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Equivalent grating configurations for concave
holographic gratings
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We assume the vanishing of some coefficients of the aberration expansion of the
light-path function for concave holographic gratings. Then two kinds of equivalent
grating configurations can be defined. First, different production configurations
which - for different wavelengths of use - yield the same correction behaviour as regards
the selected aberrations (configurations of the best correction). Second, for a given
configuration of production for every wavelength there exists a position of the il-
luminating slit, where the imaging quality is optimum in relation to the selected
aberrations (configurations of the best focussing). Including back-side production of
gratings we demonstrate some theorems which relate the configurations of best focus-
sing to the configurations of best correction.

1. Introduction

Plane holographic gratings were first reported in paper [1]. Holographic con-
cave gratings were discussed in papers [2, 3] and by other authors. In paper
[4] we find the technique of back-side production for plane blazed holograph-
ic gratings. The back-side production of concave gratings is included in the
systematic classification of stigmatic points in [5]. The production conditions
of such concave gratings are widely discussed in papers [6] and [7].

In the following a production with two point sources in front of the grating
Is called the front-side production. A production is called a back-side one if
one light source is situated in front of the grating, while a second convergent
spherical light wave penetrates the grating support from the rear towards
the front, a focussing point being in front of the grating. As in [5] we assume
that the convergent back-side wave is a pure spherical wave. The aberrations
resulting from the penetration of the grating support can be corrected by
appropriate optical elements. The analytical treatment of such a correction
is possible with a method outlined in [8].

In the framework of pure spherical waves for the production of front-side
and back-side gratings we deal here with two questions. First, we suppose
a grating with a given production configuration. For every wavelength of
the spectral range we look for such positions of the slit that the images of the
slit show vanishing low-order aberrations. The resulting curves for the slit2
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and its image are called curves of the best focussing. Second, a grating is given
In a production configuration which is corrected in a special wavelength range.
Then we look for a second grating of such a production configuration that
another wavelength range is corrected, but positions of the slit and spectrum
together with the image quality are the same as those of the first given grat-
ing. Since the second grating can do the work of the first grating in another
wavelength range, this couple is called equivalent gratings. If the central wave-
length within the wavelength range varies, the production configuration of the
equivalent grating changes too. This means that the point sources used for
production follow the curves which we call equivalence curves of the productions
configuration.

Then there are relations between the curves of the best focussing and the
equivalence curves in the back-side and front-side cases.

2. Equivalent production configurations and curves
of the best focussing

Wk start with the lowest-order coefficients of the light-path function

A=AM+BM------ (CMADM) = const AGY AD?2+AZ2AK1T3
D

where A is the position of the slit, B -the image of the slit, Cand D - the positions
of the point sources used for production, G- the aberration coefficient yield-
ing the grating equation, D - the aberration connected with defocussing (2= 0
means meridional focussing), A - the aberration responsible for astigmatism
(A = 0 means sagittal focussing), K| - the meridional coma and iT4-the astig-
matic coma. In Figure 1 we show the usual configuration explaining the posi-

A

o Fig. 1. Concave grating. Production by light sources
C and 1>and use of the grating with a slit position
B A and its image B

tions A, B, C and D in relation to the grating. e treat inplane gratings. For
the description of A we use the angle a and the radial distance IA. The expreés-
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sions for G, B, A, K1 and K2 can be taken from the well-known papers as,
for example [2] or [3]:
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The lower signs are related to the back-side production with pure spherical
waves. Consequently, D (ID, € designates the convergence point of the converg-
ing spherical Aae.

Now, ac treat the curves of the best focussing. For a given Athere is a posi-
tion A of the slit Ahich is best imaged on B. Tf we change Athen there are other
positions A and B with the best imaging. Therefore A and B move along the
curves of the best focussing when the parameter Ais changed.

