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Influence of the Spherical Aberration on the Current
Density Distribution in the Electron Beam

In the paper a method of evaluation of the influence of the eiectronoopticai aberration on the eiectron beam current density
distribution is discussed. Assuming that the primary current density distribution is of the Gaussian type the current density distribu-
tions in the Gaussian image plane as well as in the best focus piane have been determined on the base of the postulated method
inciuding the influence of the spherical aberration. The considerations are illustrated by examples. Finally, the problem of magnifica-
tion and aperture angle optimization have been discussed for the beam disturbed by the spherical aberration. The purpose of the
optimization is to obtain the maximum current density on the axis.

1. Current Density Distribution
in Perfect Imaging

In contemporary technology an increasing appli-
cation of the electron beam as a working tool is
being observed. The applicability of the electron beam
to particular kinds of treatment is determined by its
diameter in the working plane, the value and distri-
bution of the current density in that plane and the
electron beam energy.

In the electron beam machine the beam focussing
in the working plane is realized by imaging the pupil
of the electrono-optical gun (being the source of
the electrons) onto this surface. The influence on the
imaging errors including the spherical aberration can
be observed in the form of enlarging of the beam dia-
meter as well as changes in the current density distri-
bution in the working plane as compared to the per-
fect imaging.

The basic parameter of the electron beam is the
so called electron brightness. It is understood as
a ration of the current density of a virtual electron
source (eiectronoopticai crossover) to the solid angle.
In the differential form the electron brightness may
be described by the formula [1]:
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where / — electron beam current,

/f — cross-section of the beam in the eiectrono-
opticai crossover,

a) — solid angle subtended by the beam.
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In this formula the symbol of partial differen-
tiation has been used though in the general case the
current / is not a unique function of /4 and a). The
electron brightness defined in this way takes the same
value for the corresponding elements of the object and
the image in the case of aberration free imaging.

If the electron brightness for the given region is
known, then the current density may also be deter-
mined within this region on the base of the formula

3/ r
0

In the case of the electron beams exhibiting the
axial symmetry it is more convenient to use the aper-
ture angle a and the azimuth y instead of the solid
angle a). Then the element of the electron beam solid
angle (see Fig. 1) may be described as
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Jw = alady, 3)

for the sufficiently smaH angle a.

If the aperture angle of the beam is smaH (for
instance as a result of the applied diaphragm) it
may be assumed that the eiectron brightness of the
image point under discussion as weii as that of the
object points does not depend on the angles a and .
Under these circumstances the expression (2) may
be reduced to the form:

J n . (4)
00

In accordance with the calculation carried out
by Langmuir the radiai distribution of the current
density in the electronoopticai crossover is of a Gaus-
sian type (see [2], [3]):

fo (') = Jo exp”- (5)

where Jo denotes the current density of the cross-
over axis.

The above dependence has been derived under the
foHowing conditions:

a) eiectrons ieave the cathode with the Maxwell
velocity distribution,

b) sine Abbe's iaw is satisfied in the region of the
cathod lens,

c) cathod lens is free from aberrations and the
influence of the space charge may be neglected.

In the electron guns realized in practice the said
assumptions are not met and the current density distri-
bution may deviate from the Gaussian distribution,
the latter being accepted as a basis for the discussion
presented in this paper.

A comparison of the relations (4) and (5) allows
to infer that the Gaussian distribution of the current
density in the electronoopticai crossover should corre-

spond to the same distribution of the electron
brightness:

Bo ()= Boexp " j, ©)
where

and do is the aperture angle of the beam in the elec-
tronoopticai crossover.

In the case of perfect imaging of the electrono-
optical crossover with the linear magnification 4J the
value of the aperture angle and the constant a (the
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latter being a scale factor for the coordinate r) will
be changed accordingly. If the imaging system fulfils
the condition of the inverse proportionality of the
angular and linear magnifications then the current
density distribution J, (r) as well as the brightness
distribution .B,(r) in the image are given by the
formulae

Bi(") = B. exp”™- -™-j, (7
A (") = TtBi(r)a? (8)
. . "0
tively, wh % =
respectively, where % Af 4

Hence an expression for the maximum beam cur-
rent density in the image plane is obtained in the form

TtBoC.  J.
A2 44n ©

On the base of this it can be concluded, that in the
case of perfect imaging arbitrary great values of the
beam current density may be obtained providing that
the respectively high demagnification of the imaging
system can be realized.

