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In the paper the analysis of optical properties in multimode electrooptic waveguide
was carried out for the case when some voltage is applied to the electrodes located in
opposite sides of a plane parallel plate of the crystal LiINb03 (LiTa03) of c-cut. The
analysis was performed by the method of effective index of refraction which allowed
us to split the problem into two parts, i.e., the propagation in two types of waveguides:
(i) uniform planar waveguide with metal coating, and (ii) nonuniform planar waveguide.
Due to the existing anisotropy the modes of Ex- and Ez-type propagating in the wave-
guide depend upon the changes of ordinary (n0) and extraordinary (ne) refractive
indices, respectively. It has been shown that several hundreds of modes of Ex- and
.E~-types may propagate in the waveguide, depending on the conditions of preparation.

1. Introduction

The electrooptic multimode waveguides are one of the light controlling system
being actually developed in lightguide technique. These waveguides result from
interaction of electric field with the lithium niobate (lithium tantalate) the
geometry of which is shown in Fig. la. The waveguide parameters described
in work [1] are presented in the Table. The distribution of the changes of the
refractive indices Ane and AnQ in the waveguide core was approximated by
a steady function in the r-direction and by the Gauss distribution in the x¢direc-
tion (Fig. Ib).
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Fig. 1. Geometry of the electrooptic waveguide (a), and assumed coordinate system (h)
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Similar problem was numerically analysed in the paper [2] by the method
of geometric optics. The isotropic waveguides with a uniform distribution of
the refractive index are often analysed by the Mmarcetiti [3] method, which, in
the case under study, is of little use due to nonuniformity appearing in the
«-direction.

Parameters a and 3»“0 of the changes in refractive index of LiNb03 and
LiTa03crystals for 2a = 100 [p-m], TJ = 800 [V]

Electrode width a [pm] Anl x 10-3 An6 x 10-3

w [um] LiNb03 LiTa03 LiNbOg LiTa03 LiNbOg LiTaOg
20 47 33 1.07 1.34 0.33 0.31
100 102 1.17 0.37

200 168 1.17 0.37

The most effective method for the analysis of a two-dimensional waveguide
is that of effective refractive index. It was applied in paper [4] to the analysis
of (two-dimensional) diffusion waveguides of both ID (diffusion in one direction)
and 2D (diffusion in two directions) types. A similar way to that used in the
analysis of a waveguide of ID-type has been applied to the analysis of a wave-
guide channel in [5]. However, both the papers [4] and [5] deal with isotropic
waveguides.

The present paper includes a complete analysis of the waveguide properties
of the electrooptic waveguide model shown in [1]. It is two-dimensional in the
cross-section, anisotropic with nonuniform distribution of the refractive index
in the direction of « and with a metallic layer (electrodes). Because of the non-
uniform distribution of the refractive index the analysis of a waveguide was
made by the method of effective index of refraction. It consists in successive
solving the planar waveguides in the plane respectively restricted in the z-
(Fig. 2b) and x- (Fig. 2c) directions, the effective index of refraction in the wave-
guide with the restriction in the «-direction (Fig. 2b) being used when solving
the waveguide restricted in the «-direction (Fig. 2c). In this work we have
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Fig. 2. Rectangular waveguide (a), planar waveguide unlimited in the «-direction (b), planar
waveguide unlimited in the 2-direction (c) with the effective refractive index of the waveguide
core calculated from (b)
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assumed as electrodes a group of metals for which the optical properties of thin
deposited layers may he treated as lossy dielectrics. Such an assumption allows
us to consider the waveguide, like in the case of a waveguide with a dielectric
coat, provided that all the describing equations and magnitudes are complex [6].

The equations derived for waveguide modes Ezand Exare presented in Sec. 2.
In Section 3 the waveguide equations are then divided by the effective index
method into two one-dimensional problems, i.e., the planar waveguide with
the metallic coat and the nonuniform planar waveguide. The planar waveguide
equation is analysed in Sec. 4 taking a special account of the influence of the
metallic coating on the mode attenuation. The nonuniform equation is solved
by the WKB method in Sec. 5. In Section 6 the results of the numerical calcu-
lations are presented and also the number of modes which may propagate in
the electrooptic channel is determined. The paper is completed with final
conclusions concerning the analysis and the results obtained.

