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Evaluation of the Elements of Direct Recovery
Matrices by a Spot-Diagram Method
for Selected Types of Optical Systems

In tile paper a method of reconstruction matrix calculation is given for the case of incoherent imaging. The

method proposed is based on spot-diagram technique.

The influence of such factors as number of rays traced through the system, the size of elementary cell of
division and the diameter of the integrating element, on the results obtained has been analyzed.

1. Introduction

The problem of direct recovery of an arbi-
trary region in airial images for the case of
incoherent imaging in absence of any a priori
information about the object has been analyzed
in [1-3]. For the convenience we will summarise
the main idea of the direct recovery procedure.

An unknown incoherent object of intensity
distribution J(a,/t) in the plane F is imaged
into plane Fy by the optical imaging system C
(a, fi). Thus the image intensity distribution

, Q) appears at Il (see Fig. 1). Next the
image is subject to a sampling by an observing
system (I1), which results in a set of A
measurements ir(<*AJ corresponding to parti-
cular discrete locations (%&,) of the observing
system Il. The set aA%.&), for f =1,...,A
constitutes a so-called measurement represen-
tation of the image not identical, by defini-
tion, with the image intensity distribution.

The observing system consists of an imaging
part and an integrating element F. The later
is supposed to absorb he whole incident light
flux and to convert it into a signal of a different
nature.

According to the principle of direct recovery
we are aiming in finding extreme intensity
distributions in image which is consistent with
the given measurement representation. The fol-
lowing procedure has been applied:*
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a) Upper bound reconstruction procedure.
Let the object consist of a set of point
sources distributed at the points (a-, /?,) related
to the points (<g, &) in the image plane by egs.
a. = ajdf and 2- = bjli, where Hiis the linear
magnification of the imaging system (1). Then

Fig. |
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the object intensity distribution is given by
(see [1])
\Y
) 1)
i=I
and, consequently, the image intensity distri-
bution takes the form (see [1])

\Y,
y(P.,9)="c,.y(™..(p.9), ()

where y»,-) (p, < is the intensity spread func-
tion of the imaging system and ~ are unknown
weighting factors which are to be determined.

The measurement representation produced
by the observing system (which is called also
the observed image (see [2])) is given by

NY
(R.9) x
= ©)
=l
R=1, ..., A
i=1 ..., A
where 0 (p—%4 €—&9) is the instrumental

function of the system Il defined as: (see [2])

4)

and

(P,

are the elements of the upper bound incoherent
reconstruction matrix defined by properties of
both the imaging and observing systems. Given
the measurement representation .r( , &, the
Equations (4) is a linear system with respect
to weighting factors which are to be determined.

Thereafter the image intensity at the sam-
pling points is found from the formula

\

mn T NASA), ®)

|:

(see [1]) which exhibits the property of repre-
senting the maximum values of intensity at
the points o?, permissible by the condition
of consistency with the measurement repre-
sentation MR &.

b)Lower bound reconstruction procedure.

On the other hand, by assuming that the
object consists of a set of point-sources located
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at (cg, /%) R=1,..., A, which are distributed
exactly in-between the previous set of object
points (a,,/?,) and repeating the above con-
siderations we end up with an image representa-
tion

v

S (6)
which has the property of representing the
minimum possible values of image intensity
at the sampling points (a”™,”) still consistent
with the same measurement representation.

The average value of the recovered intensity
distribution may be defined as (see [2])

= (?)
while its absolute error is given by

(8)

2. Evaluation of the
function y, (p,q) of the
tem |

intensity spread
imaging sys-

As it is easily seen from formulae (5)-(8)
in the recovery procedure an essential part is
performed by the intensity spread function.
Its evaluation is then of special importance.

As it is well known for the diffraction limited
imaging the intensity spread function on the
axis has the form

N Ji(Eillp2+ B )
y(P, 9 Ait/pS + ¢S
)
where
E

x —is wavelength of the light used, Ji —is
the Bessel function of the first kind and first
order, dfi —is the /number of the system
if the object is at infinity.

Unfortunately, for the real aberrated optical
systems, an exact analytical form of the inten-
sity spread function cannot be given. Instead,
a ray-tracing technique (e.g. according to the
well-known FEDER formulae [5]) maybe easily
used to determine the passage of a number A
rays through the optical system for an arbitrary
point in the object plane.

