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Laser beam quality is related to the aberration effect. Quartic phase aberration, more commonly
known as spherical aberration, can result from aberrated optical components such as beam
expanding telescopes, focusing or collimating lenses, or other conventional optical elements.
In general, any kind of quartic aberration will lead to increased far field beam spread, degraded
laser beam focusability and increased values of the beam quality. Currently, a well established
quality parameter for laser beams is the M2 factor which is proportional to the coefficient of
quartic phase aberration denoted C4. In many recent papers, authors used C4 given in geometrical
optics approach to evaluate the laser beam quality M2 which belongs to the Gaussian beam optics
and the two disciplines are not to be confused. In this paper, we present a new mathematical set
for the spherical aberration coefficient C4, especially for Gaussian beams in the context of
Gaussian beam optics. A numerical analysis of a set of lenses is done to show the importance
of the new C4.
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1. Introduction
The propagation and focusing of a Gaussian beam have been an important subject
because of the widespread use of laser beams in the field of laser communication, laser
interconnect and laser material processing, etc. [1–13]. Much of the work on
propagation and focusing of Gaussian beams has been done for lenses of no-aberration
type. In recent years, some papers dealing with focusing laser beams by lenses with
spherical aberration SA were presented. It was shown that the beam quality of the laser
beams may become bad, and the quality factor M2 may become bigger and bigger, as
shown by SIEGMAN [4]. The laser beam quality factor is proportional to the spherical
aberration coefficient called C4, which means that M2 increases according to the C4. 

This paper presents a new mathematical set for the spherical aberration coeffi-
cient C4 of Gaussian beams. The main idea comes from the estimation of the laser
beam quality factor M2 given by SIEGMAN [4] and others. We show that this coefficient
concerns only the case of geometrical optics [4–8]. 
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2. Development

The coefficient expressing spherical aberration of a thin lens is given by [4, 14]:

(1)

where:

X stands for the Kodington factor, Y is the normalisation factor, c1 and c2 represent
the curvature rays of the lens, h is the height of the lens, N is the refractive index of
the lens and u1,  are the paraxial angles. 

In the case of geometrical optics the object and the image distances are related by
the conjugation law [14]:

(2)

The image distance can then be deduced as follows:

(3)

For a Gaussian beam, SELF [15] has derived an analogous formula by assuming
that the waist of the input beam represents the object and the waist image of the output
beam represents the image; the formula is expressed in terms of the Rayleigh range of
the input beam by the relation:

(4)

By the same way the waist image is expressed by:

(5)

where:  is the Rayleigh range, w0 is the beam waist of the Gaussian beam
and λ is the wavelength, f  is the focal length of the lens and S1, S2 are the object and
the image distances, respectively. 
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If one compares the two formulas (3) and (5) relating the object and the image, it
can be found that the image distances for geometrical and Gaussian beam optics are
not at the same position, and this makes a difference in the optical path between
the two cases. This implies that the path difference between marginal and paraxial rays
for geometrical optics is different for the case of Gaussian beam optics. Consequently,
the two spherical aberration coefficients are also different.

2.1. The spherical aberration coefficient C4

Let us examine the following relations. We have 

(6)

with = h/S2 and = h/S1.
This last relation gives rise to:

(7)

If we replace the values of S1 and S2 given by relations (3) and (5) in relation (1),
we will find new relations for the factors Y:

– For geometrical optics

(8)

– For Gaussian beam optics

(9)

If we compare both relations of Y, we notice that they are very different. Knowing
that C4 is a function of Y, this implies that the C4 of geometrical optics should be
different from the C4 of Gaussian beam optics.

Substituting (7) and (8) into (1), we get the C4 relations for geometrical and
Gaussian beam optics:

– In the case of geometrical optics we obtain
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– In the case of Gaussian beam optics we get:

(11)

where h is the height of the lens, as shown in Fig. 1. 

We notice that this C4 depends on the focal distance f, S1 and ZR, which
characterizes the Gaussian laser beam.

2.2. Numerical results

To prove our approach experimentally, we simulate our proposal in the case of four
different lenses (see the Table).

For the case of X = 0 (biconvex lenses), we have:

(12)
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Fig. 1. Representation of the object and image plane relations.
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T a b l e. Lens characteristics.

No. X f [mm] Refractive index n Diameter D [mm] Thickness [mm]
1 0 100 1.52 40 6.05
2 1 148 1.52 29 4.2
3 0 200 1.52 40 3.05
4 1 376 1.52 69 5.61
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To simplify the calculus, we omit the constant C0, and we just use the ratio:

(13)

For the case of X = 1 (plano-convex lenses), we obtain:

(14)
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Fig. 2. Evolution of C4 for the case of geometrical optics and Gaussian beam optics, for a biconvex lens
with: X = 0, f = 100 mm, w0 = 1 mm (a), X = 0, f = 200 mm, w0 = 1 mm (b), X = 1, f = 148 mm,
w0 = 1 mm (c), and X = 1, f = 376 mm, w0 = 1 mm (d).
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The same as above, we use the ratio: 

(15)

where in both cases C0 and C1 are constants.
Evolution of the C4 according to the object distance is presented in Figures 2a

through 2d, for four different lenses for the case of geometrical optics and Gaussian
beam optics.

3. Discussion

If we look at the curves obtained and presented in Fig. 2 we first notice that the C4 is
very different between the Gaussian beam optics and geometrical optics for all the lenses,
which is due to the difference that exists between the physics of light in the case of
Gaussian beam optics and geometrical optics.

The principal difference is that the spherical aberration is based on the optical path
difference between marginal and paraxial rays. This difference in path is not the same
for Gaussian beam optics and geometrical optics.

Also, we note that in the paraxial region the coefficient of spherical aberration for
the case of Gaussian beam optics is bigger than that of the geometrical optics, due to
the focal depth introduced by the focusing lens. This depth of focus is a longitudinal
spherical aberration, which is more important in Gaussian beams. 

And the main result that we want to show is to prove that C4 of Gaussian beam
optics is different from ones of geometrical optics. 

4. Conclusions

Starting from the conjugation law of geometrical and Gaussian beam optics, we
showed numerically that the spherical aberration coefficient C4 is different for the two
cases. This is more observable on the plotting curves on which we can see the evolution
as a function of the optical path. It is then possible to evaluate the spherical aberration
coefficient for a Gaussian beam according to the object position for any optical system.
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