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Holograms of corrected spherical
and comatic aberrations**

In the paper the conditions for simultaneous correction of spherical and comatic aberrations have been given for chosen position
of reference wave source with respect to object position for definite ju/m ratio.

1. Introduction

The problem of hologram aberrations of third
order has been so far analysed by several authors.
The basic work, in which the fundamental relations
enabling evaluation of the spherical aberration, coma,
held curvature, astigmatism and distortion are re-
ported, is that by meier [1]. In this paper the sim-
plest cases of correction of the said abberations are
also discussed. The conditions of aberration correc-
tion may be found also in the paper cHAMPAGNE [2].

In the present paper we want to give an exact
analysis of simultaneous correction of spherical
and comatic aberrations for both the holographic
images.

2. Theory

Let us introduce the following notation in ac-
cordance with fig. 1:
— the object position.
F, z,) — the position of the reference
wave source,
A the position of the reconstructing
wave source,
(Zj, O, Xj) — the hologram plane during recor-
ding.
(y,0,y) —the hologram plane during re-
construction,
Z3 —the images distance from the hologram.
The object distance is determined by formula [1]:
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Fig. 1. a) Hologram recording setup;
struction setup

b) hologram recon-
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(Al —the wavelength of light used for recording, y —
the wavelength of light used for reconstruction).
The upper sign is attributed to the primary image,
while the lower sign corresponds to the secondary
one. This convention is valid thoughout the whole
paper; eventual deviations being always marked.

The following expressions are the counterparts
of the first and second Seidel sums in the classical
optics [2]:
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In the face of (1) and (6) the expressions (4) and
(5) may be represented in the form:

It is easy verify that the sphericai aberration
disappears for z, = z.= oo if /i = m, and aiso for
z, = z, at arbitrary /i/m ralio and arbitrary z* In the
first case (z, = Z*= 00) coma disappears if

©)

z m z,
and for z, = Zi, z* it must satisfy the condition

Z,= *wzi. (10
The condition (10) is analogical for both primary
and secondary images (the sign = corresponds to
both primary and secondary images).
Let us analyse the problem in more detailed way.
The formulae (7) and (8) may be transformed by
using the following notations

— = tanai, —L—tana” _ = fana,
Tl z.
tanaj =%tana,, tana”.= ?tana,, (11)
z, = z,=
Hence, we obtain
Si T3m3(l-r)p3-3 ~(l-i-)*qz
i
(12)

Tfo/oymwM o/ .. g'erraf/a/M
59 = a tana, ( +2m (1
“"m oz | m (I-r) x
X[Ti- — (%-Dlp- —(i-r)2x
(13)

Let us consider first the correction of sphericai.
To correct the sphericai aberration the condition
3) = 0 must be fuifiiied, i.e.

(i—n/72—=3/*(I—)2p:p-"--(1—)3+

173 =0 (14
The roots of equation (14) have the form:
x 1/9/*3(i-,)3+xJ)_~" 1_
7°T ]
(15a)
Fo—2 ,pp 0 X
(15b)

To make the solution real the following conditions
must be satisfied

<4 1—-3
m <4 s (162)
for r < 1,
"3 13
m " (1—)3 " (16b)
for r> 1.

For r = 1the equation (14) is identically fulfilled.
The admitted values of the /i/m ratio for several
examplified values of r are given in table 1 (for both
images).

Table 1
r N
-2 < 115
-1 <1
-0.5 < 115
0 <2
0.5 < 5.29
1 arbitrary
2 < 529
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Now, we solve the equation (14) for several values
of r and /4m. Thus, for illustration we choose the
following cases:

I r=

NY/O'Yay?2f olcoTTedtsTY ... alerMyiaM

In the sixth column of the table 2 the image positions
are given. It may be seen that in case Il Ib and IV 2b
the image appears at infinity and thus those cases
are practically useless.

N1r=0/47n=1 Now, let us consider the correction of coma. We
2 F=0, /4= 2, want ccma to be corrected for the cases when sphe-
Tabie 2
Notation . .
of analysed K77 Condition of correction of sphe- -~ 4iion of coma correction 2
cases ricai aberration
1 Arbitrary Z Corrected for both the images Z = 11\ Zt* it Z,*
11 la 1 00 Zf= 03 tana, = *tana, 7" Z,
nlb 1 00 .= 771 Z, tana, = + tana. @
112 2 00 Z, = 77'Z, impossible +77'Z,
1111a 1 2z, Z,= +I7'Z tana, = *tana. +2 7" Z,
I 1b 1 2z. Z, = £2 71'Z tana,. —;_tana. 77 Z,
1112a 2 21z. Z,= + " ThZ tana, = £0.3a, +5712Z,
+1.37Xtana.
111 2b 2 22, Z = 50! Z tana, = % 1.373, + 8§77
+0.63 X tana,
v1 1 -Z. Z, = Corrected for both the images Z
1V 2a 0.5 =21 = 00 tana, = 0 N Z,
1V 2b 0.5 -Z, Z = +71'Z, tana, = dr0.5 @
+0.5 X tana,
*) Sign £ corresponds in this case to both the primary and secondary images.
1 7= 05 /47 —1, rical aberration diasappears. In accordance with (13)
I 2 r= 05, /4m= 2, the condition for correction of coma has the form:
IV 1r= —1, /47 = 1,
IV 2r= —1 /4M= 05. T"2(<7-1)p2+ 2777 (1-7-)jr;- A (<y-1)jl7-
In the case IV, in accordance with the table 1,

