zcosB),
AWY =+(K+S+F), (7)

where
W, = NHWJHs; Bs = »sin/.
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The above expressions (Eq. 6 and 7) were used to calculate the fifth order fieldaberration
coefficients for the spherical surfaces and it was assumed that the diaphragm is not in the tangent
plane of the surface. For the spherical surfaces it is easily seen from the figure (Fig. 2) that

sin# = ¢y, cosG = 1—zc; ¢ = —.
r

ysin#—zcos# = cy2—z(l —cz) = c(y2+z2—z = z. (8)

The last relation follows from the equation of the spherical surfaces with the vertex in the
origin of the coordinates axes. Analogically we have

ycos(7+ zsin# = y. )

In the Equation (7) we have still an unknow quantity As
As —nis = n(hsccosl—us), (20)
which can be obtained from the invariant Hs,
Hs = nu,yK= nus(y+ Ms) = nuay-\- nhsM = ny(hsccosl—is)-\-nhsM ,
where u, we calculate from the (Eq. 10).
H, = nhsyccosl —yAs-\xnhsM = nhssmGcosi—yAs—nhssin U
= nhss\nGcos | —yAs—wAs(sin#cos/—sin/cos#) = nhasm.lcosG—yAs = BshscosG—yAs,

where
B, = nsinl.
Therefore

As = -{BshscosG-Hy). (11)
y

Substituting the relations (8), (9) and (11) to (6) we get
K = zIfi)HHs\ [ -,

8 = (2zlyh)BBshhscosG A(lIn)-\-2(Ahs) A(cosZ), (12)

F = (2zlyh)Bshs(Ah-hBcosG)-FhBHs”.(lIn),
where
A =ni] B = ni.

The next question that comes to mind is that the exact formulas for the parameters of the
given principal ray should be replaced by the quantities with the fifth orderaccuracy.From here
on, | will representalength, that is the distance from the object plane to thesurface(Fig. 3),
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I that from the paraxial diaphragm plane to the surface and L a distance from the diaphragm plane
to the surface for the ray which makes the angle U with the optical axis. The distance from the
point P (P) to the object plane is denoted as —RO(—PQ0). If is easily seen from the Fig. 3 that

M - L
Y @n o B0 n Fl 1
Y [RO KV
V = »mex-T+ <fyp
o¢ Tt 1.

The second term we will calculate for the principal ray from the spherical wave aberration [4].

T--T?2(0-1)--TM T-TH -
where 0(tn) denotes the quantities of order 1" and higher.

For the third order aberration

W= 'sy.
g1
Therefore
dw
. - 2— _3rx- = -
\BO HQj nn. dr 2nnuyX 2Hs
where
nnne8 = u,ns8.

After substituting it into the relation for MfN we have

M
+ -3+ B(0,
H Pg \ VvpI'

where np = r~nkX
The above quantities should be calculated with accuracy to the t4because for the fifth order
aberration we do not take into consideration the term equal or higher than t3 In this approximation

sin8

u
o H + 0 (),
S

on

1
Svtst 0 (d).
% 2n

Finally we have

= + T+ 0(t5)

M 1
= -01t- — («i8 «-8l 0 . 13
N 0T- — («i8v+ «-§!) + 0 (15 13)

When the number of the surfaces is t then the symbols Sv and St denote

Sy = = N ~ X 14
Y= k=1 k=1 (14)

The second relation results from the definition of the principal ray. On the first surface =0
only if the center of the acting diaphragm lies in the vertex of the surface. The second term must

be substracted for every surface and it is more convenient to calculate it separately and subtract
afterwards.
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From the expression (13) it is easy to calculate M and N with accuracy to the 14 At first we
calculate M [1]

M= (MIN)(I-M22= {MIN) |l *Jtf>* Mx

Hi7/ivIN- D(MIN)21-M2-~{MIN)*(1-M 22>

MZN) 1 AMINY 2+ S(MIN)M2: ((MIN)x+0(M ")\

(MIN)[I-A (MIN)2+ ~(MINY+0(M<-)],
because
-2’\(MINfM2: é(MIN)x(i-M 2 = é (M/A)4+ O{M 6.
Using the relation (13) and recalculating we have
M = —ut\x2 n {LSY N mdg)d 3+ 0 (¢5). (15)
Dividing the expression (15) by (13) and recalculating we obtain a relation for N.
li — 3 I
N =1- -pru2t2+ —{uSv-\uSi-——- Hm3t4 -f-0 (16). (16)
| [ H 4 1
All the guantities in this and following relation are the paraxial ones. The terms with 12 are

connected with the third order aberration, those with 14 with the fifth order respectively. Now
we want to find formulas for sin7 and cos 7. It is easily seen from the Fig. 3 that

. L-r l—r . R,-Rn .
smlf = - sm(7 = - sin(7-t------=------- sm(7
r r r
and
L = I—R0O = I—R0-\-R0—RO0 = I-\\-R0—RO0.

