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Point source scattering by a metallic half-plane

S. Asghar, Tasawar Hayat

Mathematics Department, Quaid-i-Azam University, Islamabad, Pakistan.

The diffraction of an E-polarized and an H-polarized spherical wave (emanating from a point
source) by an imperfectly conducting half-plane (on which impedance boundary conditions are
imposed) is studied. This consideration is important because the point source is regarded as
fundamental radiating device. The two independent problems are solved by a method due to Jones
based on the Wiener—Hopf technique.

1. Introduction

The diffraction of electromagnetic waves from perfectly conducting obstacles, on
which the tangential component of electric field vanishes, has been discussed by
many authors. Lee [1] considered the problem of diffraction by an open-ended
waveguide and calculated the field inside two parallel, semi-infinite, perfectly
staggered plates. However, Mittra and Lee [2] presented their results in the case of
non-staggered plates and calculated the field within and outside the waveguide. All
these considerations were based upon the fundamental assumption of perfect
conductivity. In practice, however, obstacles which would have perfect conductivity
are unlikely to be encountered. It is therefore desirable to discuss the problems of
diffraction from obstacles having impedance boundary conditions. Subsequently,
employing these impedance boundary conditions, solutions have been obtained for
the problem of diffraction by half-plane or metallic sheets (SENIOR [3], [4] and
Williams [5]), and for the problem of diffraction by a wedge (WILLIAMS [6], [7]
and Senior [8]). In 1959, Malinzhinets [9] studied scalar diffraction by a wedge
with different face impedances and obtained a complete solution by means of
a function theoretic technique. When the wedge angle is zero, the solution for a half-
plane with different face impedances is obtained. The electromagnetic diffraction
with different techniques has also been discussed in papers [10] —{16].

In this paper, we examine the diffraction of a spherical electromagnetic wave by
an imperfectly conducting half-plane. This consideration is important in the sense
that point sources are regarded as better substitutes for real sources. The integral
transforms, Wiener—Hopf technique [17] and asymptotic methods are employed to
obtain the integral representation of the diffracted field. These integrals are normally
difficult to handle and are only amenable to solution using asymptotic ap-
proximations. The far field is calculated at the end using the steepest descent
method [18].
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2. Formulation of the problem

Let (x',y\zf) define right-handed rectangular Cartesian coordinates with origin 0 and
z'-axis parallel to the edge of imperfectly conducting half-plane. The metallic plane
y'=0, —00<2z<o00 X ™0, has finite conductivity, vanishing thickness and
satisfies the impedance boundary conditions [19]. The region exterior to the half-
plane x* > 0 is assumed to be a vacuum with permeability and dielectric constants //0
and £q respectively. The time dependence is assumed to be of harmonic nature of the
type e~itat and is suppressed throughout. In the Jf-mode the electric field is polarized
parallel to the z'-axis, i.e., Ex. = Ey. = 0 and, consequently, Hz. = 0. We consider
a point source to be located at the position (X0,y0,Z0). The wave equation satisfied by
Ez, in presence of a point source having unit strength is

=W -X oW -ybW-So0) (i)

where k = d&e0/0) 12 = In/X, Xis the wavelength in meters and s the frequency. In
the E-mode the magnetic field is polarized parallel to the z'-axis, i.e,
Hx = Hy.= Ez. = 0 and Hz. satisfies Eq. (1).

The boundary conditions associated with a metal of high but finite conductivity
in H-mode and E-mode, respectively, are given by [19]. Subsequent analysis will be
much simplified if the variables are non-dimensional. Thus, on writing x' = /X,
y'=ly, 2 = 1z, X0= Ix0,y0 = 1y0, 20 = /z0,Ez. = VIEZ Hz. = VIHZ Eq. (1) becomes

2 2 \
( Jxi+-~ayl +d? + k2JEz = 5(x - x0)5(y~yo0)t(z-z0), )
{Li+"yi+ |?+lQ)|‘t: 5 - x0)5(y-yo)s(z-z0p 3)

where k = Ik is non-dimensional.
On the metallic plate, occupying the position x ™ 0, we have the boundary
conditions [19]

Ez(x,0tiz)= xi5”"E z(x,04,2), @)