2. Waveguide model, waveguide equation and boundary conditions
The model of the electrooptic waveguide considered in this work is shown

in Fig. 3. Since the parameter a of the refractive index distribution is comparable
with the electrode width w we assume that the electrodes are located on the

fi, -nj-ik* n-(e)
a
n2‘ nto+Areo n
X
-a
Fig. 3. Cross-section of the electrooptio
n3-n,-ni-ikVv waveguide

whole waveguide surface. The distribution of the refractive indices is thus
described by the function

nif z> a
neQX, z) ne,0(x) = <o M2 _a<z<a (1)
«3 = »1, < —a

where: 2a - thickness of the waveguide plate,
nl,n3- complex refractive index for the waveguide coating (the metal
coating in the low lossy dielectric approximation),
wP9- extraordinary and ordinary refractive indices for the crystal,
AnBo- maximal change in the refractive indices caused by the voltage
applied,
a- parameter of the refractive index distribution in the ~-direction.
When considering the metal coating in the low lossy dielectric we must
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limit our interest to the materials of e\ < n\, where = (e[ —e\)12 i.e., to
the group of such metals as Ag, Au, Al and Cr [7]. We assume that the depen-
dence upon time t and the variable y is of the form: exp [i(cot —/?y)], where /?is the
propagation constant, and ®- angular frequency. The small gradient of the
refractive index distribution in the ~-direction ~ nlo) leads to small
changes of the field amplitude which may he expressed by the relations:

1 d 1 Q@
<41 .
K dx and h3 dxzqu (2)
2 <---
where kO = %z oV ejHo.

The full wave equations without simplifying assumptions have the forms:

< dEz SE . , 1 dEx dill
n0dzz  dke  (KM2 @)
m . 8EX . < -< _0
472 2 (&nd- (HEX- = dxdz Ne
where
o dE,
dz dx dx J
dn2 dEz  SK (oEx dE d-< c
dx d T odx \ dx dx2 Q)
By taking advantage of the smallness of the refractive index gradient in
the ~-direction dn?j()J((x) 4 1 the right-hand side in the formula (3)

and the term 0 in (4) may be neglected. Moreover, in the formula (4) the term
connecting the anisotropic components Ex and Ee may be omitted, since (n0
—ne)In0 < 1. The anisotropies of both the crystal and the solutions remain
preserved since Ex and Ez depend on the ordinary and the extraordinary indices
of refraction, respectively. Finally, the Egs. (3) and (4) are separated and may
be written in the forms:

ne dxEi dZEz _ (3a)
+ )JEr ~

dE dE (4a)
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For the remaining components of the electromagnetic field we have:

From Equations (3)-(9) it follows that the propagating modes are of hybrid
type and consist of 6 components of electromagnetic field.

Aiming at determining the waveguide solution we distinguish the modes
of Exand Ez types. Mode of Ex type means that the electric field vector E is
directed almost parallelly to the a;-axis and has the components Ex * 0, Ez = 0
and Ev ~ 0. Modes of Eztype have the vector electric field directed almost
parallelly to the z-axis (Ex = 0, Ez ™ 0, Ev  0). The expression almost parallell
denotes the wave polarization, in which, besides one of the transversal compo-
nents, there occurs also a longitudinal component, the absolute value of which
is much smaller than that of the transversal component.

2.1. Modes of Ez type (E almost parallell to the z-axis)

Let Ex = 0, then the wave equation (3a) has the form

< SEZ ekz
N de2 2 + (K<-P2EZ=0. (10)
When the assumptions (2) is fulfilled, the Eqgs. (6)-(9) take the forms:
1 dEz
ijlio® dx (11)
sz= L T 12
27 Nd dxdz ! (+2)
X — mEt (13)
nl dEz
BV = inp (1)

The boundary conditions of Eqg. (10) follow from the continuity of the tangent
components of the field at the plane z — £ a. This continuity is automatically
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fulfilled for the component Ex, since Ex—0. From Equations (11) and (13) it
follows that [ETI/]  \HX\. There remains the condition following from the Eq.
(13) which must be satisfied. Finally we obtain:

n\Ez - continuousforz = + a, (15a)
and from Eq. (4)

nl g continuous for z= * a. (15b)

nl dz

2.2. Modes of Extype (E almost parallel to the axis x)
Let Ez = 0, then Eq. (4a) remains unchanged and is expressed by the relation

8EX dZEX
dz2 * .dx2

On the other hand, when the condition (2) is satisfied, the Eqgs. (6)-(9) have
the forms:

+ (Knl-(}2Ex =0. (16)

