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Apodized images of coherently illuminated edges
In the presence of defocusing and spherical aberration

Apodized images of coherency illuminated edges in the presence of defocusing and primary spherical aberration are studied
for the apodized pupils of three different types in comparison with non-apodized edge images. The resultant apodized images are
evaluated from the edge ringing and shifting phenomena that usually occur in any images of coherently illuminated edges without

the operation of apodized.

1. Introduction

There are three major effects in coherent imagery
that are characterized by edge ringing, edge shifting,
and speckiing [1]. Among them, the edge ringing
phenomenon has recently received special attention
of two groups [2-9] at Imperial College and Univer-
sity of Rochester from the viewpoint of apodization
in coherent imagery. Very recently, AsAKURA and
ARAKI [10-12] have performed the apodization study
of removing or reducing the edge ringing phenomenon
by considering another major effect of edge shifting
in coherent imagery. Those studies [2-12] are con-
ducted by assuming a coherent optical imaging system
to be aberration-free. In an actual optical system,
however, there usually exist some aberrations. As
a result, both edge ringing and edge shifting pheno-
mena are more highly enhanced in the aberrated
optical imaging system than in the aberration-free
one. Therefore, the coherent apodization study of
removing the edge ringing phenomenon with the con-
sideration of reducing the edge shifting phenomenon
should be investigated in the aberrated optical ima-
ging system. This paper studies the apodized images
of coherently illuminated edges in the presence of
defocusing and primary spherical aberration. The
resultant apodized images are evaluated from the edge
ringing and shifting phenomena that always occur
in any images of coherently illuminated edges without
the operation of apodization.

It should be pointed out that the non-apodized
images of coherently illuminated edges in the presence
of aberrations have been studied in some detail by
BARAKAT [13] and RowE [14].
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2. Genera! consideration

The complex amplitude of a point object at the
image plane (x,y) which is called an amplitude point
spread function of an optical imaging system is
connected to the pupil function T(u, V) as

F(x,y) = J*I*T(t/, tYexp{ixM+yrn}IMJr (1)

where u and v stand for the relative coordinates
having the relation

H= (27r/2)*nsina,

v = (2yt/2) yysina

in which Ais the wavelength of light in vacum, n is the
refractive index, a is the convergence angle with respect
to the optical axis, and $ and ? are the geometrical
coordinates of the point at the exit pupil. The edge of
the pupil is given by = 1. By denoting

y') for the complex amplitude distribution of
an extended object at the object plane (x',y’), the
amplitude distribution i/,(x, y) of its image is expres-
sed by a convolution of Uo(x', y') with the amplitude
point spread function F(x—x', y—y"), ie.

&-(y) = [ T*(x-x",y-y") U.(x', y)Ix'ify" (2

where it has been tacitly assumed that the isoplanatic
condition holds. By means of Fourier transform
relationships, eq. (2) can be written as

UM V) = % (", NT(M, V) ©)

where ¢7,, (7, and T designate the Fourier transforms
of iflo, U, and F, ie.

Uo(n, v) = JJ* Uo(x,y)exp  (ux+ry)}Ixily, (4a)
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AM V) = IR/ (xy)exp{-t(MX+M)}i/xiTy, (4b)

MMV) = jy F(x,y)exp{- ;M vy)}ifxrly.  (4c)
The pupii function T(u, v) of the optica! imaging

system having aberrations may be expressed by

T(M, V) = r,,(M, V)exp {/<P(M, 1N} (5)

where 7YM, v) denotes the amplitude transmittance
over the pupi! and 0 (n, r) indicates the wave aberra-
tion function of the system. To(u, v) is taken to be
equal to unity when the operation of apodization
is not considered.

A coherently illuminated edge object is described
in amplitude [15] as

%(*',y) =y (1+sgnx’) ©)
where
sanx’ 1 1 x'>0
9 f—1 x' < 0.

A Fourier transform of the edge object given
by eq. (6) is given by

%, V)= ir-jr(M)+ <) )

where ” is a Dirac delta function. Substitution of

egs. (5) and (7) into eq. (3) gives the image amplitude

spectrum 199V, v) from which the complex amplitude

of the edge image at the image plane is obtained
from eq. (4b) as

17,(x,y)
TE$(M)+ w"d(r)To(M, rexp{Ne(M, r} X

Xexp {;(xM+yn)}ilulr. (8)

The integration of eqg. (8) is performed only
within the pupil because the pupil function given
by T(u, v) vanishes outside the pupil. After some mani-
pulation in the integration of eq. (8) using the shifting
property of the Dirac delta function.

