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Quasi-plane electromagnetic wave of optical frequency*

Eugeniusz Pelzner.

Institute of Optoelectronics, Military Technical Academy, 00-908 Warszawa, Poland.

In this paper an initial value problem is formulated for electromagnetic field in a
homogeneous, isotropic, lossy medium for the case of one space variable. It is pos-
sible to look for the solution of the mentioned problem in the form of an asymptotic
series with respect to reciprocal large wave number. It turns out that the first asymp-
totic expression constitutes a quasi-plane electromagnetic wave. The introduced
concept finds its applications in the laser theory.

1. Introduction

An initial value problem is formulated for the electromagnetic field in a homo-
geneous, isotropic, lossy medium for the case of one space variable. The external
current and initial data are assumed in the following forms:

J(x,t) = J+(x, emx~w)+ J-(x, t)eik(xH\ (la)
VI(x, 1) = 0, (Ib)
B{x, 0) = BO(x)eikx, H(x, 0) = H O{x)eikx,

BO(X) —la —0, HO(x)Ix —O0, o)

(Ij. —denotes unit vector along »-axis), where the amplitudes are independent
of the wave number k, k = 2afA.
The sourceless (Ib) external current J includes that

J+-Ix=0,J-1x=0. (3)

In the following E, E, J, A denote perpendicular vectors to »-axis.

By assuming (Ib) Maxwell's equations are equivalent to the wave equation
for vector potential function A(x,t). The electric and magnetic fields are ex-
pressed by

dA 1 dA

- P> — —
B 4 71 3 Ixxdx . 4

* This paper has been presented at the European Optical Conference (EOC'83); May
30-June 4, 1983, in Rydzyna, Poland.
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The electromagnetic initial value problem can be formulated for wave equation
in the following form :

L[A] = -fiJ, (5a)
dA dA -

= -ixIxxHO{x)er, — = -E 0{x)e"™" 5b
dX =0 {x) o {x) (5b)

where L is the differential operation

_d2 1 d2 2a d
A dx2 v3 dt2 v dt’ A

and v denotes wave propagation velocity, v — (/ie)~m, a —permittivity, n —
permeability. The parameter a is defined by

a=-p?,V= (7)

a — conductivity, j —intrinsic impedance of free space.
This initial value problem may be solved by Eiemann-Green's function for
operation (6) (see [1]). In the paper [1] the following theorem was proved:
Theorem: Let J+(x,t), J~(x,t), EO(x), HO(X) be an analytic function in the
domaini> 0, —o0<x< oo. Then the solution A(x,t) of initial value problem
(5) may be expanded into the asymptotic series of wave number

At(x,t)  AHx-m  An 1)

A(X,t-,1c) ~eik(x V' A _
mn + e Z ilcn

n—-\

(8)

This asymptotic convergence is uniform in any bound domain of variables
X, t. The series may be differentiated term by term with respect to variables

(x,1).

2. Expansion in asymptotic series

Although there exists an exact solution of initial value problem (5) in the form
of an integral [1], it is too complex to be used. Assuming a large wave number,
i.e., a very short wave (optical frequencies) we may consider the solution in the
form of asymptotic series. According to Theorem we substitute the series (8)
into the wave equation and into the initial conditions (5). By comparing the
terms (ik)~n we obtain the following partial differential equations of first order
and initial values for coefficients of asymptotic series:

MzIAf\ = -~ J +,

At lko= Vi®)) (9)
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where
P = filxxH 009, W) = —E0fx), (10)
and differential operation
d | d
M + —--a-)zi --\-/“ai 4-a. (11)

For higher coefficients («=2,3,...) we obtain the following recursive
system of equation with the same differential operations :

NN .]= - j Liaj,

A+ | 1 JdAt 1 dA+ dA 12
T 2\dx v odt  dx v dt)i=0 (12

n=1,2,... .

The Cauchy's problems (9), (12) are of a common form

du 1 du .

_t —— + =

iV a T an —Ffix, t), (13)

ut=0 = u0(x).

This initial value problem is very simple to solve. The solution obtained by using
the characteristics [2] is of the following form:

u(x,t) = - j <M+ «,,(*Tvt)e~mt. 14
O L] 7

Obviously, the procedure of recursive equations (9), (12) requires the
assumption used in the formulation of Theorem.

3. Definition of quasi-plane wave

According to Theorem and to formulae (4) we obtain asymptotic series for electric
and magnetic fields

@ .4 @
E ~ JHxct) V En X'~ aJdkfx+ct) V. Y

Zij (ikn 1 Zj (ikn (15)
TTN ik(x-vi) f t BIJX't) {k(xtvt) v S-(x,t)

Zp Gkp T o WKy
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where the coefficients are of the forms
Ei = =Alal”™ . +tA#),n=0,1,..., (16a)

and in particular

Af = 0. (16b)
The first terms of asymptotic expansions (15) yield [3]:
E(x, t, k) = {a, t) + elk(xt)E~{x, t) + O(fc-J), )]

H(x, t; 19 = eikfe WA H+{x,t) + eikpcrd)H 6 (x, t) + 0(k-1).

We recall that the amplitudes EQ(x, t), HO(x, t) are independent of the wave
number h.

These first terms (17) of asymptotic expansion (15) constitute a quasi-plane
electromagnetic wave.

According to (16) and to equation (9) we obtain Cauchy's problems for
electric field of quasi-plane wave

dEt dEt a 1 (18a)
dx v dt
E o 1 £0 s HO dE~ 1 dEQ +a*E
t(x ) = — [EO(X) -rjlxx HO{X)] - T HoYE
_ (18b)
EOW? 0) = — [EO{X) + rjlxx H 0{x)].
Amplitudes of magnetic field of quasi-plane wave are:
Ht = vla_'xEt(x, t),HO = VIa;XEO(X, t). (19)

They express the dependence of Et(x, t) on Et(x, t) just the same as for the
plane wave.

Quasi-plane wave is a good approximation of exact solution of initial value
problem (5), (4) (see formula (17)) in the region of optical frequencies.

If, however, the initial values (2) or the amplitudes of external current
suffer a considerable change along one wavelength and within one wave period,
i.e., the variability of the above functions is compared with the phase variability

(@ =Fvt), the quasi-plane wave is not regular enough to be considered as an
electromagnetic wave. Then it is necessary to take account of higher terms
of asymptotic expansion (15). n

The introduced concept of a quasi-plane electromagnetic wave finds its

application in the laser theory [4].
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