What does the best imaging mean? We can demand that in (2) to (6)
G=D=A=KI = K2 =0. Then ac have the best imaging up to the third
order. HAAeAEr, A and B are determined by the four parameters a /2, Lt, IB,
whereas there are five equations. WWe should demand that G —i) = 0. Now,
we can choose: A —KI1 0 for the best anastigmatic imaging, or K| -- K2
= 0 (A ~ 0 mostly) for the astigmatic imaging Avith a small line AAidth. There
are cases in which the first possibility may be preferred (no astigmatism al-
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loned, for instance by the shape of a detector) and cases, where the astig-
matism is not so critical as the line width (for example, in the usual mono-
chromators).

Here we consider the first possibility, i.e, 0 = f) —A = K1 = 0 or the
system of equations:
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The left side of this system of equations is given by Aand by the produc-
tion configuration parameters y, 8 Ic and ID. If we change A the nonlinear
system of Eqgs. (7) to (9) yields aA), ZYA, /A, iBA), these are the curves of
the best foctissing. Similar anastigmatic motions of this type are treated in
£9, 10]. Schematically we formulate

a r'
A best focussing Ic

N equivalent gratings 8
f2?- Lin.

The lower arrow means that imaging configuration (a, 1A, p, In) is given and
we look for the solutions Y(A), A, KA, IDIA of Egs. (7) to (10) for different
values of A Then, points Cand D vary on the equivalence curves. If we produce
a grating by two point sources on these curves, we obtain a grating corrected
for the corresponding A This configuration is called K. Then we take another
A and produce the configuration K* with C' and D' on the equivalence curves.
Then the left sides of (7) to (10) do not change and any possible combinations of
a, LI>ft » yield for K and K' the same values of G, D, A and KI. This means

(11
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that in both cases there are the same aberrations and, consequently, the same
imaging behaviour up to EI.

For a 1j, IBbeing given the method of reduction of (7) to (10) down
to a single equation of the unknown y was demonstrated in [11].

Taking the function $= 8(y) from (7) we calculate Ic(y) and ID(y) from (8) and
(9). After putting the expressions d, Ic and IDinto Eqg. (10) we obtain a single
equation for y which can be solved by Fewton’s elimination method.

If we take into account only the aberrations up to EI we formulate:

Result 1. For every grating there are curves of the best focussing.

Result 2. For every grating there are equivalent production configurations
which show the same properties in another wavelength range.

From this follows

Result 3. The curves of the best focussing show equal shape for the equiv-
alent gratings.

Examples for Results 1 to 3 will be given in Chap. 4, after including the
results of the next chapter.

3. Back-side production

The back-side production marked by the lower sign in (2)-(6) can also be
formulated by the light-path function (1)

A =AM +BM----d-d(CM+DM) (12)

where C s the source of the diverging spherical wave and D - the convergence
point of the converging spherical wave. Equation (12) can be written in the
form

(AM-. (13)

A constant factor in front of the light-path function has no consequences
for the geometrical-optical imaging. Therefore, C and D in (13) can take the
function of A and B, but then with the factor AVAinstead of M/I0. e obtain:

Result 4. We assume a set of equivalent gratings in relation to the con-
figuration of use A and B. The curves of the best focussing for all these grat-
ings are then identical with the equivalent curves of the grating production.
The scale of wavelengths has to be changed.

The same argument can be used for the set of Egs. (7) to (10), but the for-
mulation with the full light-path function (13) is more general.

Another equivalence can be formulated by asking whether a back-side
grating is equivalent to a front-side one. Then the four expressions in the
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braces at the right side of Egs. (7)-(10) for the front-side configuration (up-
per signs) yfiafg iChat, ravt IDrat should be equal to those with the back-
side configuration (lower signs) ybadk Zhedk <Gedk Zback

Assuming the front-side configuration we can calculate the equivalent
back-side configuration and vice versa:

Result 5. Provided that there is the solution of the nonlinear system of
equations, for a front-side grating there exists an equivalent back-side grating.

Since the production of configurations C and D of the set of equivalent
back-side gratings is on the curves of the best focussing of these gratings
we obtain:

Result 6. The curves of the best focussing for front-side gratings are iden-
tical with the equivalent curves of production configurations of the set of the
equivalent back-side gratings.

4. Examples

We begin with a configuration of a giating: a - 41.424°, 1A=20cm,
B N7.424° In = 20cm We selected = 458nmand R = 20cm as the ad-
ditional parameters.

