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Marechal’s intensity degradation for Gaussian
beams in the presence of higher order aberrations*
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Institute of Physics, Technical University of Wroclaw, Wroclaw, Poland.

The Marechal’s intensity degradation formula has been derived for Gaussian beams in the
presence of primary, secondary and tertiary aberrations. It was also shown how the odd
and even aberrations of a different order should be balanced giving the best central intensity.
For different Gaussian-parameter values the lowest intensity degradation were evaluated.

Introduction

The peak intensity degradation is relatively simple but very helpful criterion for
an image quality assesment in optical systems. This criterion was firstly formulated
by Rayleigh [1] as a quarter-wavelength rule and later more exactly by Strent [2],
and Marechal [3]. Hopkins [4] has shown how to balance the primary and secon-
dary aberrations to obtain the lowest peak intensity degradation. This, however,
was done only for the case of uniform amplitude distribution. Lowenthal [5] has
obtained MarechaPs formula for a Gaussian beam in the presence of spherical
aberrations of all orders and the first order aberrations of other types. Our purpose
is to derive MarechaPs expression for Gaussian beams in the presence of primary,
secondary and tertiary aberrations and to find an optimal balance of aberrations
of various types.

Marechal’s formula for Gaussian aperture

From scalar diffraction theory [6] it follows that the intensity at the diffraction
focus normalized by analogous quality for diffraction limited case (called Strehl
ratio — S.R.) has the form
11n
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where 0 —are the polar coordinates in the aperture ; u, v —represents shifts of ob-
servation position in the longitudinal and transversal directions, respectively, mea-
sured from Gaussian image point; A(g) — describes illumination of the aperture;
0(qg, 0) — is the wave aberration and k — means the wave number.
The MarechaPs approximation of the S.R. is obtained after expanding the ex-
ponent function into series and droping all terms of order higher than second in k0.

* This work carried on under the Research Project Mr. 1.



64 M. Gaj, A. Magiera, L. Magiera

The result is the following:
[ 2je\2 _
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In the case of Gaussian aperture (A(g) = AOexp (—(g/y)2), y — Gaussian pa-
rameter) the expression for image degradation has form analogous to (2) [5]. Namely
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where

E==J2-(A)2,
A" — denotes n-th moment of the An function (An= @n exp [—(gly)2)).
This moment is defined in the following way:
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It is obvious that relation (3) goes into (2) for uniform illumination.

Marechal’s expression for Gaussian beam in the presence of primary,
secondary and tertiary aberrations

To find an analytical form of the relation (3) we must have at first the wave aberra-
tion and then evaluate the integrals (4) for n= 12
Complete wave aberration up to the fourth order has the following form [7]:

$(e, 0) = W20g2+ W 40g*+}V60Q6+ tV 80B+
+ (W1lg+W31g3+ W 5lg5+ 1V 71Qncos 0 +
+ (W2e2+ W24g*+ w 2696) COR20 + (5)
+ ("33e3+735p5HAB 36>+
+ W44g4cos 40.
Let us for convenience rewrite the formula (5) in the following form
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where :
ax= n0>a2— ™M0» a3 — 1F0, —
a = le+ »'ale3+ e3+ »'t, e7.
b = A22e2+724e4+ "2 6e65 ©
C — A33i23+135f>5,
d = ~gang.
Now the moment 2zl is equal to
1 121
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As the integration all terms depending on 0 gives zero we have
i 4
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From the same reason the second moment is
1
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Coefficients bn may be found with the help of the recurrence formula [§]
n
. bfion= ¢V ,a,(3/-«), ¢,,= = »?,. (10)
Therefore we have
(2 = Ko>
i3 = 2W20W40,
b4 = 2W20W60-\-WI10,
b5= 2(W20W80+W"0WED), (12)
b6 = 2W40W80+ W 2,
bn= 2W60W80,
bs = Ko-

The integration of (8) and (9) can be carried out analytically [5]. The results of
integration are

J = F(y) W2oS1(y)+ j MsoS2(y)+j) HeoSa(y)+ j "
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Functions Sn(y), F(y) are defined [5] in the following way:
1
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and for y > 2 are practically equal to unity.

More details may be found in [5]. After inserting (12), (13) into (3), the final
formula for Marechal’s intensity degradation for Gaussian beams is the following

F(y) =

(14)
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Optimal balancing of the specified types of aberrations

Having in mind that Marechal’s criterion is good for well corrected systems we
restrict further considerations to primary and secondary aberrations. To find the
lowest image intensity degradation we have to find the minimum value of the expres-
sion in { } bracket in eg. (15).

Spherical aberration

From (15) it is easy to see that in the case of spherical aberrations of 1-st and 2-nd
orders the variance E is

Hr)[ ] ff'2081(y)+ J n'2<IVMS3(Y)+ (2W10W60+ W 10)xSi (y)+

+Y » « V 1o+ 4

+4 wzw MSi(y)si(y)+|l " 20WR,Si(y)S3(-)+ i- wi,si(y)+ (16)

+ 4 S2(y)S3(y) + .1 W*0F} .

Of course the plane of the best focus is given by the condition
BE

swa@ ~
After differentiation of (16) we obtain the equation

— IF2052(y)+ — "™4053(y)+ y WeoShiy)—F (y)xy TR 52(y)-|.
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Hence
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In the case of uniform illumination (y->00) which gives lim F(oo) = 1, and lim
Sn(oo) = 1 for all n, the relation (19) is reduced to the form

Waoy-*00 (20)

The last result is the same as that obtained by Hopkins [4] for uniform illumi-
nation.

