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Equivalent grating configurations for concave 
holographic gratings

R. Güther

Central Institute of Optics and Spectroscopy of the Academy of Sciences of GDR, 
1199 Berlin-Adlershof, Rudower Chaussee 5, GDR.

W e assume the vanishing of some coefficients of the aberration expansion of the 
light-path function for concave holographic gratings. Then two kinds of equivalent 
grating configurations can be defined. First, different production configurations 
which -  for different wavelengths of use -  yield the same correction behaviour as regards 
the selected aberrations (configurations of the best correction). Second, for a given 
configuration of production for every wavelength there exists a position of the i l ­
luminating slit, where the imaging quality is optimum in relation to the selected 
aberrations (configurations of the best focussing). Including back-side production of 
gratings we demonstrate some theorems which relate the configurations of best focus­
sing to the configurations of best correction.

1. Introduction

Plane holographic gratings were first reported in paper [1]. Holographic con­
cave gratings were discussed in papers [2, 3] and by other authors. In paper 
[4] we find the technique of back-side production for plane blazed holograph­
ic gratings. The back-side production of concave gratings is included in the 
systematic classification of stigmatic points in [5]. The production conditions 
of such concave gratings are widely discussed in papers [6] and [7].

In the following a production with two point sources in front of the grating 
is called the front-side production. A production is called a back-side one if 
one light source is situated in front of the grating, while a second convergent 
spherical light wave penetrates the grating support from the rear towards 
the front, a focussing point being in front of the grating. As in [5] we assume 
that the convergent back-side wave is a pure spherical wave. The aberrations 
resulting from the penetration of the grating support can be corrected by 
appropriate optical elements. The analytical treatment of such a correction 
is possible with a method outlined in [8].

In the framework of pure spherical waves for the production of front-side 
and back-side gratings we deal here with two questions. First, we suppose 
a grating with a given production configuration. For every wavelength of 
the spectral range we look for such positions of the slit that the images of the 
slit show vanishing low-order aberrations. The resulting curves for the slit 2
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and its image are called curves of the best focussing. Second, a grating is given 
in a production configuration which is corrected in a special wavelength range. 
Then we look for a second grating of such a production configuration that 
another wavelength range is corrected, but positions of the slit and spectrum 
together with the image quality are the same as those of the first given grat­
ing. Since the second grating can do the work of the first grating in another 
wavelength range, this couple is called equivalent gratings. If the central wave­
length within the wavelength range varies, the production configuration of the 
equivalent grating changes too. This means that the point sources used for 
production follow the curves which we call equivalence curves of the productions 
configuration.

Then there are relations between the curves of the best focussing and the 
equivalence curves in the back-side and front-side cases.

2. Equivalent production configurations and curves 
of the best focussing

We start with the lowest-order coefficients of the light-path function

where A is the position of the slit, B -the image of the slit, C and D -  the positions 
of the point sources used for production, G -  the aberration coefficient yield­
ing the grating equation, D -  the aberration connected with defocussing (Z> = 0 
means meridional focussing), A -  the aberration responsible for astigmatism 
(Â = 0 means sagittal focussing), K l -  the meridional coma and iTâ-the astig­
matic coma. In Figure 1 we show the usual configuration explaining the posi-

A = AM+BM ------ (CM ADM) = const AGY AD?2 +AZ2 AK1T3
(1)

A

B

0  Fig. 1. Concave grating. Production by light sources 
C and 1> and use of the grating with a slit position 
A and its image B

tions A, B, C and D in relation to the grating. We treat inplane gratings. For 
the description of A we use the angle a and the radial distance lA. The exprès-
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sions for G, B, A, K1 and K2 can be taken from the well-known papers as, 
for example [2] or [3]:
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The lower signs are related to the back-side production with pure spherical 
waves. Consequently, D (lD, <5) designates the convergence point of the converg­
ing spherical Avave.

Now, avc treat the curves of the best focussing. For a given A there is a posi­
tion A of the slit Avhich is best imaged on B. Tf we change A then there are other 
positions A and B with the best imaging. Therefore A and B move along the 
curves of the best focussing when the parameter A is changed.