For both front-side and back-side productions we can use the elimination
procedure described in Chap. 2 for obtaining the production configurations
7, Ic, Q IDby demanding A = 1) = KI = 0 for any central correction wave-
length “@ticd aredian The configurations are shown in Table.

Equivalent front-side and back-side productions for a given configuration of use and for
different centres of correction

Configuration for
~mcentre of corr.[nin] Front-side production Back-side production

Videgl lc[cm] <$[deg] In[cm] - [deg] lc[°m] S[deg] ld[cm]

300 60.696 18.506 -19.592 17.564

400 46.751 19.183 -10.203 19.128

500 40.320 19.829 -4.437 19.873 39.821 20.045 4.820 19.929

600 36.299 20.197 -0.669 20.266 36.304 20.218 0.665 19.724

700 33.513 20.424 1.988 20.498 33.333 20.383 -1.838 19.552

800 31.461 20.574 3.966 20.646 30.854 20.512 -3.445 19.424
1000 28.631 20.752 6.716 20.817 27.004 20.081 -5.270 19.266

In the back-side case the computer did not find an approximate solution for
“atrad aredian = 300 nm and 400 nm. WWe were also successful to find out
back-side solutions for other a, 1A, /2 IB configurations in the range between
200 nm and 400 nm. Tho principles can be demonstrated by the values given
in Table. All gratings in Table show the same astigmatism, defocussing and
meridional coma. The values in this table demonstrate the Eesults 2 and 5.
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We use these gratings as polychromators. This means that we fix the slit
and look for meridional and sagittal focussing curves. Then we obtain Fig. 2.
Each dot denotes a wavelength. If we choose the 500 mn grating, these points
mark 19 equidistant wavelengths beginning with X= 350nm and ending
with X = 800 nm From point to point there is a distance of 25 nm. The cor-

A

Pig. 2. The use of the equivalent gratings
from Table as polychromators. The wave-
lengths apply to the 500-nin grating

rection point with 500 nm is the lower intersection of both curves. If the cor-
rection point corresponds to the yvavelength of 400 nm, the wavelength interval
begins with 280 nm and ends with 640 nm. Then the wavelength distance from
point to point is 20nm. In general, we assume two configurations with the
correction wavelengths X and' X2 The grating equations

sina+sinp % (smyj + sinéi) £><-2(siny2+ Sin<B?) (14
can be differentiated
apeosp = %(sinjq+ sindj) = MX,_ (siny2+ siny?2) (15

From Egs (14) and (15 we obtain by division
e dR (16)

This equation gives the result dX = 20nm, for example Xx = 500 nm,
X2 = 400 nm and dXx —25 nm.

If we use the gratings from Table in a monochromator mounting them
with a pure rotation around the centre of the grating we obtain the meridional
and sagittal focussing distances and the 1Q-values given in Fig. 3. The wave-
length scale is valid for the 500 nm gratings. For other central wavelengths
the 1-scale must be changed by Eq. (16).
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Fig. 3. The use of the equivalent
gratings from Table as monochro-
mators with a rotation mounting

The imaging quality is demonstrated by the ray tracings given in the Pigs.
4-7. The aperture ratio is 1: 3. In the monochromator case I1Aand IBare constant

A -500 nm . ; r c
/l* &

1imm

350nm  QOnNm  ;50nm 500 nm 550 nm  600nm 650 nm

\-700nm ' : 4

JOnm  S60nm 630 nm  700nm 770 nm  SitOnm 910 nm

\-1000 nm ...
Fig. 4. Spot diagrams for the
equivalent front-side gratings

from Table wused as poly-
700nm 800nm 900nm 1000nm 1100nm 1200 nm 3°°o@ chromators

vV

values. In the polychromator case we take the meridional focussing distance
IB for the distance between the plane of the spot diagram and the centre of
the grating.
For the configurations given in Table we show:
—rays tracingfor the set of front-side polychromators - in Fig. 4,
—rays tracingfor the set of front-side monochromators - in Fig. 5,
—rays tracingfor the set of back-side polychromators - in Fig. 6,
—rays tracingfor the set of back-side monochromators - in Fig. 7.
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The best correction occurs in a range near to the central wavelength. If
the quality of correction decreases with the distance from the central wave-
length, a new equivalent grating can be taken for a new central wavelength.
The remaining aberrations show the form of the astigmatic coma, since this
aberration has not been taken into account.

