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Partially Coherent Two-Point Resolution
by Annular Aperture

Two-point resolution with partiaiiy coherent light is investigated in the annuiar aperture imaging system by using the Sparrow
resoiution criterion. The resoiution is discussed as a function of two parameters, the spatiai coherence condition of iiiumination
and the centra) obstruction of an annuiar aperture. The two ratios of the measurabie to the reai quantities of the point separation
and peak intensity are a)so studied as functions of the above two parameters.

1. Introduction

In recent years, many investigators have studied
image formation by partiaiiy coherent iight. When
a performance property of opticai imaging systems
is evaluated under partiaiiy coherent iiiumination,
either the two-point resolution criterion or the opticai
transfer function characteristic is generaily employed.
Though it is nowadays weii known that an opticai
transfer function is superior as a performance cri-
terion to two-point resoiution, its use is usuaiiy
limited to incoherent imaging systems because ima-
ging systems become noniinear both in amplitude
and in intensity under the partiaiiy coherent iiiu-
mination. In this respect, the criterion of two-point
resolution in partiaily coherent imaging has been
recently investigated [1-11], because it is very easily
treated without any modifications under partiaiiy
coherent iiiumination.

Most papers have treated partiaiiy coherent
two-point resoiution in imaging systems with siit
and circular apertures. From the viewpoint of the
two-point resoiution, an imaging system with an
annuiar aperture has received much attention, since
it is known that the introduction of a central opa-
que obstruction into the circular aperture decreases
the diameter of the diffraction pattern, thus incre-
asing the two-point resoiution in a Rayieigh sense.
We can refer to the papers [12-13] for a compre-
hensive treatment of the annular aperture. The
annuiar aperture imaging system has two defects:
there aiways appears a considerable ioss of intensity
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in the diffraction pattern due to the centra! obstruction
within the circular aperture, and some deterioration
in image quality occurs due to the increased intensity
of the secondary and higher maxima in the diffraction
pattern with the increase of the central obstruction.
Despite these defects present in the annuiar aperture
imaging system, it is worth to investigate it in res-
pect of two-point resoiution under the partiaiiy
coherent iiiumination. Asakura [16] first studied
two-point resoiution of the annular aperture ima-
ging system for two limiting cases of completely
coherent and incoherent iiiumination. Very recently,
GupTA at a. [2] in their short paper have
initiated investigation of the subject under part-
jaily coherent iiiumination. The present paper
wiii investigate in some detaii partiaiiy coherent
two-point resoiution in the annular aperture ima-
ging system by wusing the Sparrow resoiution
criterion [16-19].

2. Image of Two-Points by Partiaiiy Coherent
Light

The general formula for a spatiaiiy stationary
imaging system under partiaiiy coherent iiiumina-
tion is given by [20]

%) =jy r(*,*)0(",)0*(")x
where ~ and x are the coordinates in object and
image spaces, respectively, is the mutuai

coherence function of iight illuminating the object,
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Op) is the object transmittance, and X(x—) is the
amplitude impulse response of the imaging system.
The considered object transmittance Op) in the
two-point resolution consists of two equally bright
points and can be simply written in a form

Op)=7"MP-a)+<5p+A)}, ¥}

where it is assumed without loss of generality that
two points having a separation 25 are situated at
equal distances £5 from the optical axis, they have
equal intensities /o, and are co-phasal. By substi-
tuting eq. (2) for eg. () and using the com-
plex degree of coherence yPiP2) = ~"Pip2)/P
for f(”~i,”2), and the amplitude impulse response
of AE(x/?—/p) giving an erect image (where p and
% are the object and image distances from the sy-
stem) we get

7(x) y("2){<3("-*)+<3("+*)}

{<$p2-&)+<3p2+6)}x

In this case, the Gaussian images of two object
points appear at the points <y5/p from the axis.
With the replacement of 5' = <4, Eq. (3) is redu-
ced to

(X)) =1;[VE(X-Af+IAE (X+A)[3+
+Re{2y(6',-6")E (X-5)E*(x+5)}], @

where Re denotes the real part, and IY(X)I" indicates
the intensity diffraction pattern, due to a single
object point, which is equivalent to the intensity
impulse response of the imaging system.