1 dE (a7
ixXOp dz
H. (18)
1 d*Ex
19
10M} dxdz 1 (19)
18X (20)
iji dx

The continuity of the tangent components of the field modes Ex should be
preserved like for the modes Ez in the boundary plane z — + a. By taking
advantage of the assumption (2) from Eq. (19) we obtain \HX\ \EX\ and from
Eqg. (20) |[Ev| \EX\. The boundary conditions for Hx and Ev are fulfilled au-
tomatically if they are satisfied for Ex. Thus we have

Ex- continuous for z = %a, (21a)

-%E—-—-continuous for 2= *a. (21b)

3. Method of effective index of refraction

From the considerations carried out above it follows that the problem is reduced
to the solution of Eq. (10) for the component Ez of the modes Ez and Eq. (16)
for the component Ex of the modes Ex, provided that the conditions (15) and
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(21) are fulfilled. Equations (10) and (16) may be generally written in the form

dE dE
a +(K<o-f)E =0 (22)
dx2
where
nlino \n\(xiz) f°r modes Ez, E = Ez,
G ’< 0 =
1 \n@(x,z) for modes Ex, E = EX.

When looking for the solution in the form E{x,z) —EI(x)E2{z) and applying
the method of effective index of refraction we obtain the separation of Eq.
(2) into two problems:

+ (KnlttW-ffEA*) = 0, (23)
a- + K (nj(2 - n2a)e2(z) = 0 (24)
where
nj Z> a,
n2(z) se,0 = Me,0+Anl,0o> -a<z<a (25)
jij, Z< —a
and
nett(x) = n&t+ 2nl>0Anl'0[e“(02-1 ]. (26)

The parameter neft is the effective dielectric constant of the mode n with res-
pect to the coordinate z. The boundary conditions for Eq. (24) are obtained
from Egs. (15) and (21). For the modes Ez and Exthey have the respective forms:

nW (*)l.-x« =njB?>(*) z=ta? (272)
dEp(z) % dEp(z) (27b)
dz z=#4a nQ dz 745
and
EN(zZ)U #za = N (z)\z=¢a, (28a)
dEf\z) dEp(z)

28b
dz 7~ dz  z=+a (286)
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4. Planar waveguide with the metallic coating

Equation (24) with the boundary conditions (28) and (27) is the wave equation
of the plane structure of TE modes, where c1 = 1 or TM modes, when c1 = nl/nl,
respectively. The solution for the planar waveguides are well known. The metal-
lic coating causes that all the magnitudes describing the wave propagation
in such a waveguide become complex, thus the solution of the characteristic
equation should he sought on the complex plane. This constitutes a serious
difficulty of the numerical analysis. However, taking account of the anisotropy
and proceeding like in [6] it may be shown that the relations

[e U 29
et 2\/CIM 1% QE)2[* nX® Ee(® —»i)lj’ (292)
— 1 2(n + 1)27t2
Im
(k)2 \Vn2- an.
where nett = nfea—in’u, and

1 1
4= , c2 = » » ="'
ndnl n\K

(29b)

N« =

are valid for the respective modes TE and TM.
The remaining wave propagation parameters are calculated from the formulae

(30a)
(30b)
The solution of the waveguide equation has a well-known form
A-«(z-a z™Na
A {cos[i(a —2)] + —5---%-sin[A(a —<<)]1>, —a<z<a
wy(z) = h c2 J (31)

A (cos(2%a) + -J— sin2ta)le*2d,  z< —a

5. Nonuniformity wave equation

We rewrite the wave equation (23) in the normalized coordinates u = Xxja

i, V2 b)ELW) = 0 (32)
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where: B = @V b= ez el PD< o<,

ap = 2n°zinlj, «ed = weff. ap - (33)

The imaginary part of the effective index of refraction net is transferred via
the formula (33) to the imaginary part of the propagation constant /3 Consequent-
ly, the wareguide modes are attenuated like the planar waveguide modes.
Keeping this in mind, in further considerations we will assume that b is real.
The solution of Bg. (32) which should disappear in infinity ¢/,(£00) =0 may
be obtained by using the WKB method. This solution is of oscillatory character
within the turning points \u\< \uz\ and diminishes exponentially outside \u\
> |uz|. The turning points are obtained from the equation

e~u-b=0. (34)
Since the function e~u~is symmetric with respect to u = 0, the function  (u)

has either symmetric or antisymmetric solution. It suffices to writte the solu-
tion for a single half axis, for instance, for u > 0, it takes the form