Let the intersection points of the rays
(emerging from an object point) with the image
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plane form a set contained within the region n
defined by the coordinates of the extreme points.
For the sake of simplicity, it is assumed that
the region n is a square as (Fig. 2) whose side

is two times greater than the longer coordinate
of the ray most distant from the optical axis.
Let the region be divided in a regular way
shown in Fig. 2. Let fter, denote the area of the
i-th division cell and Zttq denote the number of
rays contained within the f-th cell.

By assuming that each ray carries the
same portion of the light energy it is evident
that the number of rays /bq is proportional
to the mean intensity within the corresponding
area. Thus, the normalized intensity spreadfunc-
tion y of the imaging system may be defined as

1 zb;. 10
N Af zlu, (10)
or
J 1 da. /
A O (12)

where Aj denotes total number of the rays
which passed the imaging system. In this way
the discrete values of the function y may be
found for points whose coordinates are equal
to coordinates of middle points in the respective
cells.

3. Evaluation of the instrumental
functions of the observing system H

According to the definition given in [1] an
instrumental function has the form

=J*v)<Mp, (12)
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where is an intensity spread
function of the imaging part of the observing
system, while F denotes the integrating element
area.

The spread function may be evaluated
in the way shown in the previous section. Thus,
denoting the elementary cell area of the func-
tion by Za,, as shown in Fig. 2, we may put
the normalized spread function of the system 11
in the form

1z 1 dzg

A fw (13

where

—denotes the number of rays striking the
area,

AN —denotes the total number of rays
which passed through the observing system.

With the know n discrete values of the inten-
sity spread function of the imaging system its
instrumental function can be determined, ac-
cording to def. (12)

which is equivalent to

(15)

where Ag denotes the number the rays falling
immediately on the integrating element A.

The method suggested allows to find the
discrete values of the instrumental function at
the point (cq, defining the position of the
integrating element.

4. Evaluation of the reconstruction
matrix elements R”"

By definition [3] the upper bound recon-
struction matrix may be described as

p,,.9,)P, 1)0 (p-<q.,

From the previous discussion it is clear how
to estimate the definiteness region of the functions
y and (P

One of the possible variants of their mutual
position is illustrated in Fig. 3.

The matrix elements are different from
zero only within the common region = ywnvr

*4" =
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and thus, the numerical evaluation should he
restricted to this region. By dividing the region
JC in the way analogical to that used for cal-
culation of the functions 9 and 0 i.e., by
assuming the elementary cell area equal to
/la, the respective values of functions 9 and

0 may be estimated at the middle points of
each elementary cell. It should be noted, that
while the definiteness region of  was identical
with the area at the image plane covered by
the rays passing through the optical system, the
region of definiteness associated with the instru-
mental function exceeds the region covered by
the rays passing through the observing system
by the area equal to a zone of width defined
by the size of the integrating element. This
is shown in Fig. 1.

Fig. 4

5. Conclusions

In case of real (aberrated) optical system
contrary to diffraction limited system, neither
intensity spread function nor instrumental
function can be given in analytical forms.
Consequently, the integrand in expression for
matrix elements F,;, is usually unknown.

Fig. 5. Intensity spread function of the imaging system

vs. the number and dimensions of the elementary

cells in the domain of the axis aberration spot. Cal-
culations made for a = 1009 rays

Fig. 6. Changes in the instrumental function of the
observing system vs. the dimensions of the circular
integrating element (on the axis)



Fig. 7. Changes in the values oi the reconstruction

matrix elements h%. depending on the mutual sepa-

ration of the centres of the domains of the functions

y and for different numbers of traced rays (the

symbol denoting an observing system reduced
to the integrating element alone)

Nevertheless, for the Aberrated systems the
approximated method of reconstruction matrix
estimation appeared to be much simpler (from
numerical view point) than the exact analytic
method used in diffraction limited case. Howe-
ver, the application of the above method to
evaluating the intensity spread function, the
instrumental function and the matrix elements

, requires some additional preliminary stu-
dies.

It appears that final results may be comple-
tely useless in the case of inproper choise of
elementary cell sizes i.e. too small or too large
in the division structure in the image planes.
As arule, the number of rays and, consequently,
the division should be determined for each
system separately.

