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Minimisation of the second moment of the image intensity distribution*
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1. Introduction
Minimization of the second moment of the image in tensity  d istribution  produced by a 
point object leads to an improvement of the imaging quality (telescopes, microscope ob­
jec tiv es , m irrors). In order to minimize the second moment of the in tensity  distribution 
in  the image i t  is  necessary to define an apodizing pupil function which may be done 
basing on the variational method (1-3]. In th is paper an algorithm is  given to determine 
a generalized pupil function minimizing the second moment of the in tensity  distribution 
in  the image for a fixed value of energy transferred 'through the optical system with 
spherical aberration.

2. Theory
the complex amplitude Ulx^, yQ) in the image plane is  a Fourier transform 9  of the 
generalized pupil function T(x1, ) [4]»

Here, the pupil funotion is  a product of the pupil function U(x1, y1) and the phase 
factor

where Xq, yQ and x.j, y  ̂ -  the coordinates in  the image and pupil planes, respectively, 
s -  the distance of the ex it pupil from the image plane, k -  the wave number, $  -  the 
wave aberration, C -  the coefficient of the form

(1 )

(1a)

(2)

The pupil function is  assumed in the form

* This work was carried on under the Research Project M.R. 1.5.



Letters to the Editor 475

U(x,. y1)
W  yi> ^ th8 pupi1»

, 0 beyond the pupil(

which may be also written as follows

u(*v  y ^ V v  yi)*
where P0(x.j, Jr1) is  an aperture function·

After simple rearrangements we obtain from ( l )

O )

(4)

» VÂ

II dT(x1t yi)

9x.

3T(xlf y,)

a yi

▼ w

toi * JJ(*° * J,0)l#fa0· *oi "*0 d»c
-®  <5)

The righ t hand side of the equation (5 ) is  an expression determining the second moment 
of in tensity  in the image.

I f  we re s tr ic t  our attention to a point object positioned on the axis and to the sys­
tem with circu lar aperture of the radius &f then i t  is  convenient to- write the aper­
ture function (5) in the polar coordinates

OO

J M U }
9 r

rdr
oo

‘JW )i 2 . 3 ds. ( 6 )
0 0
After substituting (1) and (4) into (6) we obtain

00

1 I I i l l
9 r

rdr / m  · * ■ > [ * - ( - 1 * · · - « f  
2

L  ‘ 6 ( o ) * f  £  o h .
(7)p / aun(r)

♦ aUo<r W  *  ( V r) “ 7 ----\ o r

♦ h ̂  *ii(r)] „
Since a must take a f in ite  value, condition necessary for the pupil function re­

sulting  from (7 )  is

UQ( a ) » 0.

When assuming the passivity of the system we get 

|u 0( r ) | < 1·

(8 )

(9)

After applying the Parseval theorem to equation (1) the expression for energy pas­
sing through the aperture has the form 

1
E / l uo<r >i rdr (10)
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The spherical wave aberration is  v e il approximated by the polynomial 
4

* a

Finally , from (7) and (11) we obtain 
1

II 3r
♦ 4 a /  * 6 a /  * a y r T rd r,

(11)

(12)

«here

a2 “ a2 + 5&* V “ a4 ' “6 - “6*a , -  a: V * (12a)

Thus, the problem i s  reduced to  finding a function UQ(r)  satisfying the conditions (8) 
and (9) for the specified value S minimizing the moment a  *

From the variational calculus [5] i t  follows that the function

F “ 2[f a )  ♦ \  U g i r ) ^ ^  ♦ 4a4r 3 + 6agr 5 + 8agr7)2 -  \ ]  + M,(r) [1 -  UQ(r.)]