Eqg. (8) becomes

NEF)Y=E Tty N+ yy To(M)cos{tP(M)} iIM+
-1
n ! m(Xl\/b
= J Tomsm s Mm@

In deriving eq. (9), the wave aberration function
tP(u) and the ampitude transmittance To(u) have
been assumed to be even functions. The intensity
distribution of an edge image is then given by the
absolute square of eqg. (9), i.e

7(x)= lil,(x)I"

Tl 1 f sin(xu)
= y+yj- J To(M)ycos{tP(M)}— y ----iM +

F1 f A N sin(xM)

+ 1= ] T.(M)sm{A(M)}-mmimmrin m’ (10)

where the central transmittance of the pupil function
has been assumed to be To(0) = 1. When the optical
system is aberration-free, O(u) = 0, eq. (10) reduces
to the familiar expression

9+—' vy 20

-1 N

(%) = (11)
which is well known for giving the intensity distri-
bution of a perfectly focused edge image produced
under illumination of the completely coherent light.

As a measure of the edge shift which has been
introduced by the present authors [10—12] in the study
of coherent apodization, the gradient of an edge image
at the position x = 0 corresponding to the edge of
an object is investigated by taking the first derivative
of the edge image intensity, given by eq. (10), with
respect to x and setting the resultant equation to be
x = 0. This first derivative of eq. (10) yields after
setting x = 0

1 A
= To(M)cos{<P(M)}(?M.

12
% (12)

X=0

Equation (12) indicates that the gradient of the
edge image is affected by both the amplitude tran-
smittance To(u) and the aberration (P(u) of the optical
imaging system. In order to reduce the edge shifting
effect, it is desired that the integrated volume of
eg. (12) must be made to be as large as possible for
a given aberration ~(u). This demand may be accom-
plished by controlling the amplitude transmittance
To(u) of the pupil, i.e. by introducing a proper apodi-
zed pupil function To(u). In order to make the edge
image approach faithfully to an original object,
however, the edge ringing phenomenon should also
be removed together with the reduction of edge shif-
ting. This problem has already been studied in an
aberration-free optical system by the present authors
[11, 12] using the calculus of variations. In this paper,
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the apodized pupi! function 7),(M) for removing or
reducing the edge ringing phenomenon is investigated
by considering the reduction of the edge shifting
phenomenon when the optica! imaging system has
defocusing and primary spherical aberration.

In the present study the apodized pupi! functions of
three types are taken into consideration together
with the non-apodized uniform function over the
pupil. They are the triangular function, the function
given by the autocorrelation of a cosine function,
and the truncated Gaussian function which are ex-
pressed, respectively, by

1, M< 1

To,(H) = (13a)

0, "M> 1
M< 1
0, M> 1

1--iMI,

r., (M (13b)

sinfyriMI) | M <1
= + d - lu)cos(n;M), (130)

to, >l
M< 1
H> 1

exp (--yun),

r.(M) — (13d)

Fig. 1. Graphs of the apodized pupil functions ?0,(M), 7ocM
and ?o0g(") given by egs. (13b), (13c) and (13d), white 70,(n)
of eq. (13a) indicates the non-apodized pupil function

In eg. (13d), the constant r is chosen to be exp (—)
= 0.25. The pupil functions given by eq. (13) are
shown in fig. 1. The non-apodized rectangular function
of eq. (13a) is taken into consideration for comparison
purpose. The physical meaning of the apodized pupil
functions corresponding to egs. (13b) and (13c) has
been discussed in detail by ARAKi and ASAKURA [11].
Namely, the apodized pupil function of eq. (13b) is
considered to minimize the edge shifting effect without
the edge ringing phenomenon while that of eq. (13c)

ZIpoiA'zei? /wagM coAcrMily

is to remove the edge ringing phenomenon on the
basis of minimizing the second moment of the am-
plitude line spread function. These apodized pupil
functions have been firstly proposed and used by
SMITH, LEAVER and THOMPSON [3-6] to remove the
edge ringing phenomenon. The truncated Gaussian
apodized pupil function of eq. (13d) which is also
considered to be very adequate lor reducing the edge
ringing phenomenon has been firstly proposed by
THOMPSON and GRUBER [6, 7] and used by ASAKURA
and ARAKI [10].