Aisoomrm > £« f

280mim  320mm 360nm 100 nm IT0nm

V a4 2
- 1
A-500rmm | 1 %
350mMm  PPOmm t50mim 500mm 550 mm
AC700 MM ( i < 1
190 560mim 630nm 700nm 770nm
AG1000nm ( , % e
| I
Fig. 5. Spot diagrams for the equivalent
700mMm  800nm 900rm 100nm 110mm front-side gratings used as monochromators
D .
A-500 nm T ]

1mm

3B0OmMm 00 nNm P*Hnm 500nm 550 m 600 nm 650 nm

A-700 nm M

t90nm 560nm 630 nm 700nm 770nm 8t0 nm 910 nm

> \
AJ000m K ? b
1 ; tJ A \I ! w Fig. 6. Spot diagrams for the

equivalent back-side gratings
from Table used as poly-

%I’T’ﬂ 80Mm  0rm 100 10D 1200nm 1300nm chromators
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Now we show some examples connected with the curves of the best focus-
sing. Ve begin with the back-side gratings from Table. The curves of equiv-

AC500 nm ! [ é
> 1

Imm
350$m <0nm AS0nm 500nm 550nm

Ac0rm t { { |

AONm 560 nm 630nm 700nm 770 nm

Ac1000nm { f | |

Fig. 7. Spot diagrams for the equivalent

700 nm 800 nm 900 nm 1000 nm 110mm  back-side gratings used as monochromators

alent production configurations for C and D are plotted in Fig. 8. Each point
of the curves is marked by the wavelength of the centre of correction. e
verify the Result 4 by writing in parentheses the wavelengths of the best

A {som).lieom)}
50N (ﬂ.aagp . 17280

L7m), 607m))

800nmNi 286'3nm)'l,*,58nm)
mMZZQnm), 1(366AnMJ

C

0
s0nm x(Isnm),@@2sm))
- econn/ , BUmJI6lazl)
&mm/ zassn(?gﬁfsnn;
B {&om),l@omij}
Fig. 8. Production configurations for the equivalent back-side gratings from Table (wave-
lengths without parentheses). These curves are also the ones of the best focussing for all

front-side and back-side gratings (wavelengths in parentheses: 500-nm configurations,
wavelengths in double parentheses: 800-nm configurations)
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focussing if the curves to be the supports of A and B are interpreted, and if
the underlying configuration is the 500 nm back-side grating from Table.
The wavelengths in parentheses are calculated by

ABP00 Nm

/lbest focus. A I dm (17)
We can prove this formula by the following argument. The system of Eqgs.
(7)-(20) is written in a shortened form, for k —1 and back-side production

AM+BM =A (CM+DLl). (18)

Equations (7)-(10) represent the first four expansion terms of (18) for the
back-side case. Let 1, be the central correction wavelength of the investigated
grating. In our example 1, = 500 nm. Then

AJI+BJI = */3 (Gilf-f-Djill™), (19)

with {Al, Bt) as the corresponding configuration of use with best focussing
and ((?, Dj) as a configuration of production. Then we look for the wave-
length ¢oestfons. °f a second configuration (Ao, B2 on the curves of the best
focussing of grating (GIf DJ

AM+BM abest focus. (q/\lvl-f—Djilf). (20)

From Result 4 we know that, like (Ax Bf) and (Clt DX, {A2, B2 is also located
on the curves of the best focussing. Therefore, we find on these curves a pro-
duction configuration (C2 D,) equivalent to (C/YDf), with C2= A2 and D2
= B2 W look for | 8 f0dia of (A2, B2 expressed by the wavelength Aatrcdam
of (C2D2. From Egs. (19) and (20) and from the last remark, we obtain

(AIM+BJi) (A2M 1BM) beat focua. (Co\] +D 2M).

abcst focus. 0
(21

This means: (C2, D2 is equivalent to (CI} DX as regards the wavelength
Matedar. = MoMestfas - This results in Eq. (17).