Since the problem to be treated here is limited
only to the two-dimensional annular aperture system
without aberrations, the amplitude impulse response
is given by [12]

where 2c indicates the diameter of a clear circular
aperture and e is the ratio of that diameter to
the diameter of a central, circular obstruction
(0~ e+ 1). The parameter e specifies the size of
the central obstruction when the outer circular aper-
ture is fxed to have the diameter 2a. GUuPTA at a/.
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[2] have used the normalized amplitude impulse
response for Eq. (5) in such a way that at the center
x = 0 for any values of e A'(X) is always 1 The-
refore, their study could not show the actual intensity
in the diffraction pattern for a variation of the central
obstruction e, even though it reveals the effect of
partially coherent light on the two-point resolution.
However, the loss of light due to the central obstruc-
tion in the aperture is very important in the imaging
system, since the detectability by various detectors
is very often influenced by the level of the absolute
intensity reaching the detector. Consequently, the
intensity variation in the partially coherent two-
point image should be investigated as a function
of the central obstruction. That is, why Eq. (5) is
used in this paper for the amplitude impulse response
of the annular aperture system. By substituting

Eq. (5 for Eq. (4) and putting Y = .‘?glxand
kah'
79-mmmm- 5 Eg. (4) hnally becomes
2/,(x-B
09 = 20CB) |
-7?T pY+aB) j ~
(2MN(Y+B) , 2y,PY+eB)(
i (Y+B) "(gY+eB) J A
2Ji(Y-B) 2J,(eY-eB
+2y(5',-6 _
4 I;Y-aB X
(Y+B)  22],(eY+¢5)
(Y+B) ey—epr) . ©

where a trivial constant /g is omitted.

Equation (6) gives the intensity distribution of
the two-point object illuminated by partially coherent
light. It is to be noted that the intensity distribution
7(x) in Eg. (6) does not take a normalized form
although each term in the brackets is normalized
to 1 In the limiting in-phase coherent (y = 1) and
incoherent (y = 0) cases of illumination, Eqg. (6)
becomes

' 2V,(Y-B)  2/,(Y-3)
COW  (v-B) ~ (Y+B)
AQAL(Y-63) _ ~2)PY+aB)
(eY—aB) (eY+ eB) (72)
(2Ji (Y-B)  ~2Ji(eY-eB)
YY) [ (v-B) Y eB) )~
2J,(Y+B)  ~2J(eY+eB)}
(Y+B) (eY+eB) ) * (7)
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The critical Sparrow resolution for these two li-
miting cases was already studied in detail by AsA-
KURA [16] as a function of the central obstruction e

3. Results and Discussion

3.1 Intensity Distribution

First of all, the intensity distribution of the two-
point image has been evaluated by using Eg. (6)
with fixed diameter 2a of the annular aperture. In
an evaluation of Eq. (6), three parameters of y
(partially coherent condition of illumination), e (size
of a central obstruction) and 2R (two-point separa-
tion) can be varied. For various fixed values of the point
separation 2F, the effect of varying y on the two-
point image can be studied. This effect can also be
studied for a variety of values of the central obstruc-
tion y. Figure 1 shows the intensity distribution
of the two-point image as a function of the partially
coherent condition of illumination for three different
values e = 0.2, 0.4, 0,6, and a fixed two-point sepa-
ration 222= 3.6. The chosen value 21?= 3.6 is
a separation situated between the incoherent Sparrow
limit (21? = 2.976) and the coherent Sparrow limit
(21? = 4.600) for the clear circular aperture [1,16,18].