Substituting (-sint/) by J7 from Eqg. (15) we get the formula for sin7

- — 1 | 1/1 1\
sin7 = ut\ (usv xuSt—Huw)3M— | Ao j fi010sin O
r L 2H J r\RO RJ
l—r 1 sinU (g
= (Se—d) 1+ N-{Sy-HwgTr + - '<TFV3I RORO-_ 22— . ,
2rH r 2nVRex
where
h = ul;, sinU= —_ = _ VT
Ro T
he = g u+i=g
Therefore

sini = 'ix-\---é-}_i {\/S\//_H uZ),tS-)----z-i-:-_-'- [(I—r)u-\-ROU]x34- 0 (t5

= ir+ o (Sy-HUQT3{ (BI/27)(lic—w)+ 0 (19
= »T—'I’—ZF| (Bv— TIn D3+ ST <JT3H-0(TH) = ir———2—|_T(Hu2i—iSy— i"DT3+0(r5. @)
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For cos/ we will use the identity
cosl = (1—sin2/) 12

After some recalculation with the accuracy to the 0(tH we obtain
- I, i o0, i, T, t
cos/ = 1—2 12r*4- 5 u*i— -I3—H—(I'/SV+ITSJ‘JJ|’\+OCI’3. (18)

The relations for y and z will be obtained in two different ways, each of them being a kind
of check for the other. To start with the first way let us take, from the point O, the bisector of
an angle between the radius r of the spherical surface and the optical axis. It cuts the secant AB
at the point D (Fig. 3)

1 1—0
<ACD = KAB = ——,
AB = Lsin U
- i+0 | —U
cos - cos
2
Therefore
. u+i < -1
Csin Ucos----—--- cos JU—
y = = LsinV — —» = Asin T7cos U—tan sint/,
u—I U+ 1 2 '
cos cos
1—0 1-U
- — sin -COS - . . .
¢ I—U 2 2 sin(/—tf) sinl cos U—sin Ucos |
an
I —U 1—0 I + cos(/—17) 1-fcos/cos O + sin/sin0 ’
cos----2----cos-----2---

y = Asint/cost/—;AsinZl?(sin/—sint/) + 0(t5 = hinU cosO—zlsinZ// (sin/—sint7) + (R,,—RO.

sint/ cos 0 + 0O (15,
since

5 (it0—itQsin2t/(sin/—sin/7) = 0 (1H.

We want to find RO—RO with the accuracy 0(r‘). Because sint/ = 0(t) we have

[ 1
RO—RO = 1 _ }',/JO.RO= 2 "IFOR)e2i
\"o 22,
, 1 L /trnitrsint7cost/_
y = (sin T7cos U----élsm2lJ'(sm/—sm v)-—-— , -

With the help of the relations (Eq. 15-17) we will obtain
y = 0T+ —IIMT—2m3+ H (u8v-\xm 13 — /0212(T—u) + n(I—1)(8Ti2H) T3+ 0(TH
Ar- MAwgr— 2N (MSv+ 7i$)jr3+ @(tH. (19

The following expressions were used above:

/imex "Rqd'i H
A = hr, h = lu, (20
it= M+T.
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The second way will consist in derivation of the relation (19) from the equality ay = sin6'
(see Fig. 3).

ay = sin/r = sin(/7+/) = sini7cos/+cos Usinl = —ATcos/ + Asin/.

After substituting the expressions for the M, N, sin/, cos/ and a few recalculations it may
be obtained

ir, i 1
ey = 9T ¢ [92u~ H (EEv+ fi$NIT3+0(TN. 21
Therefore

y=A1- " A (TOv+*#1)1 13+ O (15.

The expression (21) may be used to calculate sin(?. The equation for z may be obtained (see
Fig. 3) from the following relations

. U+ -
3= i/tan-— or zc = 1—cosCr.
In the same way we receive:
z= *£N2]a + A 2—AK+ ~ (hSYXAS,))j ¥+ 0 (rs). (22)
Expressions for K, S and F in (Eq. 12) all contain the term (2z/y). This term may be obtained
when dividing relation (22) by (21). After a simple recalculation

2z in - i -1, r
91+ I, «)+ H {ffSv+ A" J 1+ 0(T). (23)

The quantity cosCr may be received from the relations

cosG = 1—zc
or
cost? = (1—sin26?)1/2,

i 1
c0sG = |—-'2-gT5§'§1\-I-| h2g—h2u+ = {gSy+ ¢S~ tn + 0 (ss) (24)

