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The joint influence of atmospheric turbulence
and primary coma on the far-field diffraction
of a circular aperture

A.K. Gupta, K. Singh
Department of Physics, Indian. Institute of Technology, New Delhi-110029, India.

The paper is devoted to theoretical study of the Fraunhofer diffraction pat-
terns produced by a circular aperture suffering from primary coma and illu-
minated by partially coherent light due to atmospheric turbulence. Gaussian
form of correlation has been assumed as a representative form of the atmos-
pheric turbulence. Numerical results of intensity distribution and encircled
energy have been graphically illustrated. Results for two-point resolution
based on Huber-Hopkins’ criterion have been obtained, and variation of
peak intensity as a function of coherence interval plotted.

Introduction

The study of diffraction in an optical system under partially space-co-
herent illumination is of considerable significance because the cases of com-
plete coherence and incoherence normally do not occur in practice. That
is why considerable interest has been shown [1-4] to the investigations
of partially coherent diffraction patterns. A comprehensive bibliography
on the subject has recently been published by Singh and De [5].

In the optical instruments [6-10], like astronomical telescopes, came-
ras used in aerial or long distance photography, the atmospheric turbu-
lence renders the wavefront (coming from an object point) partially co-
herent and corresponding point spread function deviates considerably
from the ideal Airy pattern that would otherwise be formed in a perfect
system. The optical systems suffer also from residual aberrations which,
in turn, further modifies the point spread function. Consequently, some
efforts are being made [11-14] to counterbalance the effect of turbulence.
Som and Biswas [15] have investigated the effect of partial coherence
due to atmospheric turbulence on the far-field structure of a circular
aperture. In their later paper [16] they have studied the joint influence
of partial coherence due to turbulence and to primary and secondary
spherical aberrations.

A consideration of off-axis aberration is also of special importance
in reconnaissance and surveillance systems which use telescopic instru-
mentation.
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This kind of instruments is designed to provide the maximum informa-
tion in a relatively large field of view. Third order coma happens to be
the most important off-axis aberration to be considered, because it va-
ries as the first power of the object field and is the first to appear when the
field extends beyond the on-axis case. The asymmetric nature of this
aberration is, in general, a very undesirable feature, in particular when
the position measurements such as in astronomy [17, 18] are to be made.

The influence of coma has been investigated by evaluating the optical
transfer function as well as the point, line and edge spread functions
[19-27]. A large number of references are available in the recent papers
[24, 25] dealing with the diffraction imaging of disk, bar and edge objects
in the presence of linear coma.

In view of the above, the present paper has been devoted to investiga-
tion of the joint influence of atmospheric turbulence and primary coma
on the far-field diffraction patterns in terms of the intensity distribution,
encircled energy, Strehl ratio and angular resolution.

Theoretical formulation

We make use of the Schell-shore integral [1-4] which is based on the
Wolf-Parrent formulation of the theory of partial coherence, and facili-
tates the computation of irradiance distribution in the Fraunhofer dif-
fraction pattern formed by an aperture illuminated with partially space
coherent radiation. The irradiance distribution is given [1-4] by the
equation

(1)

where: Ais the mean wavelength of radiation, k = 2n/A A" is the area
of the aperture, E is the range of 8, G(8) is the auto-correlation function

of the aperture amplitude distribution, and y(8) is the normalized mutual
intensity function.

The meaning of quantities R, 0, 8 and p is clear from fig. 1. The auto-
-correlation function is given by

o) =~ | nh” )

Here as is the region of the aperture to which 8Xis restricted so that 8X%+ 8

lies on the aperture, 1(Sx) and 1iS + Sx) are the intensities at the points
8Xand 8Xf8, respectively. For small diffraction angles (cosO 1 and
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Fig. 1. Co-ordinate system and illustration of the symbols used in various formulae

sin 0”70) and for a spatially stationary source equation (1) can be
written in the normalized form as
d)exV[iVQCO08{d-0)QdQd6]. ©))
00