3. Apodized edge images in the presence
of aberrations

3.1 Defocused edge images

We first study defocused edge images. For simple
defocusing, the aberration function (P(u) is described
by

M =

where p is the defocusing parameter showing the
longitudinal displacement of the receiving plane from
the Gaussian image plane. p/2n: is expressed in wave-
length units. The intensity distribution of defocused
edge images is now expressed from eqgs. (10) and (14) as

(14)

[1 I f\] ,8in (xu) 12
7(x) = 1y+yl 7o(M)cos(pM?)”™  y — ot
£ A
+ ’I\- rJ 7*.(I\/)sin(pl\/{‘)in(xwD 12- (*S)
N -1 N

By substituting each of eqg. (13) into eq. (15), the
edge images corresponding to four forms of the pupil
functions have been numerically evaluted by means
of the Gauss quadrature method on an electronic
computer and are shown in fig. 2. In this figure the
defocusing parameterp is chosen asp = 1.0, 2.0, 3.0,
4.0, 5.0, 6.0 and 7.0. The non-apodized edge image
of fig. 2(a) which have already been studied by
BARAKAT [13] and RowE [14] are highly sensitive
to defocusing by which both edge ringing and shifting
are strongly enhanced. On the other hand, figs. 2(b),
(c) and (d) show that the apodized edge images less
sensitive to defocusing than the non-apodized ones.
Figure 2 indicates that the operation of apodization
for reducing the edge ringing phenomenon is still
useful in defocused edge images.

To evaluate the edge shift appearing in fig. 2,
the first derivative of the edge image intensity with
respect to x at the position x = 0 is taken and given
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Fig. 2. Intensity distributions of non-apodized and apocized edge images obtained through an aberration-free defocuse

from eq. (12) as

3/(x) 1 r
= —— = —- ro(M)cos(/?MMr/M.  (16)

By substituting each of the functions given by
eg. (13) into eq. (16), the first derivative D of the edge
image at the position x = 0 is obtained as a function
of the defocusing parameter p and shown in hg. 3
for the apodized pupil functions of three types toge-
ther with the non-apodized case. This figure indicates
that the first derivative of edge images for all.apodized

apodized pupii function 70<6<), (c) the apodized pupii function

pupil functions given by eq. (13) monotonically decre-
ases with the increase of defocusing from the Gaussian
image plane. In other words, as the image plane is
defocused from the Gaussian image plane, the gra-
dient of edge images gradually decreases, the edge shift
being consequently increased. On the other hand,
the gradient of edge images tends to oscillate and
has the second peak near point p = 7.5 for the non-
apodized pupil. Since a decrease of the gradient as
a function of the defocusing parameter p is relatively
small for the apodized pupil functions in comparison
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optical system. The defocusing parameter is indicated by
7bc(*")" (d) the apodized pupit function PogM

with that of the non-apodized case, edge images
produced by using the apodized pupii functions
employed to remove the edge ringing phenomenon
is hardly affected by defocusing.

Figure 4 shows the actual edge shift F as a function
of the defocusing parameter p. In this case, the edge
shift F is defined by the distance from the object
edge to the image edge at the intensity 7= 0.5.
Figure 4 has an inverse relation to fig. 3. This figure
clearly indicates that the edge shift is largely produced
for both non-apodized and apodized edge images

5 — Optica Applicata VIII/4

ztpot&'zci/ colercMIZM i 7/MWMayci/. ..

(a) the non-apodized uniform pupit function TbrM, (b) the

with the increase of defocusing. But the increase
of the edge shift is more rapid for the non-apodized
pupil than that for the apodized pupils.

