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Summary: The Zenga index of inequality is a new proposal of measuring this
phenomenon. The properties and empirical applications of Zenga index (and the
underlying Zenga curve) have been recently widely investigated. Its advantages (and
differences, as compared to other existing measures) have been pointed out. However, one
of the possible problems associated with the use of the Zenga index has not yet been
appropriately addressed.Namely, the Zenga index assumes different values depending on
whether it is applied to grouped or ungrouped data. As it may seem that due to
contemporary computers power it is not necessary to group data, the problem still exists
as a conceptual one. Moreover, in some situations — such as applying equivalence scales —
avoiding grouping of the data is not possible even in principle. The problem is stated,
illustrated by simple numerical examples and briefly discussed in this paper.

Keywords: inequality, Zenga index, grouped data.

M. Zenga proposed a new inequality index (see [Zenga 2007]).
Suppose that some good is distributed amongN individuals, and the
allotments (observations) are organized in increasing order with their
frequencies given:
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Nr 16(22) L =1-U,

and the pairs of coordinates (#,IJ determines the Zenga
inequality curve.

The synthetic inequality measure, the Zenga index, is the weighted
average of all point indexes:

I = Z’ic=1%1i-

Apart from calculating the Zenga curve and the Zenga index for
grouped data, as presented above, bothconcepts may be also applied
for ungrouped data (see [Zenga, 2012]). That is, one deals in this case
with a non-decreasing sequence: 0 <x; <x, <--<xy and all
above formulae are validwith n; = 1.

The properties of the index have been intensively studied and its
usefulness in empirical cases as well (see [Pollastri 1987; Greselin et al.
2010; Radaelli 2010; Ostasiewicz, Mazurek 2013; Jedrzejczak 2015;
Greselin et al. 2017]).

However there is a problem that has been not yet satisfactory
solved, namely the differences in values of this indexdepending on
whether the data is grouped or not grouped.

For an illustrative example, suppose that in N allotments the first
N — 1 are all equal to 1, and the Nth is equal to x > 1. This situation
can be equivalently expressed either in the form of ungrouped data or
grouped:

A){1,1,...,1, x} (ungrouped) or

B) {{1, N — 1}, {x, 1}} (grouped).

The lower meanM ™~ will be the same no matter whether we group
observations or not for all elements apart from the last one. However,
the upper mean will successively increase in case A, while in case B it
will be x for both elements (note, in case A there are N elements,
while in case B only two elements, due to grouping).

. 1 N+x-1
Thus in case B, for grouped data, we have U; = -, U, = ,
17 72 Nx
and the weighted average, Uy:
N-1 1 1 N+x—1 _ N?-N+N+x—-1 _ N%+x-1
Up =22 14 Ml Sl
N x N Nx N2x N2x
. X+N-2 x+N-3 ,.
On the other hand, in case A one has: M = T M; = —— (in

general: M;" = %jﬂ)fori =1,..,N —1and My = x), and thus:
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N-i . N—1+x
j=———fori=1,..,N—1land Uy = .
x+N—(i+1) Nx
Thus:
1 N—i N+x-1
U, == I.V__l X
A NZ‘—1 x+N—(i+1) = N2x

The difference is the more striking the more elements are grouped
(or not grouped). For example, the figure below presents plots of the
Zenga index for x = 100 and N = 1,2, ...,100 for both cases.
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Fig. 1. The Zenga index for grouped and ungrouped data, compared with Gini index

Source: own construction.

As can be seen in Figure 1, the qualitativebehavior of the Zenga
index for the example examinedabove is quite different from Gini
index (and from other popular indexes, like the Atkinson measure, not
illustrated here) while calculated for grouped data.