Now inserting the optimal W20 from (19) into (16) we obtain the optimal va-
riance E:

E=F(y)™l,[jS2(y)-1 SUy)F(y) I+/S26S46[y S.0 O SAFfr)-
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Fig. 1. The dependence of tolerance for spherical aberration W6Q on the form of correction of /246
based on the Marechal’s condition for different values of Gaussian parameters (Y = 0.5 ... 5
Y= 1 ;Y= 15— S Y =2 e ;Y = 00------------ )
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The tolerance on intensity degradation may be written in one of two equivalent
forms, namely

. P
08 or E < 180 (21a)

Therefore, the relations (16), (19), (21a) may be used to find the optimal balanc-
ing of the spherical aberrations in the case of Gaussian beams. This procedure has
been examplified numerically. Basing on the Marechal’s condition (21a) and taking
different values of the parametr y, we have found the dependence of tolerance for
secondary spherical aberration W60 on the form of correction of /246 (fig. 1).

For different values of y we have also found optimal parameters /346 and /526.
These results are presented in table 1

Table 1

Optimal coefficients /}46, (X6 and maximal
OV60/X) for different values of y

46 026 OF60M)max
0.5 1.29 0.41 5.0
1.0 144 0.54 3.8
15 147 0.59 3.8
2.0 1.49 0.59 3.8
00 1.50 0.60 3.8

Having optimal /246 we have calculated minimal peak intensity degradation
versus W60/2. The obtained results are presented in fig. 2a. From these curves
("6oM)max has been determined for which i = 0.8 (see tab. 1). To asses the accuracy
of Marechal’s formula we have drawn curves analogous to those mentioned above
but obtained from the relation (1). By comparing fig. 2a and 2b we can state that for
0.8 < /<; 1 the values of central intensity obtained from Strehl’s and Marechal’s
formulae are practically the same.
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Fig. 2. Optimal image degradation vs. fF60/A for different values of y(y = 0.5........ 5y — 1 —m—;
y=2and y= 00 ---------m-m-mm-m- —) obtained with the help of Marechal’s (2a) and Strehl’s (2b)
formulae
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Coma

In the case of coma the variance E has the form

E= 101 WhSiM + jWEW3IS2(r) + j(2H "LIHEL+ « 1,)x (22)

xS 3(y)+- W3IWsA (y) +|w'5iS5y)l F(y).

The maximum in the diffraction pattern requires the fulfilment of the condition

BE
= 0. 23
BWiIt 0 @)
From egs. (22) and (23) we obtain
[y /231S2(y )-|s 3(r)]» 5. (24)
Wik = SAV)
where
»"al
@b — W.

Fig. 3. Dependence of tolerance for secondary coma W S1/X on the form of correction j235 for diffe-
rent values of y (y= 05 ... ;Y= 1 e ;Y= 15 e e ; y=2 and
Y= 00—m--oo )
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Again for a uniform illumination (y = 00) eq. (24) goes into Hopkins formula
ANl = (/235 4 )\/5|. 25)

Setting the optimal values of Wti from eq. (24) into the expression (22) we obtain

E=\ Hr)j(|Ih,S2r)- B || P.,,S2(r)~

2H 5,(y)3/38S5¢) SO+ 4 @

—y M)+

The next thing to do is to find the relation between and fis6 which satisfies
Marechal’s condition. The results are given in fig. 3.
Table 2
Optimal coefficients /235, /S15 and maximal (fF51/A)
for different values of y
y . /515 ("5iM)max
0.5 0.95 0.16 3.45
1.0 115 0.29 255
15 118 0.29 2.50
2.0 118 0.29 2.50
00 1.20 0.30 2.50
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Fig. 4. The optimal intensity degradation vs. fV5i/A. for different values of y(y = 0.5....... ;
y = 1— — — ;y=2andy —,; —+——— ) oObtained on the basis of Ma-

rechal’s (4a) and Strehl’s (4b)_formulae
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We have found optimal values of /?3 and /?15 (see tab. 2) and the corresponding
optimal intensity degradation (fig. 4a). From the results presented in fig. 4 we see
that for 0.8~ i~ 1land all y”~ 0.5 minimal central image degradation obtained
from Marechal’s approximation also for coma is good.

Conclusions

The expression for Marechal’s intensity degradation for Gaussian beams in the pre-
sence of primary, secondary and tertiary both even and odd aberrations was derived.
It has been shown that for Gaussian parameter greater than unity the optimal
aberrational coefficients and, consequently, the optimal central image degradation
are practically the same as that for uniform illumination.

For the parameter y smaller than unity there exists the improvement of central
intensity degradation. It has been also shown that for optimal central image degra-
dation the Marechal’s formula is a satisfactory approximation over the considered
range of minimal intensity degradation.
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CHIKeHVe WHTEHCMBHOCTU Mapellana Ans ciy4yasi YCEUeHHbIX FaycCOBbIX My4YKOB
npy HaMuMKu abeppauyuii BbICLUMX MOPSAKOB

MonyueHo BbIpaXXeHWe A1A NafieHWst MHTEHCUBHOCTU Mapeluana Ans aéeppauuii TpeTbero, NSAToro
U CeAbMOro NMopsiiKoB B C/lydae rayccoBbIX My4ykoB. MMoKas3aHo, KakuM 06pa3oM AO/MKHbI KOppeK-
TUpOBaTbCS MapHble U HenmapHble abeppauuy BbICLUMX MOPSAKOB A/ MOMYYEHWUs] Hawuyudlleid WH-
TEHCMBHOCTVM Mapewana. [ns crneunduuupoBaHHbIX napamMeTpoB [aycca onpeaeneHbl MUHM-
Ma/lbHble CHVKEHUS WMHTEHCMBHOCTW, OTBEYAlOWE LEHTPY JIMHUM MOT/IOLLEHUS.