>>2( r ) 0 V r^}r»
(13)

(where \ , ^ ( r ) ,  f^ir)  are Ingrange factors)* sa tis f ie s  the Euler-Lagrange equation

0F(r,Uo( r ) ,  U*(r)) d 9 F (r, U0(r),U '(r)>  
" dr a „#/_Nau0(r) au'(r)

0* r  /  r_ ,

where Ug(r) * 0UQ( r ) / 3 r ,  except for the boundary point rQ, 
At the point rQ the boundary condition

(14)

lim
ro + o au, lim

■ rQ - 0
9F_
9U6

must be fu lfilled · The Lagrange factors must satisfy  the following relationst

\>o,
Mt( f ) <  0, ^ ( r ) [ l  -  U0(r) ]  = 0,

f»2(r ) < ° *  A*2i r ) t1 + U0( r ^  S °*

Let us consider the following casest

(15)

(16)

High energy losses In the system
When the to ta l energy passing through the system is  small, then /^ ( r )  = 0, ji2(r ) " 

* 0, as i t  follows from the condition (16), and the disturbance Ug(r) fu lf i ls  the fo l­
lowing d iffe ren tia l equation

r2UQ(r) + rU '(r) -[ (2 a 2r ♦ 4a4r 3 + 6agr5 + 8aQr7 )2 UQ( r )  » 0 . (17)
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The solution of th is equation is  given by the following pupil funotion 

V0<r) -  *#,(») * BU,(r)[ln r  * Z  ((* f e ) 4 r ' 2V)]  '

where

" l ( r )  * Z ( k2 v r  V)' k0 ■ 1>

and the expansion coefficients are of the form

(2V)2 ^ } ( b2i k2 ( v - i ) ) ’ 2V < 16*

(18)

(18a)

(18b)

2
^ 7  I K  W .  »  > ,6·

b2 -  -A. , b4 - 4a*. b6 -  16a2a4, bg -  24a2«6 * i6 a j, b)0 -  J Z a ^  -  4 8 . ^ ,  b ,2-  

* “ V b * 56*6· b)4 -  9 6 ^V  b ,6 -  64a|,

C2V ’ t  (k2jk2(v-i))·

The second solution of the equation (18) tends to oof when r--=»*0+, and thus the 
solution of the equation (17) within the interval 0 <  r  1 is  the pupil function 

oo
U0(r)  * A Z  (*2V r2V) . (19)

The constant A is  calculated from the energy conditions, and is  equal to

0£> OSa)

From the formula (19) i t  follows that UQ( r )  changes within the lim its

o - u0d)< u0(r)<u0(o) Eoo . c . ■ ( ^ ^  )^ 1 *

£ ( * ) ■  ~

(20)

thus the energy w ill be changed within th is  interval as follows
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I t  remains to  find the solution for the energy in terval

( 21)

( 2 2 )

Low energy losses in the system
Let us choose the following representation of the pupil function

a . 0 <  r <  r Q, where UQ( r )  » 1,
b. r Q< r  <· 1, where |UQ( r ) j< 1 .

In the in terval 0 <  r <  r Q, U '(r) ■ 0 and for the equation (16) we have

P2( 0  ■ 0,

^;(rU#(r))«  [ - X U ( r ) - ^ ( r )  + ^ 2(r)} r ,

^ ( r )  - -X .

At the point r  * the right hand side of the equation (15) is  equal to zero, i .e .

/ aFlim ------- * 0.
r —► r„ -  0 V 8U' /

From the equation Un(r) * 1 i t  follows

lim
- ro - °

U0(r) 1. (23)

In the interval r ^ ^  r  <1 the pupil f«motion fu lf i ls  the passivity condition 
IUq( r ) | <  1, and the Lagrange variables are equal to zero. The solution of the Euler- 
Lagrange equation gives then the following expression for the pupil function

f oo / -2V \"

j ' r *

where

V r> ■ Z  ( k2Vr2V)·
v*o

( 24)
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Now, the constants A, B, snd \  muet be determined· 
Prom the condition u(l) * 0 we obtain

oo oo oo
A X  < * :* > -B Z (k2 v ^ X

V=0 V a0 V*1

1
2V c2V

» 0.

From the condition

lim ^ » lim f r  U^fr)! * 0
r “*'r 0 ♦ 0 aUQ r —  rQ + 0 l  J

i t  follows

* B ^ - r )
V»0

B
v-o

! n r 0 +
CDI
V*1

(25)

(26)

By le ttin g  the determinant of the expressions (25) and (26) be equal to zero the value 
of X may be determined

det | | = 0—— X.