2. Influence of the Spherical Aberration
on the Beam Current Density Distribution
in the Gaussian Image Plane

The influence of the spherical aberration on the
current density distribution of the beam in the imag-
ing plane was considered by KucHNE [4]. He also
assumed that the beam current density distribution
without spherical aberration has the form of the Gaus-
sian distribution. By differentiating the distribution
and taking into account the current spread within
each interval by the amount equal to the diffusion
circle ¢lp, the author obtained the real distribution
as an arythmetic average of the average current den-
sities of the neighbouring intervals. This procedure
is very tedious and does not assure sufficient accuracy.

For considering the influence of the imaging errors
on the density distribution another method may be
proposed, in which the problem is treated more gen-
erally and with greater accuracy.

The electron beam current reaching the arbitrary
point in the image is a sum of the elementary current
streams contained in the infinitesimally small solid
angles The current density of the elementary cur-
rent stream is given by the expression

dJ = FJto = Ardady, (10)
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in accordance with the relations (2) and (3). AH the
current streams energing from an object point and
contained within the angie limits 0~ a” a, and
0" y ™ 27t reach the idea! image point of the coor-
dinate p. Hence the current density at this point is
defined by the refationship

-2i(p)= J" I, X

0 0 0 o0

(i)

X exp |

If the spherical aberration appears, the same real
image point of the coordinate r is fed by the elemen-
tary streams, which in the case of perfect imaging
would be directed to various points in the image of
different coordinates p. These points are contained
within the circle of radius zl(a,) determined by the
spreading due to the spherical aberration as it is
shown diagramatically in Fig. 2. Hence, it follows

Fig. 2. Region, from which the current streams are deiivered
to the point of the coordinate r

that the coordinate p of the primary (ideal) image point
transferring one of the current streams to the real
image point of the coordinate r is a function of r and
¢l (a) as well as of the angle ¢ From the Carnot for-
mula we obtain the following dependence of the coor-
dinate p on the said quantities
pr = r*+"rN(a)+2d(a)rcosy. (12)
After substituting the above relations into the
formula (11) the expression describing the current
density at an arbitrary point of the coordinate r in
the real image takes the following form:
ai &

()= 3" I#(, a Paipt (13)
00

"l X
/IB.exp[-~-("+J"(a) +

0 0 L

+ 22) (a)rcos at/yJa.
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If only the spherical aberration occurs the error
/1 = d (a) does not depend on the azimuthal coordi-
nate pand the above formula may be written in an-
other way

-'i.(") = "oexp]

Integrating over the variable
result [6]:

gives the following

/ 2rJcos<n\ /12rJ\

f2>(
Jrl—

where 7, is the modified Bessel function of the first
kind and zeroth order.

To perform further the integration the expression
on the right hand side of (15) should be expanded
into series

For the same reason also the function exp

is most conveniently represented in a similar form

If the accuracy resulting from truncation of the
series after the third term is satisfactory the depen-
dence (14) may be represented in the following form

() = 27?0 exp)( _ 3 X (18)

As the spherical aberration error in the Gaussian
image plane is determined by the relationship

Asph = C*ct3, (19

where C* is the modified constant of the spherical
aberration [5] the expression (17) — after having
been integrated — generates the following formula
describing the current density distribution of the beam
in that plane:
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3. Current Density Distribution
of the Beam in the Plane of Best
Focussing

In the electron beam machine the working surface
is not identical with the Gaussian image plane and
should be located in the place where the diameter of
the aberrated beam is the smallest.

If the error due to spherical aberration is small
its value in the analyzed plane located at a distance
z from the Gaussian image plane may be described

by the formula:
zj,'=CM + az. (21)

When substituting this error equation (21) to the
relation (18) the following formula for the current
density distribution in the plane z results

7, (r,z) = 2ZQ exp)—

/at X * 3?7 ,\1 1/r* —r
\4 6 8 /ai g*\4g,
" o* i
it = e -6C"z'+ — 4C7z
12 .
' - - 3
*14
-15C*iz" + 20C*323 rs -
2 4 18 %
+ (22

To determine the coordinate z for the best beam
focussing plane the theory of caustic may be used.
In Fig. 3 the process of spherical aberration error
formation has been shown diagramatically for the
case of point imaging. The shape of the diacaustic
surface, being a locus of the intersection points of
the neighbouring electron trajectories, is marked
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Fig. 3. Schematic mechanism of sphericai aberration error
creation

there as well. In the case when only the spherical
aberration occurs the equation of the last surface may
be represented in the following form

= —az+C*a",

=-2CMzCM. (23)

In only the external causting surface is taken into
consideration we get

after having eliminated a.