What does the best imaging mean? We can demand that in (2) to (6) 
G = D = A = K l =  K2 =  0. Then avc have the best imaging up to the third 
order. HoAAreATer, A and B are determined by the four parameters a, /?, l.t , lB, 
whereas there are five equations. We should demand that G — i) = 0. Now, 
we can choose: A — K l 0 for the best anastigmatic imaging, or K l -- K2 
=  0 (A ^  0 mostly) for the astigmatic imaging Avith a small line AAidth. There 

are cases in which the first possibility may be preferred (no astigmatism al­
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lowed, for instance by the shape of a detector) and cases, where the astig­
matism is not so critical as the line width (for example, in the usual mono­
chromators).

Here we consider the first possibility, i.e., 0 = f) — A = K1 = 0 or the 
system of equations:
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The left side of this system of equations is given by A0 and by the produc­
tion configuration parameters y, 8, lc and lD. If we change A, the nonlinear 
system of Eqs. (7) to (9) yields a(A), Ẑ (A), /3(A), iB(A), these are the curves of 
the best foctissing. Similar anastigmatic motions of this type are treated in 
£9, 10]. Schematically we formulate

a

lA best focussing

 ̂ equivalent gratings 
-fz?-

The lower arrow means that imaging configuration (a, lA, p, ln) is given and 
we look for the solutions y(A), ZC(A), <5(A), lD{A) of Eqs. (7) to (10) for different 
values of A. Then, points C and D vary on the equivalence curves. If we produce 
a grating by two point sources on these curves, we obtain a grating corrected 
for the corresponding A. This configuration is called K. Then we take another 
A' and produce the configuration K' with C' and D' on the equivalence curves. 
Then the left sides of (7) to (10) do not change and any possible combinations of 
a, Li> ft 1>b yield for K  and K' the same values of G, D, A and Kl.  This means

'r "
lc
8

L I n .

( 11 )
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that in both cases there are the same aberrations and, consequently, the same 
imaging behaviour up to El.

For a, lj, lB being given the method of reduction of (7) to (10) down 
to a single equation of the unknown y was demonstrated in [11].

Taking the function <5 = 8(y) from (7) we calculate lc(y) and lD(y) from (8) and 
(9). After putting the expressions d, lc and lD into Eq. (10) we obtain a single 
equation for y which can be solved by Fewton’s elimination method.

If we take into account only the aberrations up to E l we formulate: 
Result 1. For every grating there are curves of the best focussing.
Result 2. For every grating there are equivalent production configurations 

which show the same properties in another wavelength range.
From this follows
Result 3. The curves of the best focussing show equal shape for the equiv­

alent gratings.
Examples for Results 1 to 3 will be given in Chap. 4, after including the 

results of the next chapter.

3. Back-side production

The back-side production marked by the lower sign in (2)-(6) can also be 
formulated by the light-path function (1)

where C is the source of the diverging spherical wave and D -  the convergence 
point of the converging spherical wave. Equation (12) can be written in the 
form

A constant factor in front of the light-path function has no consequences 
for the geometrical-optical imaging. Therefore, C and D in (13) can take the 
function of A and B, but then with the factor A0/A; instead of M/l0. We obtain: 

Result 4. We assume a set of equivalent gratings in relation to the con­
figuration of use A and B. The curves of the best focussing for all these grat­
ings are then identical with the equivalent curves of the grating production. 
The scale of wavelengths has to be changed.

The same argument can be used for the set of Eqs. (7) to (10), but the for­
mulation with the full light-path function (13) is more general.

Another equivalence can be formulated by asking whether a back-side 
grating is equivalent to a front-side one. Then the four expressions in the

A = AM +BM ------(CM+DM)
¿0r‘0

( 12 )

(AM-f. (13)
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braces at the right side of Eqs. (7)-(10) for the front-side configuration (up­
per signs) yfronfc, iCfront, ¿from* lDfront should be equal to those with the back­
side configuration (lower signs) yback, ZCback, <5back, Z/;back.

