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One of the most spectacular diffraction phenomena obtainable with spatially coherent radiation is the so-call-
ed Talbot effect [1]. It refers to the imaging of the class of objects [2] without using any optical components.
This is why the Talbot effect is frequently called the self-imaging phenomenon. Images formed in the Fres-
nel diffraction region are repeated along the illumination direction behind the object. Extensive theoretical
studies of the Talbot effect have been published [3], and many practical applications proposed [4].

The gratings are the most important members of the class of objects suitable for self-imaging. In the
majority of referenced works [4] the amplitude diffraction gratings have been employed. However, due to
the great progress in the technology of phase gratings and their advantage over the amplitude ones with
respect to their diffraction efficiency, the phase gratings replace the amplitude ones in many experimental
arrangements. Moreover, the diffraction effects produced by optical phase gratings are of common interest
to the specialists working in the fields of acoustooptics and electron microscopy. In the first case the optical
grating is produced by an ultrasonic beam [5] and the second case relates to the correspondence between the
scattering of electrons by a crystal lattice and the diffraction of light by a phase object [6]. In view of those
facts further investigations of the Fresnel diffraction field properties of phase gratings are expected.

Until now the self-imaging phenomenon of phase gratings of sinusoidal profile has been studied. The
case of optical gratings was discussed in [7-10], Fresnel diffraction patterns of ultrasonically produced gra-
tings were analysed in [11-17], and the self-imaging phenomenon of a crystal lattice in electron microscopy
systems was disucssed in [18, 19]. In this communication we shall derive the expression for irradiance distri-
bution of the Fresnel diffraction field behind a nonsinusoidally modulated phase grating and report its
potential practical applications.

The transmission function of nonsinusoidal phase grating illuminated by a plane spatially coherent
wave is written in the form

T(x) < exp {i Z VnCOS [m (27:3 +-Qt) +a,,,]}, @

where v, designates the Fourier coefficients (amplitude of the phase modulation of the m-th harmonic),
d is the spatial period of the fundamental grating harmonic, £ is the radial frequency of the fundamental,
a,, designates the phase of the m-th harmonic (for the gratings with symmetrical groove shapes a,, = 0),
and ¢ is the time parameter. Eq. (1) describes the case of progressive nonsinusoidal phase modulation (i.e.,
ultrasonically produced phase diffraction grating), the case of stationary optical nad crystal-lattice gratings
is obtained by putting £ = 0. Each factor of eq. (1) can be written in the Jacobi series form

exp {ivmcos [m (2::3 +Q:) +am]} - Zi"Jn(vm)exp {m [m (m% +.f2:) —I—a,,,]}. @

Taking all the terms the expression (1) becomes

T(x,1) = n Z i"J, (v exp {in [m (Znid —l—.Qt) —l—am]}. 3)
m=1 n



628 K. PATORsKI, P. SZwAYKOWSKI
In order to determine the amplitude in a plane z > 0 belonging to the Fresnel diffraction region it is neces-
sary to multiply [20] each spectral component exp(im#2nx/d) by a factor exp [—i(mn)*nlz/d?]

o0

Ux, z,t) = 2 2 Z [ J”l 1) .. J,,m(vm) ...expi {— 2 [mn (271% -I-.Qt) +n,,,am]‘

ny np Ny m=1

Z ) Z] @

In ordér to shortén the notation the following symbols are introduced

A= 2n% +0r, (5)
Az
B=x—c. (®)

The intensity distribution is given by the expression

I(x,z, 1) = U(x,z,t)U*(x,z,t)=2:2 22

np Py "m Pm

00
3 (ryy—pp) *®
X { 1 J,,l(vl)Jpl(vl) expi{ 2; [(mn,,—mp,,)) A+ (1 — P ) @)
m=

im=
=1 2 Zml"m”l— > > mipwpi] B}}. @)
(Er ) s m=11=1 :

Putting n,, = g,,--p,, the last equation takes the form

PTG 15 I y{,m Em oy tp, 00Ty (1) ... exp i ; (g A+ )|

21 P1  Sm &
oo o0 00 . 00.

X exp [—i 2 2 mlg,,,g.IB] exp [-i2 _,S 2 mlg,p,,,B”, ®)
m=1I[]=1 m—11l=1

Using m times the Graf’s addition theorem [21] we finally obtain

I(x,z,t) = Z 2 Ty [2vlsm 2 Ig,n
[e ] o0
y! x
ng[2v,,,sin 2 migm 7;—] [cos 2 mg,, (27: e —I—Qt) +gmam] . )
I=1 m=1

Equation (9) describes the intensity distribution in the Fresnel diffraction field of a non-sinusoidal phase
grating whose amplitude transmittance is given by eq. (1). In general, it can be used to determine numerically
the intensity distribution at an arbitrary Fresnel diffraction plane. We shall discuss now some special cases
being of practical importance.

1. z = Nd?/2, where N is an integer,

dz
I(x, z= NT' t) = const. (10)

In the self-image planes, lying at the distances z equal the multiplicity of the Talbot distance d?/, the
uniform light intensity distribution is encountered.
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2. z= (N-1/2)d?*/2, t

I,z = N+ L= Y 3, [2v,sm 2[5{1 (N+l) ]

g1 Em : E I=1.:

e [vasmzm;| mlg, ( ) ] . cos [ S (27:- +.Qt) -l-gma,,,] (11)

1t is easy to notice that in this case all harmonics for m equal even numbers vanish.