In order to indicate a degree of the edge ringing
phenomenon, the first maximum intensity 7~" of
edge images is obtained as a function of the defocusing
parameter p and shown in fig. 5. This figure shows
how the edge ringing phenomenon is produced with
the increase of defocusing. It becomes clear from figs. 2
and 5 that the apodized pupil function of eq. (13c) is
very adequate for keeping edge images to have the least
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Fig. 3. Edge gradient D, defined by the first derivative of edge

images at x = 0, as a function of the defocusing parameter p

for the non-apodized pupil function 7Q,(M) (curve a) and the

apodized pupil functions 7o,(w) (curve A), 7°cM (curve c),
and 70g(") (curve 4)

Fig. 4. Edge shift E of defocused edge images as a function

of the defocusing parameter p for the non-apodized pupil

function Forf") (curve a) and the apodized pupil functions 7%, (99,
™@H and 7*o,(M) corresponding to the curves A c¢ and 4

ringing phenomenon. Figures 4 and 5 suggest that
the edge ringing effect is largely reduced even in
defocused images by employing an apodized pupil
function devised to remove the edge ringing pheno-
menon in focused images but the edge shifting effect
is sensitively enhanced by defocusing even though the
pupil is properly apodized.

IIAym/zialel...

Fig. 5. First maximum intensity /max of defocused edge images
as a function of the defocusing parameter p for the non-apodized
pupil function 7i)r(M) (curve a) and the apodized pupil functions
7%0;(M), 7oc(M) and 70,M corresponding to the curves A ¢ and 4

3.2 Apodized edge images
in the presence of spherical aberration

When the coherent optical system has primary
spherical aberration, the wave aberration function
is described by

o(t/) = jM* (17)

and the pupil function of eq. (5) is expressed by

F(M) = Fo(n)exp(MM") (18)

where y is the primary spherical aberration coefficient,
yl2yr being expressed in wavelength units.

By substituting eq. (18) into eq. (10) and again
considering the non-apodized and apodized pupil
functions of eq. (13), the aberrated edge images have
been calculated by using an electronic computer
and are shown in fig. 6. The primary spherical aberra-
tion coefficient y is chosen as y= 1.0, 2.0, 3.0, 4.0,
5.0, 6.0 and 7.0.

By substituting eq. (17) into eq. (12) and consi-
dering the pupil functions of four types given by
eg. (13) for ToM, the first derivative D of edge images
at x = 0 is evaluated as a function of the spherical
aberration coefficient y in order to show the edge
gradient of aberrated edge images. The resultant
values are plotted in fig. 7. Figures 8 and 9 show
the edge shift and the first maximum intensity of
aberrated edge images as a function of the primary
spherical aberration coefficient .
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By comparing figs. 6, 7, 8 and 9 with figs. 2, 3, 4
and 5, the effects of primary spherical aberration
in images of coherently illuminated edge objects are
found to be qualitatively quite similar to those of
defocusing but rather relatively weaker than those
of defocusing. The detailed discussion on the results
offigs. 6, 7, 8 and 9 is omitted since it is clear from
the previous case 3.1 of defocusing.

3.3 Apodized edge images
in the presence of defocusing and spherical aberration

When the coherent optical system holds a combined
aberration of defocusing and primary spherical aber-
ration, the wave aberration function (P(u) may be

expressed by
(19)

It is well known in this case that there exists an
optimum value po of the defocusing parameter p
for the given primary spherical aberration coefficient y
in order to reduce the effect of a combined aberration
on edge images. By considering the gradient of edge
images at the position x = 0, the optimum value Po
of defocusing is properly chosen which maximizes
the gradient of edge images. The optical system set
to have the optimum value po of defocusing together
with primary spherical aberration may be said to
be at the aberration-balanced condition. This optimum
value po of defocusing is given as a solution of the
following equation

3r3/x) 1 1
AL B*F thol
1
= g ~f M7),(M)sin(pMM+yMOTTM = 0 (20)
which has been obtained by substituting eq. (19)

into eq. (12) and differentiating the resultant equation
(12) with respect to p.

After substituting eqg. (19) into eq. (12), the
first derivative D of edge images at the position
x = 0 has been numerically evaluated and is shown
in fig. 10 as a function of the defocusing parameter
p for the primary spherical aberration coefficient
= -1.0, -2.0, -3.0, -4.0, -5.0, -6.0 and -7.0
and for each of the pupil functions given by eq.
(13) . The optimum values po of defocusing, which
are obtained from eg. (20) and correspond to
the maximum positions of p in fig. 10, for each
of the primary spherical aberration coefficients are

AX&zet? ye.? coAereHlly

listed in table together with corresponding maximum
edge gradients.