1 | yl
2A st f x(wau-----
VX(U) 'L X(u)au 1 0< u< uz, (35}
/Zn\six(u)du w w
AR gy WIBL v i [ (n)inj
-1 271 x(u)du U U
A\ {-1T13]] x{u)du]+ *-1B[J X(«)o\i V" Wz
* 3% («) w uz
1 [ } 1 .
A - -
e exp |. u‘% X(u)du\, it> uz

where A is a constant, J,, and 1,, are the ordinary and modified Bessel functions
of v-order, respectively, while the parameters x{u) and x(u) are defined as follows:

x(u) = V(e~uz-b) 112
X(u) = V(b-e~w)112

Taking account of the asymptotic development of the function Jvand Ivand
sewing them together at the point u = uz we may find the solution of the
function 2?2 at the turning point

] sin(7r/3)r(1/3)
mRi(«*) = A
323Vn (2uzb) 116
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where /'(1/3) - gamma Euler function. The characteristic equation is given in
the form

Depending on the value of wo the function Ei(u) may be symmetric or antisym-
metric.

6. Calculations and discussion of results

All the calculations were carried out on the Odra computer, using the MALA
programme for the crystal LiNb0O3of f0 = 2.286 and rfe —2.192. In Figures 4
and 5 the dispersive characteristics of the waveguide vs. the «-coordinate are
presented. From Fig. 4 it may be seen that the dispersive characteristics of
the TE and TM modes differ only slightly and are similar to each other indepen-
dently of the kind of the metal coating (Fig. 5). The influence of the metal
coating on the propagation of the electromagnetic wave is visible in the imagi-
nary part on the effective complex index of refraction (Fig. 6). The silver, which
is a metal of high reflectance, causes much lower attenuation of the same modes
than aluminium and chromium and shows smaller difference in TE and TM
modes attenuation than the other mentioned metals. The determination of
the number of modes which may propagate in the planar waveguide with a metal
coating is by no means an easy job due to the complexity of the formula (29a).
However, for the thick waveguides (a > A the following condition is fulfilled

This allows us to simplify considerably the expression (29a), for the cut-of
conditions net}>0 the number of propagating modes may be determined from
the formula

N = 2 km:ovz 1. (37)
From Figures 6 and 7 it may be seen that the modes of higher order are attenua-
ted very strongly, and from this fact their presence in the waveguide should
be inferred. Assuming the losses of order of 10 dB/cm as a criterion for the
presence of a mode in the waveguide, it may be shown that in a LiNbO3wave-
guide of 2a = 50 pm with an Ag coating as much as N = 240 TE modes and
N = 110 TE modes propagate simultaneously. The distributions of the field
modes Ee(Rx) and Im(H,.) are shown in Fig. 8. The Be(HX) field distributions
are similar to those in the waveguides with the dielectric coatings. It is worth
noting that the imaginary part Im(ifx) is by two orders of magnitude less than
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Fig. 4. Dispersive characteristics of TE and TM modes in the waveguides coated with silver
n' —0.065, n" —3.9, n —n"—in"

Fig. 5. Dispersive characteristics of waveguide for two different metal coatings (aluminium
and chromium): = 17—i 7.0, «Cr = 3.19 —i 2.26
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Fig. 6. Mode attenuation vs. the waveguide thickness for different metal coatings: nAi =
1.7 - i 7.0, nCr = 3.19 - i 2.26, »Ag= 0.065 - i 3.9 (a= - 8.686 nJalOx 104 [dB/cm])

Fig. 7. Mode attenuation vs. the mode number for different thicknesses of the wa-
veguide coated with silver
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Eefffj.) which corresponds to the relation of the imaginary part li*" to the real
part h' of the parameter h. The dispersive waveguide characteristics as the
functions of the coordinate x (Fig. 9) differ considerably from the characteristics
being the function of the coordinate z. This is the result of small changes of
refractive indices in the direction of x. The shapes of the characteristics olW
and Ez modes are similar, except the fact that for the same modes m the values V

Pig. 8. Distributions of field Ux: (a) real part of Re(iT”) and (b) imaginary part of Im(-Hx

Pig. 9. Dispersive characteristics of Ez modes in waveguide with respect to »-coordinate.
Graph for V< 15 after [4]
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and b for modes Ex and Ez are different, since the modes Ez depend on the
extraordinary refractive index ne, while the modes Ex depend on the changes
of extraordinary refractive index na.

