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EFFECT OF VARIABLE PARAMETERS ON POLLUTANT
CONCENTRATION IN RIVERS

The sensitivity of the solution of a partial differential equation has been investigated in a two-
-dimentional model of a river. It has been assumed that at least one of the parameters con-
sidered (flow velocity, degradation coefficients, longitudinal and lateral dispersion coeffi-
cients) depend on the distance from the pollution source.

NOTATION

The following symbols are used in this paper:
A — distance from the pollution source,
odlegtoé¢ od zrodia zanieczyszczenia,
a — half width or width of the river,
szerokos$¢ lub potowa szerokosci rzeki,
¢ — pollutant concentration,
stezenie zanieczyszczenia,
¢s — pollutant concentration at the source,
stezenie zanieczyszczenia przy zrodle,
D,, Dy, D. — dispersion coefficients in x, y, z directions,
wspotczynniki dyspersji odpowiednio do kierunkow x, y, z
Dy, = Dy(x) — lateral dispersion coefficient
wspolczynnik dyspersji bocznej
~ X
erf (x) = é— e “du,
Vr Pt
erfc (x) = 1— erf (x),
F — function of pollutant decay,
funkcja degradacji,
k = k(x) — coefficient of pollutant decay,
wspOlczynnik degradacji,
N — natural number, defined by (7),
liczba naturalna, zdefiniowana przez (7),
Vy, Uy, V; — velocity vector components in x, y, z directions, respectively, averaged in time,
sktadniki wektora predkosci odpowiednio do x, y, z, usrednione w czasie,
vy = v,(x) — river velocity,
predkos¢ rzeki,
w — half width or width of pollution source,
szeroko$¢ lub potowa szerokosci zrodla zanieczyszczenia.
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1. INTRODUCTION

The partial differential equation of parabolic type is one of the models for the transport
and decay of pollutants in rivers. Usually river is treated as one — or two-dimensional
model [2, 4], [5—8]. It is generally assumed that parameters of the equation are constant.
‘Thus velocity of the river flow whence its intensity, degradation coeflicients, as well as
longitudinal and lateral dispersion coefficients are assumed to be constant too.

In this paper sensitivity of the solution of a partial differential equation in the two-
dimensional river model, in which it is assumed that at least one of these parameters de-
pends on the distance from the pollution source, will be investigated.

From various investigations so far performed it follows that some coeflicients (e.g.
lateral dispersion coeflicient) are distinctly dependent on the distance [I, 2, 8], however
nothing is known about the influence exerted by the variability of the parameters (velocity,
lateral dispersion and decay of pollutant) on the pollutant concentration. The paper may
then present a new approach to the problem of the prediction accuracy of the river water
quality downstream from the source of pollution.

2. THE TWO-DIMENSIONAL MODEL WITH VARIABLE COEFFICIENTS

Mathematical, deterministic models describing the dispersion of pollutants (physical
or biochemical in nature) in rivers are derived from the dispersion equation [3], [8]:
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where

¢ = c(x, »,z t) — pollutant concentration (or water temperature) at the point (x, y, z)

at moment f, time averaged;

v, v, v, (v, = v,.(x, ),z 1) etc.) — velocity vector components in x, y, z directions,

respectively — time averaged;

D,D,D,D,=D, (x,,21) etc. — dispersion coefficients in x,y,z directions,

respectively;

F = F(x,y,zt ¢) — function of pollutant decay.

Let the width of the river be constant and equal to 2a. Let the pollution source be
linear, and its width be equal to 2w Fig. 1. The source is situated perpendicularly to the
river banks and symmetrically to the river centerline. Let the origin, of the Cartesian
coordinates Oxy be in the middle of the source, let the Oy axis be perpendicular to the
river banks, and the direction of the river-flow be concurrent with the positive direction
of the Ox axis. Let the pollutant effluent be uniform. Lets assume that river water velocity
varies along the river, but that it does not depend on the distance from its banks, i.e. v, =
= v.(x). As the influence of longitudinal dispersion in the case of uniform pollutant effluent
is insignificant [5], let’s assume D, = 0. Therefore one has to consider the influence of
lateral dispersion D, only, which is assumed, to be the function of the distance from the
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source, i.e. D, = D, (x). Thus the equation of the pollutant distribution (BOD or tempera-
ture, etc.) downstream from the source takes the following form:

0(v,(x) - 0)

0x =D,

where

0%c
a—yz‘—k(x) *C, )]

¢ =c(x,y) — pollutant concentration at point (x, y);

D,= D, (x) — lateral dispersion coefficient;
k = k(x) — coefficient of the pollutant decay;

v, = v.(x) — river velocity;

The initial and boundary conditions are as follows:

c,for x=0and 0 <y <w, 3)
|0 for x =0 and w<y<a,
where ¢, — pollutant concentration at the source,
¢—>0 for x = oo and for k<0, (4)
dc
— =0 for x < 0. (5)
ayy=0
y=a

In our model, the boundary condition (5) denotes the reflection of the pollutant from the

river banks and from the centerline of the river.

If the pollution source is placed at one river bank the parameter a must be treated
as the width of the river and the parameter w as the width of the source, Fig. 1.
The solution of the equation (2) with the conditions (3), (4) and (5) has the form:
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where

X

2
erf (x) = f e “du.
Va

0
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Fig. 1. Location of the Cartesian coordinates Oxy in river, for two cases considered

Case A: source is placed in the centre of the river; 2¢ — width of river, 2w — width of pollution source
Case B: source is placed at the river bank; a — width of river, w — width of pollution source

Rys. 1. Rozmieszczenie wspotrzednych kartezjanskich Oxy dla dwu rozwazanych przypadkow zrodet
zanieczyszczenia

Przypadek A: zrédio zanieczyszczenia w poblizu Srodka rzeki; 2a — szeroko$é rzeki, 2w — szeroko$¢ zrodla zanieczyszczeni a
Przypadek B: Zrodlo zanieczyszczenia przy brzegu rzeki: a — szeroko$é rzeki, w — szerokos§é Zrédia zanieczyszczenia

3. SOLUTION CONDITIONS

The criteria that confine, with a specific accuracy, the solution to a finite number of
terms in the series (formula 6), result from the following property of the erf function:

erf (x) ~ 1 for x > 2.

For the given interval 0 << x < A4 (where 4 denotes the distance from the pollution source)
we look for the smallest natural number N, for which the following inequality holds:

2Na—w—a
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D (u)
]/f v (u)
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then

2Na—w—a

[...] <2erfc < 2 erfc (2) < 0.05,

A

f 'Dy(u)
5.

e

i
z

where erfc (x) = 1—erf (x).

Therefore, if one takes N-terms of the infinite series in (6) then an approximate result
with a sufficient accuracy is obtained; the difference does not exceed 0.05 in the reach
between 0 and A.

In a particular case, when in (7) N = 0, the formula (6) has the form:

c(x, ) B 1 v(0) . [ 3 k(u)
" = e exp “—Of_v“(huv)_ du]x

s

YD (u *D
2]/f y()du 2]/f (u du
0 Vx(ll) 0 vx(u)
This case occurs in wide rivers, and when the distance from the source is small.

Since (6) has been reduced to a dimensionless form, the ratio (c(x, ¥))/¢, denotes a frac-
tion of the pollutant at (x, y) with respect to its concentration in the source.

4. APPLICATION

The following examples should demonstrate how the solution may be affected by making
the coefficients of lateral dispersion, velocity and decay of pollutant variable. The initial
data, i.e. river width 2a = 200 m and pollution source width 2w = 20 m, are the same
in all the examples given below. According to the criteria (7), the number of terms in the
series in (6), is N = 3, for 4 = 50,000 m.