In Fig. 1 the position of two Gaussian image
points is indicated by the dotted straight lines, (a),
(b) and (c) of this figure clearly show that two points
are well resolved in the incoherent limit e= 0,
while two coherent points of the same separation
are not resolved (see the curve of e = 1). With the in-
crese of e, the maxima of resultant intensity distribu-
tions move closer together and a central dip of intensi-
ty finally disappears, the two points consequently being
not resolved. In other words, the resolution de-
creases with the increase of e. However, the resolu-
tion increases with increasing e (compare, for example,
the curves of y = 0.2 in (a), (b) and (c)). There
obviously appears a gradual loss of light reaching
the image plane with the increase of e (compare (a),
(b) and (c)). The interesting point to note in Fig. 1
is that two Gaussian image points indicated
by the dotted lines do not always correspond to the two
peaks of the resultant intensity distribution. This
means that the measurable separation from the two
peaks is not always the same with the real separation
of two object points.

3.2 Critical Sparrow Resolution
The two-point resolution has been generally
discussed in a Rayleigh sense. Though the Rayleigh

criterion is surely useful, it is only a criterion without
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(@) ¢=0.2

Fig. 1. Image intensity distribution for various values of y in

the three different annuiar aperture systems when the separa-

tion of two Gaussian image points is 2?= 3.6: (a) e = 0.2,
(b) e= 04, and (c) e= 0.6
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any theoretica! and, especially, physical backgrounds
so that it can not be considered as a basic resolu-
tion law [18]. Compared with the Rayleigh criterion,
the Sparrow criterion is certainly based on the ulti-
mate limit of two object points in the image
plane and holds a theoretical background. By this
reason, the Sparrow criterion has been used exten-
sively in the study of partially coherent two-point
resolution.

The Sparrow criterion states that two points
are just resolved if the second derivative of the resul-
tant image intensity distribution vanishes at the
middle point between two Gaussian image points.
This criterion is obtained by hnding the point sepa-
ration 2B = & which satishes the equation

=0 ®)

*=0

By inserting Eg. (6) into Eg. (8) and using two
mathematical relations of Bessel functions, i. e.

= -X-"y,,+,(X),
A-i(x)+ 7+, (x) = = ("),

the condition of Eq. (8) becomes

) 37 (eB)
(1) ( R (€B) j
J,(3) r*(R)
9 g @ ( I R
inem)
I (eB) Woij

The value B satisfying Eg. (9) determines the
critical Sparrow resolution of two object points
whose Gaussian image points have a separation
2B=43%

From Eq. (9) the critical Sparrow resolution d has
been evaluated by an electronic computer using
the iteration method as functions of y and e. The result
is plotted in Fig. 2 as a function of e for six values
y =0.0, 0.2, 04, 0.6, 0.8, 10. The critical resolu-
tion is seen to increase gradually with the increase
of the central obstruction for any conditions of
partially coherent light. The critical separation also
decreases nearly monotonically with increasing y
(this point can be understood from the fact that there is
a nearly constant interval between curves). As a con-
clusion (Fig. 2), it is clearly noted that, similarly to
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the Rayleigh criterion, the partially coherent two-point
resolution is increased in a Sparrow sense by using
the annular aperture. Figure 3 shows the central

Fig. 2. Critical Sparrow resolution $as a function of the central
obstruction ratio e for various values of y

intensity of resultant images due to the two object
points whose Gaussian image points of separation

Fig. 3. Central intensity at the states of criticai Sparrow re-
solution b as a function of the central obstruction ratio e
for various values of y

2B satisfy the critical Sparrow resolution with the
condition of Eqg. (9). The central intensity is plotted
as a function of e for a variety of the partially
coherent illumination y. From Fig. 3 it is obvious
that the central intensity gradually decreases with
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increasing e and takes a low value for y greater
than 0.2. This means that, for any fixed values
of the central obstruction, the central intensity of
resultant images satisfying the Sparrow resolution
always decreases with increasing y (i. e as
the light approaches the coherent limit). The central
intensity in incoherent light y = 0.0 bekaves in
a slightly different way for small values of e when
compared with the other partially and fully coherent
cases, respectively. It becomes lower than the central
intensity of partially coherent light characterized
by y %0.5. Finally, Fig. 4 is plotted to show the
actual image intensity distribution at the states of
critical Sparrow resolution for various values of
the central obstruction e and two different coherence
conditions y = 0.4 and 0.8. The dotted lines in
Fig. 4 indicate the two Gaussian image points which
satisfy the critical Sparrow resolution. The results
shown in Figs. 2 and 3 are explicitly verified by
Fig. 4.