Assuming the front-side configuration we can calculate the equivalent 
back-side configuration and vice versa :

Result 5. Provided that there is the solution of the nonlinear system of 
equations, for a front-side grating there exists an equivalent back-side grating.

Since the production of configurations C and D of the set of equivalent 
back-side gratings is on the curves of the best focussing of these gratings 
we obtain:

Result 6. The curves of the best focussing for front-side gratings are iden­
tical with the equivalent curves of production configurations of the set of the 
equivalent back-side gratings.

4. Examples

We begin with a configuration of a giating: a - 41.424°, lA =20 cm, 
/3  ̂7.424°, ln = 20 cm. We selected = 458 nm and R = 20 cm as the ad­
ditional parameters.

For both front-side and back-side productions we can use the elimination 
procedure described in Chap. 2 for obtaining the production configurations 
7, lc , Ô, lD by demanding A = Î) = K l = 0 for any central correction wave­
length ĉentrc of correction· The configurations are shown in Table.

Equivalent front-side and back-side productions for a given configuration of use and for 
different centres of correction

■̂centre of corr.[nin]

Configurât ion for

Front-side productio n Back-side production

V [deg1 lc [cm] <5 [deg] ln  [cm] 7 [deg] lc [°m] <5 [deg] Id [cm]

300 60.696 18.506 -19 .592 17.564
400 46.751 19.183 -10 .203 19.128
500 40.320 19.829 -4 .4 3 7 19.873 39.821 20.045 4.820 19.929
600 36.299 20.197 -0 .6 6 9 20.266 36.304 20.218 0.665 19.724
700 33.513 20.424 1.988 20.498 33.333 20.383 -1 .8 3 8 19.552
800 31.461 20.574 3.966 20.646 30.854 20.512 -3 .4 4 5 19.424

1000 28.631 20.752 6.716 20.817 27.004 20.081 -5 .2 7 0 19.266

In the back-side case the computer did not find an approximate solution for 
ĉentra of correction = 300 nm and 400 nm. We were also successful to find out 

back-side solutions for other a, lA, /?, lB configurations in the range between 
200 nm and 400 nm. Tho principles can be demonstrated by the values given 
in Table. All gratings in Table show the same astigmatism, defocussing and 
meridional coma. The values in this table demonstrate the Eesults 2 and 5.
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We use these gratings as polychromators. This means that we fix the slit 
and look for meridional and sagittal focussing curves. Then we obtain Fig. 2. 
Each dot denotes a wavelength. If we choose the 500 mn grating, these points 
mark 19 equidistant wavelengths beginning with X = 350 nm and ending 
with X = 800 nm. From point to point there is a distance of 25 nm. The cor-

A

Pig. 2. The use of the equivalent gratings 
from Table as polychromators. The wave­
lengths apply to the 500-nin grating

rection point with 500 nm is the lower intersection of both curves. If the cor­
rection point corresponds to the yvavelength of 400 nm, the wavelength interval 
begins with 280 nm and ends with 640 nm. Then the wavelength distance from 
point to point is 20 nm. In general, we assume two configurations with the 
correction wavelengths Xx and' X2. The grating equations

sin a + sin p —  (smyj +  sinói) 
Ao

1;X2
-- -(siny2 + sin<52) (14)

can be differentiated

kdX1 MX,
apeosp =  —-— (sinjq +  sindj) = ----- - (siny2 +  siny2)

X-o

From Eqs (14) and (15) we obtain by division

dX̂ dX2

(15)

(16)

T his equation gives the result dX, = 20 nm, for example Xx = 500 nm, 
X2 = 400 nm and dXx — 25 nm.

If we use the gratings from Table in a monochromator mounting them 
with a pure rotation around the centre of the grating we obtain the meridional 
and sagittal focussing distances and the IQ-values given in Fig. 3. The wave­
length scale is valid for the 500 nm gratings. For other central wavelengths 
the 1-scale must be changed by Eq. (16).
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Fig. 3. The use of the equivalent 
gratings from Table as monochro­
mators with a rotation mounting

The imaging quality is demonstrated by the ray tracings given in the Pigs. 
4-7. The aperture ratio is 1: 3. In the monochromator case lA and lB are constant
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Fig. 4. Spot diagrams for the 
equivalent front-side gratings 
from Table used as poly- 
chromators

values. In the polychromator case we take the meridional focussing distance 
lB for the distance between the plane of the spot diagram and the centre of 
the grating.