The beam narrowing occurs in the place of
intersection of the external electron beams travell-
ing under the angle a,with the caustic i.e. in the
plane z= 7" Thus in this plane the expressions
(21) and (24) may be compared to each other i.e.

3rZ,+ Cal = -2 C

rean~t (25)

The minus sign on the right hand side denotes that
the intersection is realized by the rays, which travel
on the side opposite to that of the rays creating the
caustic at the intersection points. The solving of the
above equation results in determination of the coordi-
nate of the best focus plane

= CM. (26)
The radius of the beam cross section being
N = -ACM (27)

is four times smaller than that of the confusion circle
due to the spherical aberration at the Gaussian image
plane.
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After substituting z = Zp to the formula (22) and
certain rearrangements the following expression for
the current density in the best focus plane is obtained

] . 3.12' 10'~ph
'7)1(!21) = A()
N 1\ 1-4-10-~
4at an 2/
r /1 rr\2-10n * (28)
* NN Adat at

where 2~ denotes the error of the spherical aber-
ration in the Gaussian plane, while 7, (r) is an aber-
ration-free current density distribution in the same
plane. The current density distribution including the
spherical aberration in the Gaussian plane may be
represented in a similar form

77(r,0) = 7,(0) O'ZZHh
. 1\ 0T 43"
No 2/ at at \2
0-05/1°1
(29)
a ]

When comparing both relations it is clear that
the current density distributions in the Gaussian plane
and the plane of best focus are of different type. In-

dependently, it should be reminded that the above for-
mulae may be considered to be of sufficient accuracy
only for small values of the relative errors /1" /a,
and small radia r/a, (because only three terms of the
expansion were taken into further consideration).
Calculations for the arbitrarily wide range of a may
be performed by numerical integrating of expres-
sion (14).

As an example the current density distribution of
a beam in the Gaussian plane and in the best focus
plane has been calculated in the presence of spherical
aberration. The results of computing in the reduced
coordinates are presented in the form of graphs
in Fig. 4.

The values of the current density in the graphs on
the left hand side of the Figure are plotted as refer-
ring to the maximal value of each curve, while those
on the right hand size of the Figure refer to the maxi-
mal value of the corresponding (primary) aberration-
-free distributions. The curve a presents a Gaussian
(aberration-free) current density distribution. The
curves and c correspond to the current density distri-
bution in both the Gaussian image plane and the best
focus plane and are calculated from the formulae
(28) and (29), respectively, under the assumption of
a relatively great error of spherical aberration
= a,, (C*= 10"a,, = 0.1). On the other hand
the curves 7 and < represent similar distributions
taking account the spherical aberration error of even

Fig. 4. Current density distributions of the beam

a-a, = 0.1;
c—m = 0.1; =

C*=0 (<dgph = 0); z=0.

107 (ztgph = #i);

z= 27N

b-a, = 0.f;
d en—O0.If2;

C*=10'm(zl;ph=a,)"»
= 10", (zlgph

z=0.
212#,), = o.

e—a, = 0.172; C, = 10", (Jgph = 272a,); z = D
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greater value of = 2l/2an, (C*= 10", a, =
r Q1) 2). In this case the calculations have been
performed by way of numerical integrating of the
relation (14) and using the method of rectangulers.
In the course of integration the intervals of integra-
ting have been devided into fifteen subregions and
the values of the function in the midpoint of each
subinterval have been accepted. From the presented
graphs it may be concluded, that the influence of the
spherical aberration on the current density distribu-
tion of the beam is mainly displayed by the decrease of
the latter in the vicinity of the beam axis
and its increase in the external zone. The half-width
of the distribution curve is changed slightly at the
same time. Also these calculations confirm the thesis
that the current density distribution is much more
advantageous in the best focus plane than in the
Gaussian image plane.