The condition

lim Un(r)  = 1
r  — rQ ♦ 0

gives

A B kai roV) - B X  (k2vrr)[-1“ ro * X  (zvB- roa')| ’ ’· (J7)
\*0 v-o L V»1 "  J

From the system of equations (25)» (26) and (27) the coefficients A and B in the 
equation (24) may be determined. They are equal respectively tox

J0*1 -  J.N1 0 V i  -  ?150

where is  the aberrational Neuman function of f i r s t  order equal to

co /  _-2v

(28)

(28a)
0° OO /  -2v \  00 / -2V-1\‘

* 5 - ^  l· 'o b  f e l l  ^  [ h  * £ f e ) j
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J 1 denotes the aberrational Bessel function;of f i r s t  order 
oo

v [ ( » v n  (2®)
V»1

Nq end JQ denote, respectively, the aberrational Neunaa function and aberrational 
Beasel function both of zero order, i .e ·  I

So ’ X ( k» ' o V)i r ln
v-o

00

3o ■ X  (*» roV)>
VO

rQ is  determined by the energy expression

B » J rdr ♦ J  Ug(r)rdr,

(28c)

(28d)

(29)

for Uq(t) given by the equation (24) with the coefficients ^determined by the equation 
(28). Thus we obtain

^  W mS m*
_ i j V i _ L V i
E 2 t ;

J0N1 “  J 1N0 
where the constants are given by

00
J ,  .

VO
and respectively

*» ■ X (2V v X  ( ^ * ^ ; ) ' * X  ( ^ I X 0^
vO V-1 N ZV/ L v=1 " ' J  v . 0

(30)

(30a)

(30b)

A generalized -analytical form of the pupil function haB been obtained for the optical 
system with spherical aberration. In the case of low energy transmitted by the system 
th is  function is  represented by the equation (19), while for the case of high energy 
passing through the Bystem i t  is  represented by a constant pupil function U(r) = 1 
within the interval 0·^ r ^  r^ , and by a function determined by the equation (24) with
the coefficients given by the equation (28) within the in terval r  ^  1.

8
Z 2Vb£V r  there remains

only bg ■ A and the equation (17) takes the form 

r2u"(r)+ rUjj(r) -  UQ(r)A  = 0. (31)
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Thus the following has been obtained»
i )  For small values of energy the expression (reported ea rlie r by Asakura) for an 

optimal pupil function minimising the seeond moment in the interval 0<^ r  1 has the 
form

“o (

oo to

I  ■ / ■ * !
(-1)
kl V

2k
AJ0( /~ -X r ) . (32)j

y «0 V»0
From the condition Uq( 1) * 0 the Legendre constant is  evaluated, while from the con· 
Idition for energy conservation the constant A is  estimated to be

a t  ·

Ihua, within the in terval 0 <  r  ^  1 the energy changes within the lim its

0 < E  < i  J^(P l) . (33)

i i )  For high energies, i . e . ,  for

(54)

the pupil function is  constant UQ( r )  * 1 within the in terval 0 ^ . r - ^ r 0·
For r Q<  r 1 the pupil function is  defined by the Bessel and Neuman functions of 

zero order

UQ( r )  * AJ0( / \ r )  -  BN0( / X r ) ,  (35)

while the coefficients A and B are expressed by the Bessel and Neuman functions of 
zero and f i r s t  orders*

N / Z T ^ )

J0( ^ ro ) » , ^ ra ) -  J, ( v T r 0) V / x  r0) ’

Jt( v C r 0)
B « ..... ' ' " I·—.— ...... ...  t

J0( v T ro)«1 ( ^ r0> -  J ^ ^ r Q) N0( Z \ r 0)

(35a)

(35b)

is estimated from the equations (25) and (26), which for th is  case give the condition 

J0(A ~)N 1( A ' r 0 ) -  ^ ( / ^ ^ N qC/AO* 0. (36)

Tq should be evaluated from the expression for energy
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«1 ro > - J1(vft~ro )» 1(vft’ )
2 J0( / T r 0)lt( / T p 0 ) - J / l / T  r0)N0( / \ r 0 ) *

(37)
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