Figure 10 shows the power distribution within the modes in the «-direction.
The vertical line denotes the turning points of the modes. Low numbers of the
modes m for high values of the parameter V cause a quick exponential decay.
At the same time when V increases, for increasing a, the region of oscillatory
solutions is broadened. The number of modes M which may propagate within

Fig. 10. Field distribution for Ez modes with respect to the »-coordinate: for V = 25 (a),
and V = 72 (b)

a structure with respect to the «-coordinate is calculated by assuming the cut-off
conditions b->0 and «z->00 and by integrating the formula (36). The latter is

1
Fox — . 38
Vn 2 (38)
Since and V~ V2na0Al ,,, the numbers of modes Ex and Ez propagating in

the channel in the «-direction are different and directly proportional to the
width of the electrodes w (since o~w) and to the magnitude of the applied
voltage U (since AneO~u). The complete distribution of the field modes F,,i0
and E\ Ois a product of the distribution in the directions x and z and is presented
in Fig. 11.
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7. Conclusions

In the paper the properties of the electrooptical channel have been analysed.
The analysis was based on the method of effective refractive index, solving
two basic problems:

— planar waveguide with a metallic coating,

— waveguide with nonuniform distribution of the refractive index.



186 L. Surazynski, M. Sztjstakowski

It has been pointed out that the modes Ez and Ex are the products of the
solutions of modes TM or TE in the uniform planar structure, and nonuniform
waveguide equation with respect to the ~-coordinate. The nonuniformity of the
waveguide equations for modes Es and Ex follows respectively from the non-
uniformity of the changes in extraordinary (ne) and ordinary (nQ refractive
index distributions in the direction of x. The number of modes propagating
in the structure should be considered for the x- and «-coordinates, separately.
The prevailing factors determining the number of propagating modes are: the
mode attenuation for the «-coordinate and the cut-off conditions, following
from the changes in ordinary and extraordinary refractive indices, for the
i»-coordinate. Since Aneis greater than Anathe number of modes Ez propagating
in the waveguide is higher than that of propagating modes EXx.

In the work, the influence of the metal coating on the attenuation of the
propagating electromagnetic wave has been shown. Besides the waveguide
thickness, the predominant factors for the attenuator are also the kind of metal
coating and the number of the propagating mode. The results of this work are
useful for analysing the coupling between two electrooptic waveguides which
will be the subject of the next publication.
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AHa/v3 pacrpocTpaHeHUsl 3MEKTPOMArHUTHOM BO/HbI B MHOTOMOZOBOM  3/IEKTPOOITUYEC
KOM BO/IHOBOZE

MpoBefeH aHann3 oNTUYECKNX CBOMCTB MHOFOMOZAOBOI0 3/1eKTPOONTUYECKOr0 BOSIHOBOAA, BO3HWKAIOLLLETO
B pe3yfibTaTe NPUIOKEHUSA HaMNpPsXKeHUs K 31eKTpojamM, NoMeLLeHHbIM N0 NPOTUBOMOMOXHbLIM CTOPOHAaM
njockonapannenbHol NaacTMHKU Kpuctanna MMbO3 (1nTa03) co cpesom . Ana aHanvsza NpUMeEHeEH
MeTof 3 (heKTUBHOIO Kos(huLMeHTa MNPEeNoMIEHUs, NPUYEM MOJy4UIoCs MojpasfeneHne npobdnemsl
Ha ABa Bonpoca: pacrnpocTpaHeHwe B BOJIHOBOAAX - OAHOPOAHOM, MJIOCKOM, C METa//INY4ECKUM MOKPbI-
TVeM, a TakKXe B MJIOCKOM, HEOAHOPOAHOM. BBuay aHM30TpoOnNuu pacrpocTpaHsoLmMecs B BOJIHOBO/JE
Mogbl TMna EX n Er 3aBUCAT COOTBETCTBEHHO OT M3MEHEHWIA Ype3BbIYaiHOro MB 1 06bIKHOBEHHOTO M0 Ko-
ahrumeHTOB NpenomneHus. MokasaHo, YTO B BO/IHOBOJE, B 3aBUCMMOCTW OT YC/IOBUIA FeHepnpoBaHus,
MOXeT PpacnpocTpaHATLCA HEeCKO/bKO COT MofoB Tuna Ex wn Er.