Optimum defocusing values po and corresponding maximum

edge gradients D for each of primary spherica! aberration i

and for the non-apodized and apodized pupil functions of
7br(*), 7o((*")" 7*0c(*") and 7og("")

(@ 7r(V) () ()
F Po D F Po D
0 0 0.3183 0 0 0.1592
-t 0.714 0.3169 -1 0.535 0.1589
-2 1.425 0.3126 -2 1.066 0.1582
-3 2.131 0.3056 -3 1.587 0.1570
-4 2.829 0.2960 -4 2.092 0.1554
-5 3.512 0.2841 -5 2.576 0.1535
-6 4.174 0.2703 -6 3.031 0.1513
-7 4.800 0.2551 -7 3.445 0.1490
(c)ro<fa) (¢)rs.(a)
F Po D F Po D
0 0 0.1290 0 0 0.2166
-1 0.357 0.1290 -1 0.644 0.2159
-2 0.712 0.1288 -2 1.284 0.2140
-3 1.062 0.1286 -3 1.913 0.2107
-4 1.402 0.1283 -4 2.524 0.2064
-5 1.739 0.1279 -5 3.107 0.2011
-6 2.061 0.1275 -6 3.646 0.1951
-7 2.371 0.1270 -7 4.108 0.1888

Figure 10 (a) together with table indicates that in
the case of the non-apodized pupil function the
optimum receiving plane designated by the optimum
defocusing parameter p, gradually departs from
the Gaussian image plane p = 0 with the increase
of primary spherical aberration gand that the edge
gradient rapidly decreases with the increase of se-
paration of the receiving plane from the optimum
receiving plane defined by po- Furthermore, the
maximum gradient at the optimum receiving plane
is found in fig. 10 (a) to gradually decrease with
the increase of spherical aberration in the case of
the non-apodized pupil function 7),,(M).

As is clear from fig. 10 (b) -(d), the above pheno-
menon is similarly observed for the apodized pupil
functions. But a change of the edge gradient D as
a function of defocusing p from the optimum receiving
plane po is small in comparison with the case of
the non-apodized pupil function. This point is espe-
cially remarkable for the apodized pupil function
TocM- In addition, the decrease of the maximum
gradient with the increase of the spherical aberration
coefficient y is also not so recognizable that the
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Fig. 6. Intensity distributions of non-apodized and apodized edge images obtained through an optical system
(@) The non-apodized pupil function 7b,(H), (b) the apodized pupil function 70;("),
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having primary spherica) aberration. The spherical aberration coefficient is indicated by y
(c) the apodized pupii function 7b<;(*).and (d) the apodized pupil function 7bg(")
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Fig. 7. Edge gradient D as a function of the primary spherical

aberration coefficient ~ for the non-apodized pupil function

7br(") (curve a) and the apodized pupil functions 70,(«) (curve A),
7bc(M) (curve c), and 7bp(H) (curve d)

Fig. 8. Edge shift F as a function of the primary spherical

aberration coefHcient i for the non-apodized pupil function

7or(") (curve a) and the apodized pupil functions 7Q,(u), 0\M
and 7bgM corresponding to the curves A ¢ and

effect of sphericaf aberration on the edge gradient at
the optimum receiving plane is very small.

By giving the values  of the optimum receiving
plane in table, corresponding to each of  for p in
eg. (19) and substituting the resultant equation (19)
into eq. (10), the intensity distributions of edge images
in the presence of primary spherical aberration pro-
duced at the optimum receiving plane have been
evaluated on an electronic computer but are not
shown here because they are almost similar to edge
images of hgs. 2 and 6 corresponding to p = 0 and
F = 0 without regard to the value of spherical aberra-
tion & The resultant edge images clearly indicate
that there appears almost no increases of the edge
shift at the optimum receiving planes with the increase

zZlpoif/zcd coAcrenfly

Fig. 9. First maximum intensity 7~ of aberrated edge images

as a function of the primary spherical aberration coefHcient s

for the non-apodized pupil function 7'0,(;;) (curve a) and the

apodized pupil functions 70,(M), FocM and FogM correspon-
ding to the curves A c and if

of spherical aberration g even though a very slight
shift is recognized only in the cases of the non-apodized
pupil function TorM and the apodized pupil function
Tog(M). In the optical imaging system having a com-
bined aberration of defocusing and primary spherical
aberration, therefore, the apodization of reducing
the edge ringing phenomenon without the increase
of the edge shift is possible at the optimum receiving
plane by employing a proper apodized pupil function.