3.3 Measurable Point Separation and Peak Intensity

The only measurable quantities, which are also
useful in the two-point resolution problem, are the
separation of two peaks and the peak intensity in
the resultant image intensity distribution. As it is

(@ T=0.4

evident from Fig. 1 and was already reported
by GRIMES and THOMPSON [1] for the clear
circular aperture, the separation of two peaks, which
is normally considered to be the real separation
of two object points, does not always correspond
to the real separation. Therefore, the ratio 7!, of
the measurable to the real point separation is stu-
died in relation to the two parameters of y and e
and plotted in Fig. 5 as a function of the real separa-
tion expressed in terms of the dimensionless para-
meter 23. For a perfect system without diffraction
effects, 3, always becomes unity. The curves shown
in Fig. 5(a) are given for various values of y ranging
from the incoherent to the coherent limit, while
the central obstruction is held constant as e = 0.4.
This figure indicates that the measurable point se-
paration from two peaks oscillates about the value
3, = 1.0 with about 16% overshoot in the worst
case. This oscillation is generally reduced as y de-
creases. However, for great values of 23, the me-
asurable separation in the incoherent case y = 0.0
exhibits an oscillation weeker than those for
partially coherent cases (compare the curves for
y = 0.0 and 0.2). When compared with the case
of the clear circular aperture [1], the oscillation in
the measurable separation is further enhanced by
using the annular aperture which blocks of the
light contribution in the central part of the pupil
in the imaging system.

Fig. 4. Image intensity distribution for various vaiues of e at the states of critical Sparrow resoiution 4 under two di-
fferent coherence conditions of iiiumination: (&) y = 0.4 and (b) y = 0.8
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Figure 5(b) and (c) show the curves of 7?7, for
various vaiues of y when the central obstruction is
e= 0.6 and 0.8, respectiveiy. An osciiiating be-
haviour similar to Fig. 5 (a) is also observed in these
two figures. Comparison of Figs. 5 (@), (b) and (c)
reveals that the oscillation in the measurable se-
paration is enhanced with the increase of e and that
the curves move toward the left side with increasing
e. In other words, the increase of the central ob-
struction produces a larger difference between the
measurable and real separations. In the worst case
i.e e=0.8 (see the curve y = 10 of Fig. 5 (c)),
a nearly 26% deviation of the measurable separation
from the real one is produced. However, the mo-
vement of the curves to the left side indicates the
increase of the Sparrow resolution with the increase

2S(Two-point separation)
(b) <06
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Fig. 5. The ratio Rg as a function of the actuai separation 2B
for various vaiues of y in the three different annuiar aperture
systems: (@) e= 0.4, (b) e= 0.6, and (c) e - 0.8

of e. It is further noted from Fig. 5 (c) that R, oscil-
lates considerably even under completely incoherent
illumination (see the curve of y = 0.0).

The other measurable quantity, peak intensity,
which is also normally considered to be proportional
to the real brightness of the object point, does not
always correspond to the real object intensity. This
point has been recently discussed by AsAKURA [21]
in the circular aperture imaging system. The study
of the peak intensity is very important for detecting
the real intensity of object points being situated
very closely from each other. Hence, the ratio R,
of the measurable peak intensity to the real point
object intensity is examined as a function of the
real Gaussian image point separation 2B for two
parameters of y and e. It is obvious that, as e increa-
ses, i.e. the central obstruction becomes larger, the
total intensity reaching the image plane decreases.
Therefore, the absolute value of R, decreases with
the increase of e. The curves of Fig. 6 (a) show a va-
riation in the peak intensity as a function of the
point separation 2B for a fixed value e = 0.4. The
end value of curves at the left side indicates the
intensity ratio R, corresponding to the two object
points satisfying the critical Sparrow resolution.
Below this critical separation, two Gaussian image
points converge into a single peak, consequently,
R, is increasing monotonically with the decrease
of 2B. It is noted from Fig. 6 (a) that R; oscillates
about a certain constant value proportional to the
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real object intensity. This oscillation is enhanced
with increasing y. This means that the measurable
peak intensity differs from the real object intensity
as the illumination approaches the coherent limit.