N-Hz{x,0V) = #ifiHz{x,04,2) (5)

where 5 (= /kn) and fi (= —k/n) are non-dimensional and n is the complex refractive
of the metal. Thus, Egs. (2) and (4), together with Egs. (3) and (5), specify two
boundary value problems which, whilst mathematically identical, will be treated as
independent problems. The independent treatment, which will be presented in Sect
3 and 4, respectively, is necessary because approximate solutions are given which
depend on the fact that both |§ and |/i| are small quantities. The electric and
magnetic field components (Ez and Hz, respectively) and their respective derivatives
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(IyE‘ aDd fyH) are continuous on x < 0, i.e,

$(x,0+,2) = $(x,0 ,2) [ ]

8 8 0.
-$(x,°*,2) = -<f(x, 0~,Z)J>X< (©)

In Equations (6), $ is equal to Ez and Hz in H- and E-modes, respectively.

3. Solution of the H-mode problem

In this section, we consider the diffraction of an incident f/-mode spherical wave
from a half-plane. It is convenient to split the total field Ez as

Ez = Etct<p(x,y,z) ()

where Efcis the solution of inhomogeneous wave equation (2) that corresponds to
the incident wave, and ¢ is the solution of homogeneous wave equation (2) that
corresponds to the diffracted field.

In addition, we insist that (p(x,y,z) represents an outward travelling wave as
r=(x2+y2+z2)1/2-» oo and satisfies the edge conditions [18]:

(Px02) =0(1) ]
dtp

>as x->0 . )]

The Fourier transform and its inverse over the variable z are defined as

Tix,y,0 = JE,(X\y,2)e iKzdz
-00

]

In Equation (9), the transform parameter is taken as /c£ (£ is non-dimensional). For
analytic convenience, k is assumed to be complex and has a small positive imaginary
part. The decomposition (9) is common in other field theories as well, for example,
Fourier optics [20], [21]. Transforming Egs. (2), (7) and the boundary conditions (4)
and (6), we obtain

Ezxyz) = Jij/~ry~erdC
ax,y,2) 270_@1 y

\ h +|f+ m UX'YQ: «5(X - X0)5(y-yo)» (10
= +i<57t(x,0¢,0Jx > 0, (11)

Ux,0\0 = Mx,0~,0 )
8 A 8 >x<0, (12)
FyUx,0\Q =-Ux,0-,0i
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=*O+*(*.*0 (13)
where:
y2= (1—Q), a= e_ttez\ (13a,b)

Using Equation (13), Equations (10)-(12) can be written as:

(14)
Til i1l : —
\axz+ dy2 FFVIN (YD) = 6 (15)
subject to the boundary conditions
1T A-)[N dx,0C)+~(x0+£,0] = 0, x>0, (16)
AMirt(x,0+0=~r(~0 ,0
x < 0. @an
Wt{x,0+,Q = \I{x,0~X)
It is convenient to introduce half-range Fourier transform on x as:
b +fay,0 = J\}J/{x,y,Qei@xix
(18)
$-(ct,y£) = 1 \l/(x,y,Qeiaxdx

where \j/+(a,y,Q is regular for Ima > —mfcy, \j/_(a,y£) is regular for Ima < Imfey
and the inverse transform, which lies along the real line, is

IAxY,C) = (27¢)-12J $ ++i,_)e-*xda. (19)

— 00

The solution of Equation (14) can be written as

O f eto<**0+ik22-«2lA)-)d

re= 3 (JkV-0t2)12 da’
-®
= - AN (NM(x-xN-Hy-yo0)2 12 (20)

Now changing variables:
x0= r0cos90, y0= /0sinSO, < 90 < 3«2,

in Eqg. (20), and letting r0-> 0o, we obtain, using the asymptotic form for the Hankel
function
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to = b(Qe_i*y*ooi®ygtia (21)
where $0 is the angle of incidence from the x-axis and

eiffoyro-*/4)_ 22

m - -74i nkyro (22)

Equation (15) is transformed to vyield
~p4af(ct,y,0+y2Hct,y,C) = 0, (23)

and solution of Eq. (23) satisfying radiation condition is given by
0!