14777 +1, therefore another value of the ratio has
been chosen than that for cases Il and Ill. For the
case | the ratio /4/77, in accordance with the discussion

1

Y/

Fp 1/0

m(y—

+

F2= =
771(7— 1)

- Ir - —o-ijj

[ 77!

following eq. (14), may be arbitrary. The results are
gathered in table 2. In the fourth column the solutions
of equation (14) are given, i.e. the condition to be
satisfied by the position of the reconstruction wave
source z, to make the spherical aberration disappear.
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The roots of equation (17) are the following:

=+

[+ tt(,-,)]/\ (183)

!ij

(18b)

The results obtained are gathered in the column 5
of table 2. If may be seen that only for cases I, Il la,
111 b, IV1, and IV 2a coma is corrected for the whole

field and for the both images (in the third order
region). In the other cases coma either can not be
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corrected, or is corrected oniy for definite field angle.
This correction is of no essential practical importance.
We are interested first of all in correcting coma in
the whole held for corrected spherical aberration. In
order to make some correction independent of held
angle the coefficient appearing at in expression (17)
must be equal to zero. Thus, we have the following
conditions:

2N (1—)prp— (I—)2+ 1 = 0. (i9)
The roots of equation (19) have the form
1
z ne T (20a)
s m"
1
T —-(1—n)— (20b)
mn 2

Combination of equations (20) with the condition
ofspherical aberration correction (15) yields the sought
condition in form of the following equations identical
for both the images

We solve this equation for r equal to 0.1, 05*
—1, i.e. for the positions of the reference wave source,
which have been considered so far (table 2). The solu-
tions of equation (21) for those cases are given in
table 3.

Table 3
No Z
1 Zi arbitrary
un @ 1, 2
L 2zi 1, 5
v -Zi 1, 05

By comparing the results given in tables 2 and 3
we state that, for instance, for z, = 2z and /i/m = 2
(which was considered above) no correction of coma
may be achieved for the whole field of view (for cor-
rected spherical aberration). Such correction, at the
assumed position of the reference wave sources, may
be obtained if /r/m = 1 (lll Ib) and = 5 (the
latter case was not considered here).

The purpose of this work was to give a correction
analysis for aplanatic type holograms, and consequen-
tly of astigmatism correction has not been taken into

Ab/o~roT3 o/ correct... aAerraii'o/m
account. If the held of view is relatively small the
respective holograms have practical significance ana-
logical to that of their classical counterparts. However,
as the correction of astigmatism is essential, it will be
checked in the above discussed cases for simultaneous
correction of spherical and comatic aberrations
(I, 111a, 1111b, IV 1, 1V 2a).

The correction condition for astigmatism has
the form [2]:

Inserting the relations (1), (6) and (11) into (22)
we get

u tan”a. f
n3 = 4 -—-—Z-i----lf-/"(?-l) A2mt(?-D]pxnq:

r L 2T e

It may be easily verified that in the first four cases
of aplanatic correction the astigmatism is also cor-
rected, while in the fifth case (IV 2a) astigmatism is
different from zero.

3. Conclusions

Summing up it should be noted that there exist
a number of possible ways allowing to obtain a simul-
taneous correction of spherical and comatic aber-
rations depending on the position of the reference
wave source and the value of the /r/m ratio. It appears
that in some cases of aplanatic correction the astigma-
tism is automatically corrected. The next paper will
devoted to a more exact analysis of all three aber-
rations.

FonorpaMmbl C KOPPEKTUPOBaHHOW cdepuyecKoi
abeppauvein n abeppauueii KoMmbl

Mpeo6pasoBaHbl (OPMY/ibl, OMMChIBaOLLME CHEPUUECKYIO
abeppaLmio 1 KOMy rofiorpaMm, K Buy, YA06HOMY NSt HAXO0X-

[leHVs yCNOBUIA MapassieNlbHOM KoppeKkuun 06enx abeppaumii
ONA HECKOMbKMX MOMIOXKEHUA WUCTOMHUKA BOMHbI - OTCYeTa.
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