For the configurations given in Table we show:
— rays tracing for the set of front-side polychromators -  in Fig. 4,
— rays tracing for the set of front-side monochromators -  in Fig. 5,
— rays tracing for the set of back-side polychromators -  in Fig. 6,
— rays tracing for the set of back-side monochromators -  in Fig. 7.
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The best correction occurs in a range near to the central wavelength. If 
the quality of correction decreases with the distance from the central wave­
length, a new equivalent grating can be taken for a new central wavelength. 
The remaining aberrations show the form of the astigmatic coma, since this 
aberration has not been taken into account.

Ac-i>00 nm > £ k f

280 nm 320 nm 360 nm 1*00 nm 1*1*0 nm

At- 500 nm V.
P

4
I 1 1

1 mm

•2
%

350 nm 1*00 nm t50 nm 500 nm 550 nm

Ac-700 nm i ( i < 1
1.90 560 nm 630 nm 700 nm 770 nm

Ac-1000nm
i ( i

% -lié

700 nm 800 nm 900 nm 100 nm 1100 nm

At-500 nm ?
1

Fig. 5. Spot diagrams for the equivalent 
front-side gratings used as monochromators
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·': ■*· Fig. 6. Spot diagrams for the
equivalent back-side gratings 
from Table used as poly- 

1200 nm 1300 nm chromators
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Now we show some examples connected with the curves of the best focus­
sing. We begin with the back-side gratings from Table. The curves of equiv-

Ac*500 nm
>

1
1 l

1mm
19

350 nm <♦00 nm A50nm 500 nm 550 nm

Ac~700 nm t { { i I

A90nm 560 nm 630 nm 700 nm 770 nm

Ac-1000nm {
/

f i
% i

700 nm 800 nm 900 nm 1000 nm 1100 nm
Fig. 7. Spot diagrams for the equivalent 
back-side gratings used as monochromators

aient production configurations for C and D are plotted in Fig. 8. Each point 
of the curves is marked by the wavelength of the centre of correction. We 
verify the Result 4 by writing in parentheses the wavelengths of the best

500 nm 
600 nm'

A {1500 nm).li800 nm))} 
(A58 nm). 11732.8 nm» 

I38l.7nm), 1(610.7 nm))

800nmN'i286'3nm)'l,‘,58nm))
\l229nm),l(366AnmJ1000 nm 

C

0
500 nm »(i*58nm),(732 8 nm))

- 600nm/,3817nmlJl6la7nml)
800 nm /(286.3 nm).|A58 nm))
1000 nm ‘ 1229 nm).(l 366A nm))

B {(500 nm),l(800 nmj}

Fig. 8. Production configurations for the equivalent back-side gratings from Table (wave­
lengths without parentheses). These curves are also the ones of the best focussing for all 
front-side and back-side gratings (wavelengths in parentheses: 500-nm configurations, 
wavelengths in double parentheses: 800-nm configurations)

~l

A
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focussing if the curves to be the supports of A and B are interpreted, and if 
the underlying configuration is the 500 nm back-side grating from Table. 
The wavelengths in parentheses are calculated by

/ l b e s t fo c u s .

Ao500 nm
ĉentre of corr.

(17)

We can prove this formula by the following argument. The system of Eqs. 
(7)-(10) is written in a shortened form, for k — 1 and back-side production

AM+BM = A  (CM+D1I). (18)

Equations (7)-(10) represent the first four expansion terms of (18) for the 
back-side case. Let 1, be the central correction wavelength of the investigated 
grating. In our example 1, = 500 nm. Then

hA JI+ B JI  = -A. (Cjilf-f-Djill"),
*0

(19)

with {A1, Bt) as the corresponding configuration of use with best focussing 
and ((?!, Dj) as a configuration of production. Then we look for the wave­
length ¿bestfocus. °f a second configuration (Ao, B2) on the curves of the best 
focussing of grating (Glf DJ