Figure 8 is an example for Results 1, 2, 3,4 and 6:

Result 1 - For the back-side grating the wavelengths in parentheses denote
the positions of the best focussing (500-nm case).
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Result 2. Equivalent grating production configurations are given by the
wavelengths without parentheses.

Fig. 9. Equivalent production configurations for back-side and front-side gratings from

Tabic

front-side :

158 mm

bock-side 1

1*58nm

3B8L67 nm

o) *

38L61 nm

286.25mMm

™o

286.25nm

229 im

229 nm

Fig. 10. Spot diagram of
the curves of the best
focussing for a front-side
grating and an equivalent
back-side grating
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Result 3. The wavelengths of the curves of the best focussing are given
in double parentheses for the back-side 800 nm case from Table.

Result 4. The curves of equivalent production configurations and the
curves of the best focussing are the same for back-side gratings.

Result 6. The curves of the best focussing are identical for the set of front-
side gratings and for the equivalent set of back-side gratings given in Table.
The wavelengths in parentheses are related to both types.

We emphasize that for back-side and front-side gratings the curves of
equivalent production configurations do not coincide. In Figure 9 we give
a gglnparison of both kinds of curves. The positions Gand D were taken from
Table.

In Figure 10 we compare the spot diagrams of a ray-tracing procedure
for a front-side grating and an equivalent back-side grating. The underlying
gratings are the 500-nm gratings from Table. We see that the differences are
small due to the neglected aberrations.

5. Discussion

The calculation of equivalent grating configurations is useful for finding grat-
ings whichwork in different spectral ranges of the same properties. The methods
developed above enlarge the well-known possibilities of wavelength change
by using higher order diffraction [2].

The configurations of the best focussing show how to use a grating in an
optimum way [12]. They are represented by a monochromator with compli-
cated slit and exit slit motions. Their usage for testing was suggested [13].

We pointed out close relations between the curves of the best focussing and
the equivalent curves of grating production.

Other definitions of equivalence are possible when generalizing the change
of the spherical wavefront (given by the motion of A) by a change of the wave-
front parameters in the second and higher orders [8].
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OKBUBAIEHTHbIE KOHq)I/IpraLI.I/II/I PELETOK AnA BOIMHYTbIX FOI'ILLIpaCbI/I'-IECKI/IX PeLeToK

MpenonoXXeHo WNCYE3HOBEHME HEKOTOPbIX KOI(PPULMEHTOB PA3NIOKEHNA QYHKLUUM FEeOMETPUYECKIMX
abeppauuii gns BOrHYTbIX rosiorpadyeckmnx peLleToK. MOXKHO onpefesinTb ABe 3KBUBA/IEHTHbIE KOH-
urypaumm o6pasyembix CUCTEM, KOTOPbIE A/ Pa3HOI MOMEe3HOM A/IMHBI BOMIH AAl0T TOT YKe TUM KOPPeK-
UMM C TOYKM 3pEHUS BbIOPaHHbIX abeppaumii (KOHpUrypaumm cambixX XOpoLMX nomnpaBok). C apyrown
CTOPOHbI, MNPU AaHHOW 06pa30BaHHOM KOH(MIypaLumn CyLLLECTBYET 04HO MOSIOKEHWE TPELMHbI ANS KadK-
[0 ANVHBI BOMHbI, A1 KOTOPOr0 KayecTBO M300pakKeHWs1 OMTUMasIbHO MO OTHOLLIEHWIO K BbIGpaHHOM
abeppaunn  (KoHUrypaums camoro Xopowlero okartus). [MpuvBeaeHbl HEKOTOpble TeopeMbl, KOTopble
OTHOCSIT KOH(pMIrypaumm caMoro XOpoLLEro OKaTusi K KOH(UIypaumsiMm cambiX XOPOLLMX MOMPaBOK, Takke
ans cnydas back-side production.