Here is the normalized distance between two points

in the aperture plane and, &' is the aperture radius. It is assumed that
a' > AV = Tca0 and Wis the azimuthal angle in the observation plane.
The encircled energy E(V0) is obtained by integrating equation (3)

over a circle of radius 70; i.e.
Vo 2«

E(V,,) = ff M4

(V..) ot M4)
6) — the auto-correlation of the aperture amplitude distribution in
the presence of third order coma is tantamount to incoherent transfer
function for a system suffering from coma, and has been calculated by
Goodbody [19], and Barakat and Houston [20]. The transfer function
in the presence of coma is a complex quantity and can be written as

c(6,d) =cr(f> 0)+iCi{ere), )
where Orand  are the real and imaginary parts of C(q, 6) and given by
ah
a@Q6 =(70,01J JcosjrTfla+ie, /Y-
—a -b
[~ H] dadp,  (6a)
a b

G@0=00,0r1l) Jsin*Trla+i qpj-

-a -b

dadp, (6b)
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where g, 0 are the spatial frequency variables, a and b are the limits of
integration given by

b=( ()
and

w(a+-"e, [J-w{a-hQ/j = eXsirup+

H—S a2gsin04--%—Q325in 6+ a"Qc056:II (8)
where Wzl represents the aberration coefficient in units of wavelength
for primary coma. Equations (6a) and (6b) can be evaluated with the help
of equation (1).

One problem in this study is to decide upon the nature of correlation
in the partially coherent wave due to atmospheric turbulence that is
incident on the aperture. There exists a controversy as to the form of
phase structure function due to turbulence. Som and Biswas [15] have
discussed various models suggested in the literature and concluded that
none of the models available is well established theoretically and exper-
imentally. The phase structure function, that is normally assumed for
a locally homogeneous isotropic and stationary atmoshpere, is that due
to Tatarski [28] known as Tatarski’s 5/3 power law. It has, however,
been shown [15] that the square law may be used for the phase structure
function at the risk of very small deviations from the results predicted
by Tatarski’s law. The use of the square law for the phase structure func-
tion leads to the Gaussian type of correlation function

7(e) =exp(-aV), (>

where a = a'jL is the number of correlation intervals contained in the
diffracting aperture of radius a’. For a circular source, the length of the
correlation interval L = Tif/Xr, where/" is the focal length of the collimat-
ing lens, and r is radius of the illuminating source. For telescopic systems
this is a close approximation to the actual time averaging correlation
fluctuations due to random phase fluctuations in the wave propagating
through the turbulent media.

Results and discussions

The intensity distribution and encircled energy were numerically evaluated
using a 40 point Gaussian quadrature. The results so obtained have also
been utilized to study the variation of peak intensity and two point res-
olution, as a increases from zero, in the presence of aberration.
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The irradiance distributions were calculated along three azimuths,
viz. W= 0, @4, and n/2, for the amounts of primary coma W3 equal
to 0.5, 1.0, 1.5, aqd 2.0. Various values of the correlation interval a, viz.
0.0, 0.25, 0.50, 0.75, 1.0, 2.0, 3.0, and 5.0 were taken to cover the useful
range of partial coherence.

Typical results of intensity distribution have been shown in figures
2-9. For comparative reasons the Airy distribution has been shown by

— W —
Fig. 2. Intensity distribution in the Fraunhofer diffraction patterns for W3l = 0.5.
W —Jil4 at different values of a

the dotted line in each of these figures. For aberration-free case our results
agree with those of Som and Biswas [15] for different values of a, whereas
for coherent case (a =0.0) with different amounts of aberration —with
those of Barakat and Houston [20]. Decrease in intensity in the centre
and broadening of the image in the presence of aberration are shown in
figs. 2-9 for different values of a. It has been observed that in aberrated
cases the maximum intensity does not occur at V = 0, but is displaced
from the centre. However, there is no shift along zero azimuth (not shown
in figures). The shift in the position of peak intensity increases when the
measurement are taken along other azimuths, becoming maximum for
*=n/2. It is also interesting to note that for fixed values of Wand a,
the peak intensity does not always increase with the increasing amount
of aberration (say after W3l = 1.0). On the other hand, for a fixed amount
of aberration but with varying a the shift initially remains almost con-
stant but it increases when we tend towards the incoherent case (for a) 1.0).
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Fig. 3. Same as fig. 2 for ¥ —m/2 Fig. 4. Same as fig. 3 for W3L = 1.0,
and W = n/4
Fig. 5 Same as fig. 4 for = m/2 Fig. 6. Same as fig. 2 for 1F3l = 15,

and ™ = n/4
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1(V¥)