A2M+B2M ab c s t focus. (Cj^M - f - D j i l f ) . ( 20 )

From Result 4 we know that, like (Ax, Bf) and (Clt Dx), {A2, B2) is also located 
on the curves of the best focussing. Therefore, we find on these curves a pro­
duction configuration (C2, D,) equivalent to (Cŷ yDf), with C2 = A2 and D2 
= B2. We look for lb08t f0Clia. of (A2, B2) expressed by the wavelength Acentrc of com. 
of (C2,D 2). From Eqs. (19) and (20) and from the last remark, we obtain

(AiM+BJi) (A2M IB2M) beat focua. (C2M+D2M).
ab cs t focus.

(21

This means: (C2, D2) is equivalent to (Cl} Dx) as regards the wavelength 
'̂centre of corr. = 1̂ ̂ oMbest focus. · This results in Eq. (17).

Figure 8 is an example for Results 1, 2, 3, 4 and 6:
Result 1 -  For the back-side grating the wavelengths in parentheses denote 

the positions of the best focussing (500-nm case).

0
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Result 2. Equivalent grating production configurations are given by the 
wavelengths without parentheses.

Fig. 9. Equivalent production configurations for back-side and front-side gratings from
Tabic

front-side : :
‘ ·**.·* k

.. ■· *. . .* *.
7

y-

1*58 nm 381.67 nm 286.25 nm 229 nm

* / · .

bock-side ■ ·
• · / * 1'·

.· '*  ' 7%· Fig. 10. Spot diagram of
# . · . the curves of the best

' ‘ . 1mm focussing for a front-side
grating and an equivalent

1*58 nm 381.61 nm 286.25 nm 229 nm back-side grating



Equivalent grating configurations for concave holographic gratings 441

Result 3. The wavelengths of the curves of the best focussing are given 
in double parentheses for the back-side 800 nm case from Table.

Result 4. The curves of equivalent production configurations and the 
curves of the best focussing are the same for back-side gratings.

Result 6. The curves of the best focussing are identical for the set of front­
side gratings and for the equivalent set of back-side gratings given in Table. 
The wavelengths in parentheses are related to both types.

We emphasize that for back-side and front-side gratings the curves of 
equivalent production configurations do not coincide. In Figure 9 we give 
a comparison of both kinds of curves. The positions G and D were taken from 
Table.

In Figure 10 we compare the spot diagrams of a ray-tracing procedure 
for a front-side grating and an equivalent back-side grating. The underlying 
gratings are the 500-nm gratings from Table. We see that the differences are 
small due to the neglected aberrations.

5. Discussion

The calculation of equivalent grating configurations is useful for finding grat­
ings which work in different spectral ranges of the same properties. The methods 
developed above enlarge the well-known possibilities of wavelength change 
by using higher order diffraction [2].

The configurations of the best focussing show how to use a grating in an 
optimum way [12]. They are represented by a monochromator with compli­
cated slit and exit slit motions. Their usage for testing was suggested [13].

We pointed out close relations between the curves of the best focussing and 
the equivalent curves of grating production.

Other definitions of equivalence are possible when generalizing the change 
of the spherical wavefront (given by the motion of A) by a change of the wave­
front parameters in the second and higher orders [8].
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Эквивалентные конфигурации решеток для вогнутых голшрафических решеток

Предположено исчезновение некоторых коэффициентов разложения функции геометрических 
аберраций для вогнутых голографических решеток. Можно определить две эквивалентные кон­
фигурации образуемых систем, которые для разной полезной длины волн дают тот же тип коррек­
ции с точки зрения выбранных аберраций (конфигурации самых хороших поправок). С другой 
стороны, при данной образованной конфигурации существует одно положение трещины для каж­
дой длины волны, для которого качество изображения оптимально по отношению к выбранной 
аберрации (конфигурация самого хорошего сжатия). Приведены некоторые теоремы, которые 
относят конфигурации самого хорошего сжатия к конфигурациям самых хороших поправок, также 
для случая back-side production.