1 ‘ % . 0; 1
3[[:,!',:2_? (N+ ?\) 'd-z/)», t] = Z 2’ v,'..ngrl[Z,l"l‘S:ll‘l %'(zﬂlfl)gzl_‘:‘(N“‘"?) n]

21 & 2m-1 -

o0
. 1
A [2v2,,,_1 sin Z Cm—1QI-1)g21_1 (N+?) n]
I=1
Ar cos{ [(Zm l)gz'n (27:7 +Qt) +82m—192m— 1]} 12)
m=1

In general, for'z= (N—l— %) d?/4, where m = 1,'2,3, ..., k-th_harmonics are abgent.

3. The case of sinusoidal phase modulatxon Puttmg v = 0 for m = 2 we obtain the case of pure sinu
soidal grating

00
A
I6,2,0 = 142 31 [2vsin (1.1 d—i)] cosI(Zn 7’;- + O ) a3)

I=1 -

dlscussed in [7—19]
4 The case of presence of the fundamental and its k-th harmonics. Putting v, # 0, vy 54 0, v,, = O for
m=2,3.. k=1, k+1,... into eq. (9) we have

1,2, 1) = Z 21 [2v;sm(g1+kgk)n ] Je, [2vksmk(g1+kgk)n——]

gy 8
P
X cos [(gx<+kgk)(2_ﬂ 7-’:-91) +&1 m_-lﬁgkak] . as

In general, using eq. (9), we can calculate the Fresnel field intensity distribution curvesin an arbitrary diffrac-
tion plane and compare those curves with the ones obtained experimentally. In this' way the presence of har-
monics in the non-sinusoidal phase modulation can be estimated quantitatively. This approach was proposed
by CoLBERT and. ZANKEL [14]; however, the referenced authors gave the expressions for intensity distribu-
tion in the particular diffraction planes only.

Equation (9) can be exploited for quantitative analysis of the harmonics and, therefore, for the deter-
mination of the shape of phase modulation. In many practical cases the harmonic distortion is small, and we
can assume that the components of eq. (3) for m > 3 can be neglected. In such cases eq. (9) becomes

Az
rezn= 3 3 N, [Zvlsm(ga--gﬁ 30:)7 ] [szsnnz(g,+2g2+3gs)n—]

g1 82 &3

Az x
X Jgq [2"35in 3(g:+2821+3g3)m ;;]cos. [(gl+2g;+3.g3) (2.—_: = +'-Qt) +(g1a 1+2202+g3 ‘13)]- 15)
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Assuming small values of the parameters v,, v;, and v; we can omit the terms described by the Bessel func-
tions of the order higher than the first one. Under this assumption eq. (15) becomes

I'(x,z,t) = Z 2 2 ,1[2vlsm(g1+2gz+3gs)n~—]

gy=—1 gz=-—1 33-——1

. d . iz
% Jg, [2v1 sin2(g,+2g,-+3g3)n D Tgs [2v;, sin3(g:+2g,+3¢3)n 72—]

X
X 005[(31 +28’2+333)(25!7 +-Qf)+(g1 ay+gra2+83 as)] . (16)

If the technique of selective detection of temporal harmonics of the intensity distribution is used, and the
fundamental temporal harmonics is measured [17], the parameters, g, g, and g5 can take the values:

&1 = :i:ly g2=0, g3=0;
&i=%1,8=7Fl, =0 an
& =08 ==+1,g F1

Assuming the symmetrical groove profile of the phase modulation we obtain from eq. (17)
A Az Y
I'(x,2,1) = 2J, [2‘;1 sin gi—] Jo [2v; sin2n 77] Js [Zv; sin3a d—i] cos(2:t = +12:)

-2J |2v ll]t———-l.’ [2v 22— IJ l2v 3.7!-—~—I (27‘[—-—!—9!)
1 151 1 zsm 0 35m COos

Az iz
—2J, [2v,smn d_] Jy [2v;sm2n———] Jy [2vasm3n P ] cos(2n Z +Qt) (18)
Now, we choose for the experimental observation three diffraction planes, for example: z = d?/24, z = d?

/34, and z = d?/44, and put the photodetector onto the optical axis, x = 0. The following three equations
with three unknown are obtained

20, (V3v)o(V3v)—20,(V3v)J (V3 v,) = I,
2J, (2V1)-’o (— 2V3) =D,
20,V 2y )6 @) o(V2v3) =20, (V2 v ) Iy 2v2) (V2 v3) =200 (V29 )T, v ) (V2 v3) = I (19)

which can be solved by computer. In this way the constitutive harmonics of the non-sinusoidal phase grating
can be found and the grating profile determined.

The selective detection approach to the time-dependent Fresnel field intensity distribution of the non-
-sinusoidal gratings is automatically applicable to the phase gratings generated by progressive ultrasonic
fields. Due to the continuous movement of the sonic wave the time dependence of the point-detector scan-
ned Fresnel diffraction field is obtained. Nevertheless, the approach proposed can be easily extended to
other types of phase gratings. For example, in the case of stationary optical grating the lateral shift of its
Fresnel diffraction field is easily realized by changing periodically the illumination angle of the plane light
wave impinging onto the grating [3].

In conclusion we can say that the light intensity distributions in the Fresnel diffraction field of the phase
gratings can be exploited as the source of information of the harmonic content of the grating modulation
profile. From this point of view the Fresnel diffraction field approach can compete and/or be complemen-
tary with the well known farfield approach (the amplitudes of the harmonic components of phase mo-
dulation are determined from the diffraction efficiency data of higher diffraction orders).
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