4. Optimizing the Magnification
and the Aperture Angle
of the Beam

The degree of deformation of the current density
distribution is the beam in the working plane and
the respective diminishing of the current density as
compared to the primary distribution depends on the
magnitude of the spherical aberration error and,
by the same means, on both the spherical aberration
constant C* and the beam aperture angle cq. To reduce
this error the most convenient way would be to demi-
nish the value of the spherical aberration constant.
However, practical possibilities of performing such
an operation are limited. The spherical aberration
error may be arbitrarily reduced by way of the cor-
responding reduction of the beam aperture angle a,.
Howevr, this results in the current density loweringe
in the eprimary distribution. An achievement of th
maximum beam current density in the presence of
the spherical aberration requires the beam aperture
angle to be selected optimally. This optimizing may
be done on the base of the following simplified model
taken as a first approximation. Namely, it may be
assumed that the electronooptical crossover —
being the subject of imaging —is of finite diameter ~ ,
while the electron brightness F,, is constant within its
region. The current density in the ideal pupil image
of diameter  is given by relation (9). The influence
of the spherical aberration on the current density
may be included by assuming that the spherical
aberration error measured in the plane of best focus
is additive with respect to the primary diameter and
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thus causes a dimishing of the current density in
accordance with the relation

(30)
61"l My

where, % =2F,=-Lc*a?. (31)
The optimal selection of the beam aperture angle
may be done in two ways: by introducing an aperture
diaphragm or —in the systems without diaphragms —
by matching the magnification.
In the last case dependence (31) may be put in

the form,

F,Tta8
(:!* 3. (32)

2AP

By differentiating the relation and comparing the
result to zero the optimum value of the linear magni-
fication which generates the maximal beam cur-
rent density in the sample plane, may be determined.

3%

Nop,= -'yo" . (33)

Hence

The determination of the optimal aperture angle
by done by a similar method, when using expressions
(30) and (31) for the current density in the working
plane. The magnification is then defined by the assumed
beam diameter # = No?,. As a result the following
expression for the optimum magnitude of the beam
aperture angle cq is obtained

where * = 27, 0or, when assuming that the entire
beam diameter in the working surface is equal to

= (35)
we get

(36)

The last form of the expression for the optimal
value of the aperture angle is often cited in literature
devoted to the electron beam machine [7, 8, 9].

The optimal magnification magnitude as well as
that of the aperture angle may be determined with
considerably better accuracy, when assuming the
Gaussian distribution of the current density and
basing on the relations derived earlier and describing
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the influence of the spherical abenation. If it is
assumed that the purpose of optimizing is in gene-
rating the greatest possible current density on the
beam axis i.e. for r = 0 then on the base of expres-
sion (14) the value of the current density at this point
appears as given in the form

A, (0) 37

When taking two terms of expansion (17) and
repeating the procedure described earlier the fol-
lowing expression for the current density on the axis
in the best focus plane is obtained

CTM\

— 38
YT

A, O2Zp) = 27tR.

If an account is taken of the fact that a,, = Met]

and n, = Afg. the optimum magnification magnitude
is expressed by the formula

Ai.pt= (39)
obtained by differentiating (38) and equaling the result
to zero.

After some further transformations it may be
shown that the optimum value of the magnification
is also given by the condition

A

4
1.17a. 0
which may be put in the form

<4 = 11/<0. (41)

It is convenient to assume that the beam diameter
is equal to the width of the current density distribution
curve understood as the distance between the points
at which the current density drops to 1/e of its maximal
value. Then

= 42)

In the case of application of the aperture diaphragm
the optimal aperture angle magnitude evaluated (simi-
larly to the former cases) from the formula (38) is
represented by the formula

"i.pt= 12 (43)
which corresponds to the condition
<4 = Yaq, or = 2)/2Ri- (44)

A comparison of the above results with those yield-
ed by the simplified analysis in the form of (33) and
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(34) evidences, that under the condition of optimal
magnification or optimal aperture angle selection,
much greater values for the spherical aberration error
are allowed than those established earlier. The value
of the maximum current density obtained in this way
is also much greater.