There is a relationship between the Lorenz curve L(p) (the basis
for the Gini index) and the Zenga curve I(p), which holds both for
ungrouped and grouped data:

__ p-Lp)
1) =i

For discrete data this relationship holds only for some particular
values: for p = i,i =1,..,N—1 (for ungrouped data) and for

c . .
p= %,i =1,..,s—1 (where nj are cumulative frequencies for
subsequent classes, for grouped data), while between these points both
curves are to be interpolated. For the Lorenz curve the linear
interpolation is in strict accordance with the Lorenz curve for
ungrouped data. On the other hand, for the Zenga curve the linear
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~r 1622 | data. However, while calculating the Zenga index for grouped data the
linear interpolation isapplied. Roughly (and not rigorously) speaking,
the discrepancy arises because grouping the same values of data is
linear, while the Zenga index is nonlinear with respect to equal values.
This discrepancy is illustrated in Figures 2 and 3, for the following
example of ungrouped data: {0,1,1,1,1,1,2}. TheLorenz curves for
both grouped and ungrouped data are exactly the same (Figure 2).
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Fig. 2. The Lorenz curves for ungrouped and grouped data

Source: own construction.

I(p) ' Zenga curve
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Fig. 3. The Zenga curves for ungrouped and grouped data

Source: own construction.
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On the other hand, the Zenga curves for grouped and ungrouped [ STATYSTYCZNY
data are significantly different (Figure 3). Nr 16(2)

The discussion above could be an argument for treating ungrouped
individual data. In general, nowadays there is no problem with the
access to the individual data and due to computers power one can
easily deal even with huge sets of individual, ungrouped data.

However for many surveys we get data grouped in a natural way,
e.g. for individual households rather than individual persons. To
calculate inequalities on an individual level one usually applies so-
called equivalence scales, which are in general non-integer numbers.
For example, if a household consistsof two adults it is treated (e.g.
according to the OECD equivalence scale) as if consisting ofl.7
equivalent standard “individuals”. Now, there are different kinds of
approach (for discussion see [Cowell 1984]). If the total income of
this household is equal to /4, some researchers treat this situation as if
two individuals haveh/1.7 (keeping the number of individuals as in
reality), however others (e.g. [Kot 2012]) argue that the situation
should be viewed as if 1.7 individuals have//1.7 income (keeping the
total income as in reality).

If adopting this second approach with non-integer in general
numbers of individuals it is not possible to deal with ungrouped data.

Still another question is the continuous case, in which the
difference between grouped and ungrouped data is irrelevant —
however it might, by analogy and some demand of continuity of
properties, throw some light on the discrete case.

The problem seems to be far from being simple and far from being
solved, and requires further investigation.
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UWAGI DOTYCZACE INDEKSU ZENGI
W ODNIESIENIU DO OTRZYMYWANIA ODMIENNYCH WYNIKOW
DLA ZGRUPOWANYCH I NIEZGRUPOWANYCH DANYCH

Streszczenie: Indeks Zengi jest stosunkowo nowa propozycja w kontek$cie pomiaru
nierdwnosci. Wlasnoéci i praktyczne zastosowania zaréwno indeksu Zengi, jak
i zwigzanej z nim krzywej Zengi sa obecnie intensywnie badane. Wskazywano na
korzysci plynace ze stosowania tej wlasnie miary oraz rdznice pomiedzy nig a innymi
istniejacymi miernikami nierownosci. Jednakze istnieje potencjalny problem, zwiazany ze
stosowaniem indeksu Zengi, ktory jak dotad nie zostat dostatecznie przedyskutowany.
Otéz okazuje si¢, iz indeks ten daje odmienne wyniki w zaleznosci od tego, czy
stosowany jest do danych szczegdtowych czy tez zgrupowanych. Nawet jesli wydawac by
si¢ mogto, iz jest to problem nieistotny ze wzgledow praktycznych — ze wzgledu na moce
obecnych komputeréw, niewymagajace grupowania danych — zagadnienie to wcigz
pozostaje problemem konceptualnym. Ponadto w niektorych sytuacjach, na przyktad w
sytuacji stosowania skal ekwiwalentnosci, kwestii grupowania danych nie da si¢ uniknac.
W artykule problem ten zostat sformutowany, zilustrowany na prostych przyktadach oraz
krotko przedyskutowany.

Stowa kluczowe: nierownosci, indeks Zengi, grupowanie danych.