In the Eqg. (12) we have the difference between cos/ after and before refraction

A(cos/') = cos/'—cos/.

t t

Calculating cos/' we have to use the expressions for £ (SY)kand JC(SI)k, but these would be
A= k 1

not convenient for computing and programming. We could avoid this difficulty using the law of
refraction %'sin/' = nsin/

sinl' = = jér—&iuz*- "1 (iSv + rSijl rﬁ -fO(rs),

cosl = (1-sin2/)12= 1— * | " | |iZr2—1[~2i ~ (uUSv+ iSt)—* |”,j i3 t4 +0(16.
Therefore
A(cos/) - [()F—i] 1t — [«m*—* + B3N (N v+NM)]t4+0(T6. (25)
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We still need the expression for hs and Ha. The quantity Hsis an invariant and we can choose
for calculations any space. The most convenient is the stop space (hs)d = hd. In the plane of the

diaphragm y = 0 and h =0
Hs - - nd(hs)dMd,
Hr = ndhdud.
Dividing these two relations we obtain
- d
Hs = ~H r~ = Hr{l *[wd+l- ~ £ 2~v)*]Tt3 + 0(rd.
Denoting
d
Va—udfl~ ~
k=1
we have
Hs = Hr jl- ~ vdrj.

(26)

(27)

In the formula we have not any term with Sdbecause in this space &7is equal to zero from the

definition.

A more complicated task is to derive an expression for hs. We shall start with the calculating

of the quantity nIn8 (Fig.4)

N
l-z+y--- + dSN

Now we recalculate the left side in the following manner:

Vv VP+ by e 4 MNgs W on
& Vs w W W% \p
N
l—z+y-_
b M on
s > +6sN WP
I~ i+sS

From the definition of the Hs and H we have

Hr nu7)p
Hs nusrig
Therefore
HoWM]p
' Hrys
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After substituting the relation (28)

I—z4-ﬁ, _
H.u M on
Ht (29)
l—z+y~ +dSN VP
M
It is easily seen from the Fig. 1 that
fF—72 \ H.u Itz
Tr+")"-ffrhr+“%
l-z+y
on Hs(h—zu) N2dSy on
N 1+ (30)
n ~E tW ~ \V/
l—z\-y~=-+ 6SN 1 MIz(l-z){l-z+y”" + 68N) P

We omit the small term <B5dn. In the relation for K, S and F the term hs is multiplied by the
factor t2and it is sufficient to calculate it with accuracy 13 The quantity 38 is of the order 0(12.
How, we calculate the second term in the bracket

N2y6S N2y68

M(I—Z) I|_Z+ y_/\_ + 68NJ M(I- Z)2+ YN(" Z)+ M(I' Z)N68

1081+ 0{1H hdS+0{r%*) 31
—ut2\ hzl\-0(13 —ul2-]-hI-\-0{T2 (31)
The aberration 68 may be calculated from the following relation [1, 2]:
V' = - .dS—-
S 2nuus H
Therefore
6o - 2HW.
" nuuaHs
The quantities H, Es, us and Wa can be estimated from the following relations [1]:
H = nitn —nn(n-\-dn) = Ht-\-0(12,
Es=HT1+0(12,
ua = 0(t2),
= 1($utu+$wv)t2-
After a few manipulations it may be obtained
68 = - Slnt 8™ 1» (32)
2nu*
The equation (30) may be rewritten as follows:
H8ht+81v)12+0(0 = _ MS/M+Siy) 12+0(T<)< (33)
2nh(hu—hu) 2hH
With the accuracy 0(t4) we will have
- -pjjSyJ+0iT4. (34)

b H
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After substituting the relations (33) and (31) to the expression for A, (Eqg. 30) we obtain

_ ft \
Hs(h—zu) 1— ft{$m+ v + 0(14)
"s HtN 2Hh
=N Ja— AP+ & (hsni+ HEM+-YBSY)| 2>+ 0 (19 (35)
or
ft, = ft- ijftgrH - huidr AV(-»- [A(Niii + 'Siv) + fpg/]%rz+ 0 (14). (36)

Thus, we have calculated all quantities which are present in the Eq. 12. In expression
for K, which is the simplest and also in the expressions for S and F we have the term Hs (direct
or trough fts). Substituting (Eq. 27 and 23) for Hs and (2z/y) we receive

K- «<A(-iW i-1»>){, + S S)IF*H<>(*>

UG 1=/l T T )| KA

We shall now calculate explicitly the expression for F. It is given by

= 22Alll\l—T B 1rt1(Ah‘ hBcos(?) + ftB
=3 A By ' ]

After using the previous relations for 2z/y, Bs, B, = nsinl, ft,, cost? it may be obtained
F—A2 (0-(2 2 )i +MT,(- 8+ K+14 JIX
Xill (t— @ [W~ 1] ("v+2i)] r2|ft-y [ftM= ft52+-Ar (SBm +SB IV+ ABEMPITE x

ft 1
X Jhi— M- *02rg] +hi) + 0(t= ~ngA |'J lgrt(niftghe «#) + i(Bm + BI—-Ti~
[ = +
+0(t). (398)

In this relation we have no term with t2 because F is a disturbance expression which
vanishes in the Seidel region.