Example 1.
All parameters are variable

The solutions for two cases will be compared:

1.1. Dy, = const, v, = const, k = const,

1.2. Dy(x), vx(x), k(x) are decreasing functions of the distance from the pollution source.
Data in case 1.1:

D, = 0.05 m?/s, (€)
vy =1 m/s, (10)
k =0.55-10-° 1/s, (11)
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Data in case 1.2:

—0.3-10-5x-+0.08 m?/s for 0 < x < 20,000 m,
Dy (x) = (12)
0.02 m?/s for 20,000 < x < 50,000 m,
[—0.2 -10~*x+1.2 m/s for 0 < x < 20,000 m,
V(X)) = (13)
| 0.8 mys for 20,000 < x < 50,000 m,
—0.45-10"°x+10-5 1/s for 0 < x < 20,000 m,
k(x) = (14)
10— 1/s for 20,000 < x < 50,000 m.

The constant values of the parameters in (9), (10), (11) are the mean values of appropriate functions
(12), (13), (14). The maximum concentration curve along the centreline of the river, i.e. for y = 0, is plotted
in Fig. 2.

Fraction of the initial concentration C/Cs

0 5 0 % 20 2% 30 3 40 45 50 X(km)
Distance from the pollution source

Fig. 2. Concentration curves of pollutants along centreline of river for example 1. All parameters are variable

case 1.1; Dy = const, k = const,
— — — — case 1.2; Dy (%), vx (x), k(x) — decreasing functions of distance

Rys. 2. Krzywa stezenia zanieczyszczen wzdluz $rodka rzeki dla przyktadu 1. Zmienne wszystkie wspot-
czynniki

przypadek 1.1; Dy = const, k = const,
— — — — przypadek 1.2; Dy (x), vx (%), k(x) — funkcja malejaca z odlegloscia

Within the distance 0-10,000 m the results differ insignificantly. In the distance ranging from 10,000
to 20,000 m the difference is increasing. At the distance greater than 30,000 m the pollutant concentration
in the case 1.1 is two times smaller than in the case 1.2.

Example 2.
Lateral dispersion coefficient is variable

The solutions for two cases will be compared:
2.1. D), = const, '

Ty
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2.2. D, (x) is a decreasing function of the distance from the pollution source.
The data vy =1 m/s and k& = 0.55-10~° 1/s are in both cases the same, moreover in the case 2.1:

D, = 0.05 m?/s,
and in the case 2.2:

o —0.3-10-5x+0.08 m2/s for 0 < x < 20,000 m,
4 0.02 m?/s for 20,000 < x < 50,000 m.

The maximum concentration curve along the centreline of the river, i.e. for y = 0, is plotted in Fig. 3.

Fraction of the witial concentration C/Cg

0 5 0 5 w0 2 30 % 0 4 50 X(km)
Distance from the pollution source

Fig. 3. Concentration curves of pollutants along centreline of river for the example 2. Lateral dispersion
coefficient is variable

— case 2.1; Dy = const,

— — — — case 2.2; Dy (x) — decreasing function of distance
Rys. 3. Krzywa stezenia zanieczyszczen wzdluz Srodka rzeki dla przyktadu 2. Zmienny wspotczynnik
dyspersji

— przypadek 2.1; Dy = const,
— — — — przypadek 2.2; Dy (x) — funkcja malejaca z odlegloscia

Great differences occur within the distance 0 to 10,000 m (the maximum difference equals 15 per cent),
while farther away from the source the difference decreases and becomes insignificant.

Example 3.
Velocity is variable

The solutions for two cases will again be compared:

3.1. v, = const;

3.2 v,(x) is a decreasing function of the distance from the pollution source.

The data: D, = 0.05 m?/s, k = 0.55-107% 1/s are in both cases the same, moreover in the case 3.1:

vy =1 mfs,
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and in the case 3.2:

) --0.2-10~*x+1.2 m/s for 0 < x < 20,000 m,
VylX) =
* 0.8 m/s for 20,000 < x < 50,000 m.

The maximum concentration curve along the centreline of the river, i.e. for y = 0, is plotted in Fig. 4,

.