If we assume that on the beam axis the electron
brightness in the electronooptical crossover is equal
to the maxima! theoretical value given by Langmuir

A ™)

45
Tifly ' (“5)

R
where 7* — cathod current density, — electroki-
netic potential und 14 — accelerating voltage then
the maximum current density in the best focus plane
for optimal aperture angle is given by

<)
7.000) -1 .5 71 AR

(46)
in accordance with (38) and (43). In practice, the elec-
tron brightness ranges between 4-90% of its theore-
tical value and the expected value of the current den-
sity should be also less by the same amount.

The maximal value of the current density for the
beam blurred by the spherical aberration is, as may
be easily appreciated, equal to 75% of the aberration-
free beam current density of the same aperture angle.
Because of truncation of the series (17) on the
second term the said value is slightly lowered. When
the three terms are included the value is raised up to
as high as 80% of the ideal beam current density,
which is however too optimistic. Finally, by way of
numerical integrating of formula (14) it has been esti-
mated that the current density on the beam axis of
optimal aperture angle amounts to 78.2% of the aber-
ration-free beam current density. The optimal cur-
rent density distribution in the beam is illustrated
by the curves in Fig. 4.

5. Concluding Remarks

In the paper an analysis of the influence of the sphe-
rical aberration on the current density distribution
in the electron beam is given under the assumption
that the primary distribution in the beam is of the
Gaussian type. The results obtained are a basis of
the analysis aiming at the optimalization of the beam
parameters important in the micro-working process.

It seems to be worth emphasizing that the analysis
may be generalized in two respects: as far as the pri-
mary current density distribution in the beam is con-
cerned and by changing the kind of the electronooptical
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aberration. For the purpose a corresponding function
of the primary distribution J? = f2(r, a, y) has to be
introduced to fotmuia (13) and a dependence charac-
terizing the kind of aberration should be treated in the
place of (19). These changes in the primary distribu-
tion as well as the kind of aberration alter the condi-
tions for obtaining the beam of optimal parameters.

L influence de I'aberration sphérique sur la repartition
de la densité du courant d'un faisceau électronique

Dans cet article on a présenté une méthode qui tient compte
de I'influence des aberrations électro-optiques sur la repartition
de la densité du courant d'un faisceau électronique. En admet-
tant que la repartition primitive de la densité de courant du
faisceau est une repartition de Gauss, on a déterminé, a I‘aide
de cette méthode, les repartitions de la densité de courant dans
I'espace de I'image gaussienne et dans I'espace de la focalisation
optimale, en tenant compte de I'influence de I'aberration
sphérique. Le tout a été illustré avec des exemples. En conclusion
on a traité le probléme de I'optimisation de I'agrandissement et de
I'angle d'ouverture du faisceau déformé par I'aberration sphé-
rique. L'optimisation a pour but i'obtention de la densité ma-
ximale de courant sur l'axe du faisceau.

BnusiHve ciepuueckoii abeppauun Ha pacnpegenieHue
MIOTHOCTVM TOKAa 3/IEKTPOHHOI0 My4yka

B cTaTbe 06CYXAEH MeTof y4yeTa BAUSHUS 3/1EKTPOHHO-
onTuYecknx abeppauuii Ha pacnpefeneHue MIOTHOCTU Toka
3M1EKTPOHHOIO My4yka. Ha OCHOBe MpPeAnonoXeHUss o TOM,
4TO MepBOHaYasbHOE pacnpefeneHvie NIOTHOCTM ToKa Mydka
npeacTaBnsieT coGoii rayccoBo pacnpefeneHue, OMpesenvnu,
no npegnaraeMoMy MeTOAy, pacrnpefeneHvsi NAOTHOCTW ToKa

B rayccoBoii M/IOCKOCTU W306paXKeHWs W B MI0CKOCTU OMTM-
ManlbHOM  (POKYCUMPOBKM, YUUTHIBAIOLLLME B/IMSIHUE CHEPUYECKON
abeppauuu. OGCYXAeHMe MPOUNIOCTPUPOBAHO NpUMepamu.
B 3aK/toueHUM paccMOTpeH BOMpoc 06 ONTUMU3ALUM YBeu-
UeHMs1 U anepTypHOro yrna ny4ka, AeopMUPOBAHHOIO cthepu-
yeckoil abeppauueii. Lienb onTvMM3aLMM 3aKniovaeTcss B Mo-
NlyYeHUM MaKCUMasibHOM MAOTHOCTM TOKa Ha OCK MyudKa.
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