The last relation may be obtained from the following formula (Eq. 12)

2z - 11 -
S = vh BBshhscosGA (—) + 2Aft, A(cos/),

S = ~25 | ir2[ft—ijrftgw—ftS2+ AFd+  (hSIU+ ftNV+ ASV)Ir2(ch JI+ ~ ~ u) +

+ -i(«v+ **)] T lim* A 2t— -~ (iSy+iSj)

X 17 i 2"I ok B iI3—-~N(iBy + injJ T2 + O(16
— u2i--—-—-- 1 - 1 | TO) .
1L 4 v t1 yr

48

Optica Applicata I, 1



After multiplication and simplification using the refraction law it may be received with the
accuracy to O (r6).

8 = n2A | if-/ —hi(u—i")+ - | —hiuXi-fi")—-hg2i(g-\-2ii) —(u—i") i(hVd-\-hgu) —
~ (xR +1* + -N[»(«-i1)(A-iSiv-"m) +

+h{i((u,|—i-2i')+ a/iSx It22)+0 (16,  (39)

This relation may be simplified by using (Eq. 38) for F

oo r 1 l : , ,
—i o 12 hg2i(g-\2u) —hi(u- i) X
r - ,(»/ J

1", nhggil

[ « J : i(ii —i"yhSw—hi(i + )-=hig) © - 04

F+0{t9. (40)
In the previous expressions for K, F and S we have three terms
i>

h

h(i+ "), (41)
i(n—17),

which may be used for further simplification

K = //TA(M)X11+2 («v+«) ] T*}+0(T6),
t [1! . . .
F = - ngAl-) F{gl(nihg+ Hu)+ i(&l+ S1V)- iSJ+0(16), (42)
liv. /. T1
8 = u2A |5it2(hi+ —]—u2ih----2thi(g-\-2u) hin—aé\ \W-
\« /
) hhggiin 1 A ) — AN\ VIV
+ 1 i3H-- |_|+ H ¢+ iy — 0(ro).

These formulas are not difficult in computing and programming. They are indeterminate
when the plane of the diaphragm covers with the tangent plane to the surface (both 3and 8t tend
to zero). This is not a serious difficulty because St tends to zero more rapidly than h (with hl)
and

lim8j = 0. (43)
7i>0

We only ought to verify if h is equal to zero and in this case to put 8t =0.

After programming these relations have been used to investigate the optical systems. The
results are now in preparation and will be published soon.

nojieeafl abbepaviifl V paaa ajia spepkH-PexHX NoBeaxHOCTeii
B pa6oTe, ony6jiHKOBaHHii b JKypHajie ,,AnJiaitn orrnk” (3), BbieelieHa 3aencnMOCTD bojihoboK a66epaunn carnTajrt>Horo
@oKyca am jaboh noBepxHOCTH ¢ BpamaTejibHoii CHMMETpHeii. 3areM 3aBHCHMIOCTb 3Ta 6buia npeo6pa3oeaHa Tax, hto 6hjih no-
jiyneHu tpk BbipaxceHHH, nepBoe H3 kotopwX b 06jiacTH 3eft,ieua nepexoauT B Botnyppm3u, BTopoe — b KpHBH3HY 11eT3Bajia,
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a TpcTbC — HcraaeT. 3 th ypaBHemra nocne ynpomemw ctehobjitcji ochobhhmh ajih cj>epnHeckKHX noBepxHocreft. BbiBefleHbi 3aBH-
chmocth fljw napaMeTpoB rjiaBHoro nyjia h caraTajibHbix B3tHHHH hs h H's ¢ tohhoctwo flo rorroro paga.

llocJie noflCTaBJieHM hx b ocHOBHue ypaBHeram h cooTBeTCTeyiomHX npeo6pa30BaHHt nojiyienbi npocrue 3sBHOHMVIOCTH
Hih ko3pHIHBHTEB noJicBhix aBepaunH rrmoyo paca.

Bbme™eH h o6cyxyieH npeflen BbipaxceHwi, Kopga /A -m 0.
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