Fig. 7. Same as fig. 6 for W= nj2 Fig. 8 Same as fig. 2 for W3i= 2.0,
and T = w4

Fig. 9. Same as fig. 8 for W—j2

3 — Optica Applicata IX/3
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The results for encircled energy are shown graphically in figs. 10-13.
The broken line in each of these figures represents the encircled energy
distribution for the corresponding aberration free and coherently illuminat-
ed aperture. Our results for encircled energy in aberration free case
agree with those of Som and Biswas [15] for different values of a. The

Fig. 10. Encircled energy for W3l = 0.5 Eig. 11. Same as fig. 10 for
at different values of a TRL= 10

Fig. 12. Same as fig. 10 for W3l —15  Fig. 13. Same as fig. 10 for W3l 2.0
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radius of the circle containing a given percentage of the total energy-
increases with the increasing amount of the aberration for the same state
of coherence. It also increases with the loss of coherence for the same
amount of aberration, as compared to that of aberration free case.

Figs. 14 and 15 show the decrease in peak intensity due to the lack

Fig. 14. Variation of peak intensity with, a for different values of TVAl' and along
W = ji4

Fig. 15. Same as fig. 14 for W= nl2
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of perfect coherence in azimuths jr/4 and 2, respectively. The value
of a which would produce pictures of questionable quality and those which
would produce decidedly inferior quality can be determined.

Finally, we have studied the resolution capability of the optical sys-
tem with circular aperture in the presence of third order coma with the
loss of coherence. We have the Huber-Hopkins criterion [2] for this purpose
because the other criteria, such as Eayleigh or the Sparrow one are not
convenient to use since the intensity distribution is not circularly symmetric
[29]. Huber-Hopkins criterion states that the resolving power of a lens is
related to the radius of a circle which contains 25 percent of the total
energy. We can take the angular resolution as twice the angular radius
of the circle encircling 25 percent of the energy. The results are illustrated
in fig. 16. Broken line represents the aberration free case and is consistent

Fig. 16. Variation of angular resolution with, a for different values of W3l

with that of Som and Biswas [15]. The decrease of the angular resolution
with the increasing amount of aberration can be seen in figure 16, for the
same state of coherence.

It is interesting to note that the expression (3) is analogous to the one
which will be obtained by incoherent imaging of Gaussian source in an
optical system with circular aperture suffering from primary coma. The
finite width of Gaussian source gives rise to partially coherent illumina-
tion on the aperture.
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Additional remarks

We would like to make a mention of a number of recent investigations
that are being made on topics related to the Schell theorem in the analysis
of radiometry and correlation properties of bounded planar sources [30],
far-field coherence and radiant intensity of light scattered from liquid-
crystals [31] and scattering from rough surfaces etc. [30, 32].
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COBMECTHOE B/MsHVE aTMOCtepHOl TypOysieHTHOCTU U MEPBUYHON KOMbI
Ha AVpPaKUMOHHBLIA CMEKTP MOMs, Ja/1eKOro OT KPYroBoi Avadparmbl

[MpoBeaeHbI TEOPETVHECKVE MCCIeaoBaHUA AvdiPy3voHHOMO criekTpa dpaysHrodepa, 0bpasoBaH-
HOro KpyroBbM OTBEPCTVEM, BOMYLLIEHHLIM MEPBMYHOA KOMOW 1 OCBELLEHHBIM YaCTUHHO KOre-
PEHTHLIM CBETOM MPY H/IAYAMA aTMOCthepHOl TypByrieHTHOCTW. B KauecTBe MpenCcTaBUTeSIbHOM
AN amvocthepHO TypOYEHTHOCTU MPYHST FayccoB B KOpPersiLyi. U/CTEHHBE pesyribTarbl,
MOMyYeHHbE /1A PacrPeie/ieH It UHTEHCVMBHOCTU U 3HEPrK, m300paxeHbl rpadyvecki. Mpuse-
[JeHbl pesynsTatbl A4717 AByXTOHEUHOM PaspeLLiBtoLLei CTIOCOGHOCTY, OCHOBAHHOW Ha KpUTepm
My6epa-IonKvHCa, 1 BbMHepHeHb! VBVEHEHMST MAKOBOM VHTEHCVMBHOCTU Kak GyHKLYWM VHTEpBara
KOTEPEHTHOCTU.



