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Fluctuation study of light scattered
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Statistical properties of light scattered from nonlinear thermal lensing media have been inves-
tigated for the excitation source (laser) operating below, at and above threshold of oscillation. The
incident laser light undergoes thermal defocusing in such media and the scattered light exhibits
completely different photon statistics as compared to that of the incident light. The statistics of the

scattered light (/J has been characterized through its intensity distribution P(/J, first and second
moments </,) and </*>.

1. Introduction

In conventional light scattering experiments, the scattering medium is assumed to be
a linear, isotropic and homogeneous medium. This gives rise to the conclusion that
the incident and scattered light exhibit linear dependence. Consequently, the
scattering cross-section is completely described by the physical properties of the
medium and is independent of the intensity of the excitation source [1J-[3J.
From the theory of propagation of laser radiation through condensed matter it is
well known that at sufficiently high values of incident intensity the susceptibility / of
the medium becomes intensity dependent. This effect is manifested in the nonlinear
changes in the macroscopic parameters like dielectric constant e, refractive index n
and molecular polarizability a. To the first order in incident intensity 70, the real part
of x gives a nonlinear contribution to the index of refraction as
n(10) = n0+ n210 1)
where n0 is the index of refraction at low intensity limit and n2 is the first order
nonlinear coefficient. The molecular number density g and average molecular

polarizability <a> can be related to the index of refraction through Lorenz-Lorentz
expression

n2—1 5
n2+ 1 @

It is inferred from Eq. (2) that changes in the refractive index n arise from changes in
g, <a> or both. The physical mechanisms responsible for bringing about nonlinear
changes in n are broadly classified by Svelto [4]. From relaxation time arguments it
can be shown [4] that for cw lasers (used as excitation source in light scattering
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experiments) thermal effects are more dominating and give larger contribution to n2
in Eq. (1). Further this mechanism manifests itself in producing localized heating of
the medium but the isotropicity of the medium is still largely maintained.

The incident laser beam has a Gaussian intensity profile (TEMO00). When such a
beam traverses through the medium, the thermal effects cause local temperature
profiles to be set up in the medium centered around the laser beam. The
corresponding contribution to n2 given as a function of time t is given by [5]

where T stands for temperature, ¢ is the velocity of light in the medium, Cp is the
specific heat at constant pressure and a0 is spatial absorptivity. For most media
dn/dT< 0. This causes the medium to work as a diverging lens and as a result the
propagating laser beam gets defocused.

In light scattering theory both n2 and 10 are assumed to be small enough such
that they do not make any observable contribution to nin Eg. (1). Recently, it has
been proved that thermal defocusing effects are experimentally observable even when
the change in the index of refraction dn from beam center to beam edge is as small as
Sn = 10%“5 [6]. This requires a corresponding temperature change of only 10-20C
[7]. For example, many common organic liquids are associated with spatial
absorptivities in the range from 103 to 10~4 cm-1. Thermal defocusing phenomena
can be activated in these liquids even when the incident excitation power P ~ 1 W.
Hence, in light scattering experiments where the exciting radiation propagates
a typical distance of 1 cm, thermal lensing effect will be set up in the medium and this
is amenable to measurements. This has been successfully used to study the
absorption properties of fluids [8]—f11].

The objective of this work is to exploit the photon statistics of the light scattered
from a medium where thermal lensing effect has been set up by the incident laser
light. To generalize the problem we will be investigating the statistics of the scattered
light corresponding to the physical situations where the laser is operating below, at
and above threshold of oscillation depending on the pump parameter.

2. Intensity of scattered light

The theory of light propagation and scattering from thermal lensing media has been
discussed in details in [6], [8], [11]. The physical phenomena of thermal defocusing
has been treated by Litvak [5]. We will briefly recapitulate some of the results tha\
are relevant to our present discussion. The excitation source is a cw laser
propagating in the scattering medium in the positive z-direction. The TEMO00 mode
of laser has a spatial intensity distribution given by a Gaussian function. This gives
rise to a corresponding spatial temperature distribution in the scattering medium. In
such a system the resulting index of refraction n exhibits a parabolic profile in space.
At space-time point (r, t), it is given by [6]
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where P is the power of the incident laser beam, AT is the thermal conductivity of the
medium and (o is the Gaussian beam diameter. The parameter tc has been used as a
characteristic time scale defined as

o2
“ = DT- ()