It should be noticed that the greater the
number of rays the higher accuracy of evalua-
tion, but the longer the computation time.
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Fig. 8. Changes in the value of the reconstruction matrix

elements vs. the mutual separation of the ¢ and

function domains for different sizes of the integrating
element (point-object on the axis)

As an illustrating example consider an ima-
ging system consisting of a telescope triplet lens
(/ = 100, / number 3,5), the optical part of
observing system being represented by a 40 X
microscope objective. Fig. 7 illustrates the
dependence of on the mutual separation
of the centres of functions and <P and the
number of traced rays for the case when the
observing system is reduced to the integrating
element. It may be noticed that the estimation
does not depend on the number of rays (above
1000 in this case) up to the first minimum,
so the further increment of the number of rays
gives only a slight improvement in evaluation
accuracy. Fig. 5 illustrates the changes in the
intensity spread function introduced by chan-
ging the division into elementary cells.

It should be emphasized that making a finer
division for fixed number of rays renders an
additional fluctuation in the results, due to
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Fig. 9. Changes in the values of the reconstruction
matrix elements as a function of the mutual separation
of the y and (P function domains for different sizes
of the integrating element (point-object on the axis)
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Fig. 10. Changes in the value of the reconstruction

matrix elements vs. the mutual separation of the y

and P function domains for different sizes of the
integrating element (on the axes)
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Fig. 11. Changes in the value of the reconstruction

matrix elements as a function of the mutual separation

of the p and (P function domains for different sizes
of the integrating element (on the axes)

the fact that the part of the rays, which hit the
division lines, increases in a random way.
Then the problem arises to which cell those
rays should be assigned, the number of com-
mon rays being accidental and different for
each division. Another equally important point
is the right choice of the integrating element
area. This is illustrated in Figs. 8 and 9. It is
easy to note that the area of the integrating
element should not exceed the domain of the
instrumental function. It is also seen that for
too small integrating element (for instance

= 0.00075; = 0.0005) a part of informa-
tion gets lost = 0) while for too great
size of the element (for instance = 0.002;
R~ = 0.0025) accidental maxima occur.

The right choice of integrating elements
allows to obtain the proper results which are
illustrated in Fig. 10 and 11.
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Calcul des éléments de la matrice de reconstruction

directe par la méthode des spot-diagrammes pour les
systemes optiques choisis

L'ouvrage présente des méthodes de calcul- des
éléments de la matrice de reconstruction directe pour
un cas du ia correspondance non-cohcrente.

La technique suggérée, basée sur une méthode
des spot-diagrammes permet ie calcul numérique des
éléments de la matrice de reconstruction pour des
systemes réels des types photographique et d'agrandis-
sement.

Les auteurs ont analysé l'influence des facteurs
particuliers (comme le nombre des rayons calculés,
taille de la cellule élémentaire de division, etc) sur des
résultats obtenus.

PacueT 3/1eMEHTOB MaTpuLbl MPSIMOA PEKOHCTPYKLUN
METOZOM CrnoT-guarpamm Ans M36paHHbIX ONTUYECKMX
cucTem

B pa60Te npeactae/ieHbl MeTOAbl pacyeTa 3J/IEMEHTOB
MaTpuubl PEKOHCTPYKUUKU A[NnAa  cnyyvYaeB C  HEKOrepeHTHbIM

oTobpaxkeHMeMm. [peanoXKeHHbIM cnocob, OCHOBaHHbLIN Ha

MeTode crnoT-guarpamm, fJenaeT BO3MOXHbIM MpUMeHeHMe
LMGpoBbIX MeTOA0B [A/1A pacyeTa 3/1eMeHTOB MaTpuubl Ans
[eNCTBUTENbHBIX cUcTeM (hoTorpatnuyeckoro n yBenmuuTesb-
HOro TUMNoB. B cTaTbe NpoaHann3nMpoBaHO BUSHWE OTAE/bHbIX
(haKTOpOB (4MCMO MepecHnTaHHbIX Nyyeid, BeIMUNHA nemMeHTap-

HOW siueiik1 pasgeneHvs U T. M.) Ha MojyuYeHHble Pe3y/bTaTbl.
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