Fraction of the initial concentration C/Cs

0 5 10 % 20 25 30 35 W0 45 50 X(km)
Distance from the pollution Source

Fig. 4. Concentration curves of pollutants along centreline of river for the example 3. Velocity is variable

case 3.1; vx = const,
— — — — case 3.2; vx (x) — decreasing function of distance
Rys. 4. Krzywa stgzenia zanieczyszczen wzdluz $rodka rzeki dla przyktadu 3. Zmienna predkosé

przypadek 3.1; vy = const,
— — — - przypadek 3.2; vx — funkcja malejaca z odlegloscia

In the distance greater than 20,000 m the results differ 1.5 times. In this example the concentrations
corresponding to the case 3.2 are always higher than those in the case 3.1.

Example 4.
The coefficient of pollutant decay is variable

The solutions for two cases will be compared:

4.1. k = const,

4.2. k(x) is a decreasing functions of the distance from the pollution source.

The data: D), = 0.05 m?/s and v, = 1 m/s are the same in both cases, moreover in the case 4.1:

k=0.55-10"° 1/s,
and in the case 4.2:
. —0.45-10-°x+10-% 1/s for 0 < x < 20,000 m,
X) =
10-% 1/s for 20,000 < x < 50,000 m.

The maximum concentration curve along the centreline of the river, i.e. for y = 0, is plotted in Fig. 5.
Results in both cases differ insignificantly although the values of parameters differ 5-times.
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Fraction of the initial concentration C/Cy

0 s 1 i P 2 30 3 40 45 50 X(km)
Distance from the pollution source

Fig. 5. Concentration curves of pollutants along centreline of river for the example 4. Coefficient of pollutant
decay is variable
case 4.1; k = const,
— — — — case 4.2; k(x) — decreasing function of distance
Rys. 5. Krzywa stezenia zanieczyszczen wzdtuz srodka rzeki dla przykladu 4. Zmienny wspotczynnik
degradacji

przypadek 4.1; k = const,
— — — — przypadek 4.2; k(x) — funkcja malejaca z odlegloscia

Fraction of the inifial concentration C/Cg

0 5 0 1 0 2 30 3 40 45 50 X(km)
Distance from the pollution source

Fig. 6. Concentration curves of pollutants along centreline of river for example 5. Influence of self-purifi-
cation process

— case 5.1; k= 0.55-1076 1/s,
— — — —case 5.2; k=0

Rys. 6. Krzywa stezenia zanieczyszczen wzdtuz srodka rzeki dla przyktadu 5. Wplyw samooczyszczania

przypadek 5.1; k= 0.55-1076 1/s
— — — — przypadek 5.2; k=0
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Example 5.
Effect of self-purification processes

The solutions for two cases will be compared:

5.1. k=0.55-10"° 1/s,

52. k=0.

The data: D, = 0.05 m?/s and v, = 1 m/s are the same in both cases.

The maximum concentration curve along the centreline of the tiver, i.c. for y = 0, is plotted in Fig. 6.

The results in both the cases differ insignificantly, thus in our cases the effect of self-purification process
itself is insignificant.

The concentration distribution in several cross-sections of the river, for Dy = 0.05 m?/s, v, = 1 m/s
and k£ = 0.55-10-° 1/s, are plotted in Fig. 7.

r fraction of the initial
concentration C/Cs

-~ X=0

|
I
[
1
|
1 |
|
|
!

Fig. 7. Concentration distributions in cross-
sections of river for Dy, = 0.55 m?/s, v, = 1 m/s,
k=0.55-10"° 1/s
Rys. 7. Rozklady stezen w kilku przekrojach
poprzecznych dla D, = 0.05 m?/s, v, = 1 m/s,
k =0,55-10"% 1/s

100 -60 60 40 20 0 0 4 60 60 10 Y(m)
[Distance from the centreline of river

CONCLUSIONS

The longitudinal variability of all the parameters involved, i.e.: velocity, lateral dis-
persion and decay of pollutant coeflicients affects remarkably the pollutant concentration
(example 1). The individual variability of each parameter exerts a different influence.
The concentration distribution is most significantly affected by even small differences
in the river velocity (example 3).

Quite significant influence of the variability of the lateral dispersion coefficient appears
near the pollution source, its effect diminishing and becoming insignificant with distance
(example 2). Example 4 leads to a rather unexpected conclusion that the effect of high
variability of the pollutant decay coefficient is insignificant.