-tJ_ 2(a)e-"", ysSO (24)

where y2= (k2y2—a2), and to determine the two unknown functions of a it is
necessary to transform the boundary conditions (16) and (17). These give:

Zh(£) (I—foy<5sing0)

Ma,0+,0 -~V M +,0-f
«Mabr ¥ (a—fcycosS0) (259)
zb(Q(I+ky3sing0)
iA+(a,0-,0 + /*V(a,0-,0-+ (a—feycos90) (25b)
INE,0+0 = IN@D-.0 ="~-M ,0 | (250)
jL(@,0+0=?-M -C)= i

where the prime denotes differentiation with respect to y. From Egs. (24) and (25c), it
is known that

iAFM +,0+”"-(«,0,0 = ~M1H (25d)
A+((x,0-0 + A_(a,0,0 = X2(a), (25€)
A +(«,0+,0+” (a,0,0 = irijox), (250
iA"+(a.0",0+i/"-(0:,0X) = -i?4 2(a). (259)

From Equations (25d)—25g), we have

X1(a) = J+(a,05C)+"Afe0,C), (26a)
42@) = -J +(«,0,C)+ij'+(«,0), (26b)
$'+M +,C)+0' (a,0,0 = iyW +(«,0+,C)+J.(a®,C)]> (26¢)
r +(a,0-,{)+r-(a,0,C) = -iW +(a,0-,C)+0_(a.0,C)], (26d)

where:
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*U«,0,0 = (27a)
I'+(«,00 = N [f+(c(,0+,a - f +(atO~,{)]. (27b)

On eliminating ™+(a,0+,C) between Equations (25a) and (26c), j"+(a,Q~,£) from Egs.
(25b) and (26d), and then adding the resulting equations we obtain

o ,0 -~ =j =o, (28)

where
L(@) = (I + l/<gy).

Similarly, after eliminating \j/+(ct,0+£) between Equations (25a) and (26c),
t™(a,0- ,£) from Egs. (25b) and (26d), and after subtracting the two resulting
equations, we get

MO
(a—kycos50)

Now, for Equations (26a,b), we have to solve Equations (28) and (29). For the
solution we make the following factorization:

L @ =L+(@)L_(a) (30)

— (a,0,0 + & (a)J'+(a,0,£)— (29)

where: L+(a) is regular in the upper half-plane and L_(a) is regular in the lower
half-plane. The explicit forms of L+(a) are given in the Appendix. Now, after using
Eg. (30) and y2 = (k2y2—a2), Eq. (28) can be rewritten as

. nN—r-7 W A, _____I_E_(C)fcy5|[1§£)__ . A

L(T:'[_)y/k;_g ~ylky+ocl+@3+(a.Q",0 (_é“—_kycos$0)y/ky —al_(a) G

We write
—b(QkysmS0 PHE)+{L() (32)

(a—kycosS0)y/ky —a.L_(a)

where:
b(()k 0
9+ (a) = (Okysm$ (33a)

(kycos90—a)L_ (kycosS0) y/ky —kycos50

h(C)kysinS0

(33b)
(kyco&&0—a) [L_(ot)y/ky—a L_(kycos&0Yky —kycosSO

5-(%)

are regular in the upper and lower half-planes, respectively. With the help of Egs. (32)
and (33a,b), Egq. (31) can be arranged as
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- iy/ky + CtL+{CC)‘J+(Q-10:Q+ (P"'(@ = - L_t(a)y/ky—a (g)' (34)

We note that the left- and the right-hand sides in Equation (34) are regular in the
upper and lower half-planes, respectively. Thus, on adopting the usual Wie-
ner—Hopf procedure and using the extended form of Liouville’s theorem [17], both
sides can be equated to zero. Thus, on equating the left-hand side of Eq. (34) to zero
and using Eq. (33a), we obtain

b(C)kysm$0(y/ky-kycos&0) 1

JH(<*00 (35)
iy/ky + aL+(a)(fcycos30—a) L_ (kycosS0)

For the Wiener—Hopf equation (29), a similar analysis can be repeated to arrive at

on = *(0 36

r+i€1 " OL_{kycosS0Q)(a- kycosSQ L+(a)‘ (36)
From Equations (28a), (37) and (38), we have

n = iko f kysin90 e i 37)

1 L_(kycosflO)(a- kycosSQL+(@) \jky + ay/ky-kycosS0 7*

Finally, the diffracted field can be written with the help of Equations (19), (24) and
(37). Thus,

<Kx,y,0 = 6(C) Jf(a)er’ ~™ia (38)
where
j.. =m *2ft) 12 f fcysinfl0 1 (39)
* L_(/cycos90)(a- /cycos90)L+(a) + a/fcy-kycosS0 yb5