Figures 6 (b) and (c) show also a variation of
3, as a function of the two-point separation 23
for various values of y when the central obstruction
is fixed as e = 0.6 and 0.8. In these two figures an
oscillating behaviour similar to that presented in
Fig. 6 (a) is observed. These figures show, when
compared with Fig. 6 (a), that the oscillating ampli-
tude in the first loop region gradually diminishes
with increasing € while in the second loop region
it raises with the increase of e. It is interesting to note

T

tf* 2B(Two-point separation)

© 608

Fig. 6. The ratio 72, as a function of the actua) separation
272 for various vafues of y in the three different annuiar aperture
systems: (@) e -0.4, (b) e= 0.6, and (c) e= 0.8
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that the type of oscillation varies depending upon
the value e of the central obstruction (cf Fig. 6 (a,)
(b) and (c)).

4. Conclusion

In this paper two-point resolution using the
Sparrow criterion has been studied for the annular
aperture under the partially coherent illumination.
The resolution strongly depends on the coherence
condition of illumination for any values of the central
obstruction. The central obstruction affects the
measurable quantities of the point separation and
the peak intensity. The difference between these
measurable quantities and the true values increases
gradually as the illuminating light approaches the
coherent limit and the central obstruction increases.
This difference is usually extremely reduced in inco-
herent illumination.

The results obtained in this paper indicate the
effects that can be produced in an imaging system
when coherent or partially coherent light is used
for illumination. Hence, the effect of the coherence
condition of illumination and of the aperture va-
riation in the imaging system can be well understood
from the present two-point resolution study which
treats imaging performance for the simple two-
-point object under various coherence conditions
of illumination.

The authors wish to thank Mr. T. UENO for
assistance in carrying out the computational work.

Pouvoir de résolution a deux points dans la lumiére
partieuement cohérente pour les systémes
a l'ouverture annulaire

En utilisant le critere de Sparrov on a examiné le pouvoir
de résolution a deux points dans la lumiere partiellement co-
hérente pour les systtmes a I'ouverture annulaire. A été exa-
minée également la dépendence entre le pouvoir de résolution
et les deux parametres suivants la cohérence spatiale d'éclairage
et le degré de diaphragmation centrale dans I'ouverture annu-
laire. On a considéré les rapports entre les grandeurs mesu-
rées et les grandeurs réelles pour la distance d'entre-les-deux-
points et pour les grandeurs extrémes d'intensité, pris dans
leur dépendance de parametres mentionnés ci-dessus.
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[ByxToueyHass paspeluatoLas CrnocobHOCTb
B 4YaCTUYHO KOFepeHTHOM CBeTe AN CUCTEM
C KOMbLEBOI anepTypoii

ViccnepoBanach [ABYXTOuYeuHas —paspeluaolias Ccrnoco6-
HOCTb B YaCTUYHO KOrepeHTHOM CBETE [/11 CUCTEM C KO/bLeBOi
anepTypoii Ha OCHOBE KpWTepusi paspeluatolleii crnoco6HOCTH
CnappoBa. O6cyx/eHa 3aBUCMMOCTb paspeLuatolleid crnoco6-
HOCTU OT [ABYX MapameTpoB: MNPOCTPAHCTBEHHON KOrepeHT-
HOCTW OCBELUEHUS W CTeneHW UeHTpanbHoOro auadparmupo-
BaHUs B KO/IbLEBO/ anepType. ViccnefoBaHO COOTBETCTBME
M3MEPEHHbIX U [eACTBUTENbHBIX BE/IMUMH KaK ANs1 PacCTOsHWS
MeXZy TOouKamMu, TaK W ANs BepLUMHHBLIX WHTEHCUBHOCTEN
B 3aBMCMMOCTM OT 060MX MapameTpoB.
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