It should be noted that in all examples the constant values of parameters are in fact
mean values of the appropriate functions.




Effect of variable parameters on pollutant ... in river 41

ACKNOWLEDGMENT

The author wishes to thank Dr R. Krasnodebski for his assistance and remarks at writing this paper.

WPLYW ZMIENNYCH WSPOLCZYNNIKOW NA STEZENIE ZANIECZYSZCZEN W RZECE

Praca jest po$wigcona zbadaniu doktadnosci rozwiazania réwnania rézniczkowego w modelu dwu-
wymiarowym rozchodzenia si¢ zanieczyszczen w rzece, w ktorym zaklada sig, ze przynajmniej jeden z wy-
mienionych parametrow (predkos¢ przepltywu, wspotczynniki degradacji, dyspersja podtuzna i poprzeczna)
zalezy od odlegtosci od zrodta zanieczyszezen. Stwierdzono, ze zmienno$¢ kazdego z wymienionych para-
metrow ma inny wplyw na ste¢zenie zanieczyszczen w rzece. Najbardziej znaczacy wpltyw na poziom stezenia
zanieczyszczen w rzece maja nawet niewielkie zmiany predkosci rzeki, natomiast nieznaczny jest wplyw
zmiennosci wspolczynnika degradacji zanieczyszczen na ich st¢zenie w rzece.

DER EINFLUSS VARIABELN FAKTOREN AUF DIE SCHMUTZSTOFFKONZENTRATION
IM FLUSS

Die Arbeit versucht die Genauigkeit der Differentialgleichung im Fluss und ihre Schmutzstoffausbrei-
tung im zweidimensionalen Systeme zu zeigen. Man nimmt an, dass wenigstens einer von gewiihlten
Parametern (Stromunggeschwindigkeit, Degradationsfaktor, longitudinale und transversale Dispersion)
héng von der Schmutzquelleentfernung ab. Es wurde behauptet, dass die Verdnderung jedes gewiihlten
Parameters hat den anderen Einfluss auf die Schmutzkonzentration im Flusse. Bzsdeutender Einfluss auf
den Schmutzkonzentrationsgrad haben sogar geringe Verdnderunge der Flussgeschwindigkeit. Unbekannt
ist dagegen der Verinderungseinfluss des Schmutzstoffes und der Degradationsfaktor sowie die Losung-
sstarke im Flusse.

BJIMSAIHUE TIEPEMEHHBIX KO2®®ULIMEHTOB HA KOHLUEHTPALIMIO 3ATIPA3HEHUIT
B PEKE

B pabote obcyxaaercsi ucciesioBaHUe TOYHOCTH peluedaust auddepenuaibHOro ypaBHEeHus B ABYX~
MEPHOI MO/Ie/IM PacIpOCTPaHEHHs 3arpsA3HEHU B peke. B Mozienn npeanosnoxkeHo, 4To no Kpaiineir mepe
OJMH M3 HM3MEpsAeMbIX IapamMeTpoB (CKOPOCTh TNpOTEKaHus, kod(pduuueHT aerpagaumu, MpoJOJibHAS
M IonepeyHasi JMCHOePCHM) 3aBHCUT OT PACCTOSIHMS OT MCTOYHHUKA 3arps3HeHuit. OOHApyXeHO, YTO M3-
MEHYMBOCTH KaXIOTO M3 HA3BAHHBIX NMApaMETPOB IIO-PA3HOMY BIIMSET HAa KOHLEHTPALMIO 3arpsi3HEHMIt
B pexke. Camoe 0OJIbIIOE BIMSHUE HA YPOBEHb KOHIEHTPALMU 3arPs3HEHUN B PEKe OKa3bIBAIOT HaXke He-
3HAYMTE/IbHbIE U3MEHEHHMSI CKOPOCTH TEYEHMSI BOJbI B PYCJIC; HE3HAYUTENIBHBIM K€ OKa3aJIoCh BIIMSIHUE
U3MEHYMBOCTH KO3 (dULUMEeHTa Jerpajaliii 3arps3HEHHIl Ha KOHLEHTPAIMIO UX B PEKeE.
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