If the medium under consideration has spatial extension L, the refractive index
profile n(r, i) will physically transform the medium to behave as a diverging lens with
focal length given by/ = —1/Lp2. Due to this, the physical nature of the Gaussian
beam will get distorted as it propagates through the thermal lensing medium.
Consequently, the beam waist size co(z, t) will evolve with propagation distance z
and time t as [6]

“(Z0 <)+ 40ot/(t+i%) ®)
where a = 2(pco)2, co0 is the beam radius at z=0 and t*=1tJ2 at t=0. The
parameter co(0) is given by

00(0) = co0 [bz2/(200i)+ (dw/dz)0z/co0+1]. ©)]

All the parameters with suffix zero correspond to their values at z = 0. When light is
scattered from such a system, the intensity of the scattered light Is can be expressed
as a nonlinear function of incident intensity 70 and is given by [6]

/= 7° (10)
8 i+s/0:
The z and t dependence of laand S are taken as implicit. The parameter S is written
as

/M
\ N/ 2rtATnco0 (GO oy/n/2

(11
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The expression for /sin Eqg. (10) has been derived by taking a realistic light scattering
geometry into account. In this configuration there is a pinhole that precedes the
photo-multiplier tube (PMT). The solid angle over which the scattered light is
collected is determined by this pinhole. The spatial aperture function of this pinhole
of width ces is expressed as a Gaussian having the form

G(x) = G0e (12)
When t > t*, we approach the steady state limit and Eq. (10) reduces to
J8= J0(1—SJ0O) for SI0O< 1. (13)

This expression explicitly shows the quadratic dependence of Is on 10 for
non-vanishing S10 values. The physical mechanism of thermal defocusing in the
scattering media will remain unaltered even when the incident laser beam is assigned
a parabolic spatial intensity profile instead of a Gaussian profile discussed above [8].

Information about changes in scattering power of the incident beam by thermal
lensing can be directly inferred from the differential scattering cross-section (da/dQ)
given by [12], {da/dQ) = RqglJlqg, where RO is the location of the observer related to
the scattering volume and Q defines the solid angle over which the detector collects
the scattered light. Hence, from Eq. (10), the differential scattering cross-section
{da/dQ) can be explicitly determined.

3. Photon statistics of scattered light

We will be discussing the statistics of the scattered light for three explicit input
conditions through the use of Eq. (10). The mode of oscillation of laser is governed
by the pump parameter b [13]. Correspondingly, the laser light exhibits different
photon statistics as the pump parameter b is changed [14]. We will confine ourselves
to the situations where the laser is operating below {b = —., at {b = 0) and above
{b = +00) threshold of oscillation. For these cases, the intensity distributions of the
laser light are given as:

1 F
P(lo=7FE~"A below threshold {b = —). (14)
VO/
7 2
P(/0) = erloklo>> gt threshold {b = 0), i19)
V 71<"o>
P(/0) = <5(/0-< /0>) well above threshold {b = .., (16)

The angular brackets represent ensemble averages. We can invoke the pro-
bability conservation relation and write [15]

P(A)d/s= P (/0)dJo. 17)
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From Equations (10) and (17) it can be shown that

P(I(_) (18)
(I-sif
Successively, using Eqgs. (14), (15) and (16) in Eq. (18) we get
1
-(IsKIQX 1-S15)) = —
P(ls) - <10) (1 - SIf e below threshold (6 = —., (19)
2
P(Q = e-(12€10>HI-S1a)*) at threshold (6 = 0), 20,
v ;< /0x i-s//
1
P(/§ = ~(/0-</0>) above threshold (6 = ... (21

L+ S</0» 2(1—SIs)

Equations (19), (20) and (21) describe the probability distributions of intensity of
the scattered light from the thermal lensing medium as the incident laser is taken
through its threshold of oscillation. These intensity distribution functions have been
normalized.

The fluctuation behaviour of the scattered intensity can be analysed through first
and second order of the moments of Js. Defining the m-th order moment as

> ;) KP(1,)d1% (2)

Substituting expressions for appropriate P (19 in Eqg. (22) from Eqgs. (19), (20) and (21)
and using m = 1, we obtain the average intensity of the scattered light given by

at b= —., (23)

<i->=J IOV £ (-/*)"fV/m) at 0, (24)
<P(n)yj7l m=0
(25)
where p = S</0> and <P(n) is the error function defined as [16]
<Y = 2 P e—xauix (26)

y/no

and P(n2/m) is the probability integral of ~-distribution [16]

1
(n2/m) = j;)me2e~xdx. (27)
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In the evaluations of </,) values given by Eq. (23H25) to ensure the convergence
of the integrals, we have set a cutoff value for the upper limit of It is
/.(max) = n</0> In this modified formalism P (/J describes the probability
distribution of an ensemble of variables /, bound by upper and lower limits 0 and
n<JO0> respectively instead of the ideal limits 0 and infinity. In the limit n-*1 00 we
realize the ideal case.