We find that for x>0, the reflected wave as given by
RF = ~ J(0e-"Mxcos30-ysin3,,) (39a)

can be calculated from Eg. (38) by deforming the contour in the upper half-plane,
when the pole a = kycos90 is captured and we obtain the reflection coefficient R as
given by

R = (1—ky(5sin90)/(I+/cy<5sin90). (39b)

In order to determine the diffracted field the integral appearing in Equation (38)
can be evaluated asymptotically by using the steepest descent method [18]. For that
reason, we introduce x = rcos9, y = rsin9 and deform the contour by the transfor-
mation a = —/cycos($+ip) (0< 3 <7 —00 < p < 00). Hence for large kyr

sin9f(-kycos9)eikwr~@AQ)
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Now, from Equations (9), (22) and (40), we have

—/csinS « ~
(p(x,y,2) = if(-kycosS)eyr+™  (z- DIIC. (41)
47cy/rr0-

In order to solve the integral appearing in Equation (41), we put r+ r0 = rl12sin<r,
z—z0= rl2costr and using the transformation £ = cos(<7+/g), which changes the
contour of integration over £ into a hyperbola passing through the point cos<x. The
integral is then solved asymptotically using saddle point method and the resulting
expression is given by

<p(xy,z) = -k sinbsin? A -fccos9sinir) r'(fa-»«¢< (42)
y/2rrOri2nk
where/(—ifccos5sincr) is given by Eq. (39).

4. Solution of the ~-mode problem

In this section, the boundary value problem (Egs. (3), (5) and (6)) considered is that of
the diffraction of an incident E-mode spherical wave from metallic half-plane. It is
appropriate to split the total field Hz as

Hz= H?+p(Xx,y,2)

where Hatis the solution of inhomogeneous wave equation (3) that corresponds to
the incident wave and p is the solution of homogeneous wave equation (3) that
corresponds to the diffracted field. Now, following the same method of solution as in
Sect 3, we have

—/csin30sin<r/(—fccos9sin<x) i(kl2-n/4)
yj2rTOrl27°k

P(x.y.2) (43)

where

i(2n)~If2 fcysin30
I(«) = L- (kycos50) (a—kycos50)L+(@) { Kky+ a,-yjky—kycos5

L@ = L+(@L_(a = (1—fily) and explicit form of Lx(a) are given in the
Appendix.

5. Conclusions

We have solved a canonical diffraction problem of a spherical electromagnetic wave
by a metallic half-plane. This problem has practical advantages since point sources
are regarded as better substitutes lor real sources than line sources. We address this
problem using an analytical approach based on the Wiener —Hopf method. A key
attribute of such an approach is that it is not fundamentally numerical in nature
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and thus allows additional insight into the methematical and physical structure of
the diffracted field. Expression for the reflection coefficient is obtained. Of particular
interest is the possibility of obtaining in Eq. (39b) no reflection at a particular angle.
This occurs when the numerator is zero. For this case,

fey<5sinS0 = 1,
or
S0 = sin-1(nly).

At this angle, which is called the Brewster angle, there is no reflected wave when the
incident wave is parallel (or vertically) polarized. In this case, E is parallel to the
plane of incidence and H is parallel to the reflecting surface.

From Equations (42) and (43), it is interesting to note that the mathematical
problem considered in this paper by taking 5= oo and /i = 0 in ff- and E-modes,
respectively, is identical to the problem which arises when an acoustic wave is
diffracted from an imperfectly rigid (hard) barrier. We observe that when the
complex refractive index of the metal becomes infinite, the half-plane is perfectly
conducting and %= 0. In this case, there is no absorption of energy. Thus the
consideration of a spherical wave in this paper represents somewhat more generali-
zed model in the theory of diffraction and quite a few physical situations can be
obtained as a special case by choosing suitable parameters.

Appendix

In this Appendix, we present briefly the factorization of the function

m =i+(kz/jsy *= (ad
where 8= 1/5.

Using the results of N ob1e [17, p. 164], Equation (Al) can be written in the form

L(@)= 1+ [>+@+5_(a)] = [I +51ff+(a)][l + 61" _(a)]. (A2)

In Equation (A2),

9+(«) = N<y2™ P c°s-1(xd=y)-
Now, combining Equations (Al) and (A2), we obtain
I +(@) = | + 817 1(k2y2- a 2)_1/2cos_1(xa/ky).
Similarly,

Lt(@) = I-/x7c_1(/c2y2- a 2)_1/2cos_1(xallcy).
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