In fig. 11, the first maximum intensity 7~ of
edge images produced at the optimum receiving
planes is shown as a function of the primary spherical
aberration coefficient y. This figure indicates that in the
case of the apodized pupil functions (refer to the curves
5, ¢ and if) the first maximum intensity does not vary
by increasing spherical aberration while it gradually
decreases in the case of the non-apodized pupil
function (see the curve o).

Finally, the edge shift F is shown 6g. 12 for edge
images produced at the optimum receiving planes,
as a function of primary spherical aberration V.
It is seen from this figure that there appears almost no
increase of the edge shift in edge images produced
at the optimum receiving planes.

4. Conclusion

This paper may the first contribution to the
study on apodized images of coherently illuminated
edges in the presence of defocusing and primary
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Fig. 10. Edge gradient D of aberrated edge images as a function
of the defocusing parameter p for each of the primary spherical
aberration coefficients s
(a) The non-apodized pupil function 7or(u) (figure (a)) and
the apodized pupil functions 7ot(*"), 7bc(*") &d TogM cor-
responding to the figures (b), (c) and (d)



T. Araki, T. Asakura

Fig. 11. First maximum intensity I~ax of non-apodized and

apodized edge images obtained at the optimum defocused

receiving pianes po through an optical system having primary

spherical aberration y. Curves a, 6, ¢ and if correspond to the

non-apodized pupil function 7b,(a) and the apodized pupil
functions 7*o,(a), 7*0”\(,,) and 7bg(a)

Fig. 12. Edge shift E of non-apodized and apodized edge images
obtained at the optimum defocused receiving planes po through
an optical system having primary spherical aberration y. Curves
a, A c and if correspond to the non-apodized pupil function
7br(*") and the apodized pupil functions 7b,(a), 7bc(a) and
oM
spherical aberration in coherent optical systems.
The edge ringing and shifting phenomena are increa-
sed with the increase of defocusing in both cases of
the non-apodized and apodized pupil functions.
The non-apodized images are highly sensitive to
defocusing by which the above two phenomena are
strongly enhanced, while the apodized edge images
are less sensitive to defocusing than the non-apodized
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ones. Therefore, the apodization is useful for reducing
these two phenomena even in defocused edge images.

The effect of primary spherical aberration in
non-apodized and apodized edge images are quali-
tatively similar to those of defocusing but rather
weaker than those of defocusing.

When the optical imaging system holds both
defocusing and primary spherical aberration, there
is an optimum receiving plane at which the edge
shifting takes a minimum and the effect of apodi-
zation for reducing or removing the edge ringing
phenomenon is effectively produced similarly to the
case of the aberration-free optical system.

The present study may be worthwhile for designing
coherent optical systems employing lasers as light
sources since various techniques employing coherent
optical systems are expected to be popular.

AnogusnprBaHHble M306paXKeHNsI KOrepeHTHO
OCBELLEHHbIX FpaHuL, pacthOKYCUPOBKN U CHepPUYECKOo
abeppaummn

ViccneoBaHbl anoAvsnpoBaHHble M306paXKeHNs rpaHuL,
KOTEPEHTHO OCBELUEHHbIX MPU  HaIMYUM  PaCcOKYCUPOBKM
1 NepBUYHOiA chepryeckoii abeppauun Ans Tpex BUAOB anogu-
3aLMOHHbIX 3payYKOB MO CPABHEHWIO C HearnoAv3VpOBaHHbLIMM
1306paXKeHNAMM rpaHul,. MonyyeHHbIe anoAn3npoBaHHble U30-
OpaKeHWs OLEHWBAIUCL HA OCHOBE WHTeP(EepeHLMOHHbIX
ABMEHNIA U CMELLEeHUS TPaHUL, NPOUCXOASALLNX 0BbIYHO B KaX-
LOM  M306PaXeHUN rpaHuLbl, KOrepeHTHO OCBeLLeHHON Ge3
anogmsauuu.
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