Likewise, the second order moments can be calculated from Eg. (22) by
substituting the appropriate expressions for P{Q and m = 2. These values come out
as

at b= —o00, (28)

</2>- Sr-T £ ((WTP(nlm+1) atb=0, (29)
<P(n)yj7Z *=0
<fo>2 _ (30)
7> = at b = oo.
<%= (1+0J

The higher order moments can explicitly be evaluated following the same
procedure. From the expressions for P (/g, </*) and </?>, it is clearly inferred that

light P(1.) as function of relative scattered
Fig. 1 Plot of intensity distribution function of the Notice the ev0iutiOn of P (/J with

intensity V </0> for the exciting laser source operating below
increasing /?
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increasing [

Fig. 3. Plot of average intensity relative to the average incident intensity as function of the characteristic
parameter p for the exciting laser source operating below (circles) and at (triangles) threshold
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most interesting change in the statistics of the scattered light arises when the incident
laser is operating either below or at threshold. The situation corresponding to b = oo
and the associated P (10) = <5(/0—</0>) represents an ideal condition of operation
for laser that is rarely realized in practice. The P (/9) distributions are plotted as
function of relative intensity /8</0) in Figs. 1 and 2 for b= —o00 and b = 0,
respectively. The relative average scattered intensity </8>/</0> is plotted as function
of characteristic parameter p in Fig. 3. For the numerical calculations, ft values are
chosen to be consistent with the realistic light scattering experiments and values for
</0> are taken from [13].

4. Discussion

It is clear from Figures 1and 2 that as the characteristic parameter ft is increased, the
probability distribution of the scattered intensity P (/8 undergoes significant change.
Particularly, when the characteristic parameter ft assumes higher values p (/J the
distribution corresponding to b= —oo and b = 0 approaches a Gaussian like
distribution function. On the other hand the evolution of the scattered intensity </8>
with p is less dramatic. It is monotonic decreasing function of p (Fig. 3). The second
moment of scattered intensity exhibits analogous behaviour.

It may sometimes be possible to minimize the effect of thermal lensing by
choosing a large enough field of view of the detector. But, there are practical
limitations to it. When the numerical value of p ~ 10“2 or less, the thermal lensing
will not have any significant contribution to the statistics of the scattered light
(Egs. (23H25)). This will physically mean linear dependence between Isand 10 in Eq.
(10). This is realized experimentally by keeping the laser power very low and
choosing the propagation distance z in the scattering medium to be small. These
conditions are readily met in static and dynamic light scattering experiments, since
the incident laser power is typically confined to ~ 100 mW. Hence, thermal lensing
will not have any significant effect on these experiments as long as the laser power is
limited to such low value.

An alternative approach to study the statistics of the scattered light is to use
Mandel’s photon counting formula [17] and evaluate the photon distribution
function and its moments.
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VccnefoBaHne (OKTyaUmMy pacCesiHHOro CBeTa
B Cpefe BbI3bIBalOLLEN TEPMUYECKYIO pPacthoKyCUPOBKY

WcenefoBaHO CTaTUCTUYECKME CBOWCTBA PACCEAHHOrO CBeTa B HENWHEVHON cpefe TepMuyecku pacgo-
Kycupytoleit (thermal lensing) Ans UCTouHMKa BO36YXAeHUs (nasep) Ae/iCTBYIOLLErO HUXeE, BbIlLe U Ha
nopore ocuunnauuu. Magarowmnii cBeT NoABepraeTcs TePMUYECKOW pactoKyCHpoBKe B TakuX cpefax,
a PaccesiHHbI CBET [0Ka3blBaeT COBCEM [APYroOi CTaTUCTMKW (HOTOHOB MO CPaBHEHWIO C Najalolyum
csetoM. CTaTUCTMKa paccesHHOro cserta (1a) XapaKTepusoBaHa ero pasfoxeHviem cunbl P(fJ, nepsbim
1 BTOPbIM MOMEHTOM </,> 1 </*> OxapakTepu30BaHO BANSHWE ABMEHWNS TEPMUYECKOV pacthoKyCUMPOBKK
Ha pacthoKyCcMpoBOYHbIe OMbIThI Paiineiira n bpunnoHa.



