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Utilizing a ray tracing approach based upon Snell’s optical Evadsa 4x4 homogeneous coordinate
transformation matrix, this study conducts a systematic aratyshe errors induced in the paths of
skew rays as they pass through an optical element with @soédli boundary surface. The error
analysis performed in this study considers two principal sourcéighifpath error, namely (1)
translational and rotational errors of the boundary surfaces, aiffétential changes induced in
the position of the incident ray on the boundary surface and thalitenitional vector of the re-
fracted/reflected ray as a result of changes in the positidnuait directional vector of the light
source. The validity of the proposed methodology is demonstratedatyzig an optical element
with an arbitrary ellipsoid boundary surface.
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1. Introduction

In general, the light rays within an optical system can be cleds#s either axial,
meridional or skew [1]. Evaluating the performance of optical systéuning their
theoretical design stage requires the ability to determine the paths dighesays as
they undergo successive reflection and refraction events at the boarafatie vari-
ous optical elements within the system. This isegally achieved using a ray tracing
procedure in which Snell's laws of reflection aedfraction are applied at each bound-
ary surface encountered by the rays. Whilst thoegss is relatively straightforward for
the axial or meridional rays within the systemcing the paths of skew rays is more
problematic since such rays propagate in an arpifstlane and their precise point of
incidence upon the boundary surface is unknown.eltmess, their paths must be
traced if the performance of the optical systeto ise reliably evaluated.

Due to the limitations of traditional manufacturitgghniques, the lenses and mirrors
used in many optical systems have a simple planspherical form. However, this limits
the performance of the optical system and thusiderable effort has been expended in
developing aspherical lenses in recent decadesp&ech to their planar or spherical
counterparts, aspherical lenses are both smaltediginter and tend to provide an im-
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proved optical performance. Furthermore, in sonstairces, the use of aspherical ele-
ments facilitates the construction of optical systevith fewer lens components, thereby
achieving significant size and weight savings Ejr example, the Gregorian two-mirror
system formed with a concave parabolic primaryaniand a concave elliptical secondary
mirror has been popular as a small erecting tepesfar terrestrial observation [3].

Ray tracing provides a powerful technique for arialy the performance of optical
lenses, and is an essential task when designingraaigzing optical systems. The traced
ray set generally includes the rays which stad gfven set of object points and pass
through a given set of points on the aperture gthpn the differential ray tracing proc-
ess, the effects of each optical component areigeal by differentiating the equations
relating the configuration of the rays before afidraheir transformation at the compo-
nent surface [5, 6]. However, tracing the pathskefw rays as they pass through an as-
pherical surface is difficult since the precisenpaif intersection with the aspherical sur-
face cannot be determined directly. NonethelessTHS[1] successfully developed an
iterative technique for performing aspherical-b@amdskew ray tracing based upon
a series of approximations which continued unt #pproximation error converged to
a negligible value. Ray tracing approaches endiglesénsitivity of an optical system to
design or manufacturing flaws to be assessed byinglthe differential changes of the
reflected or refracted rays at a boundary surfachfferential changes of the incident ray.
Such a technique allows the contribution of eaambary surface within the optical sys-
tem to be systematically examined. A sensitivitglgsis also enables the establishment of
fundamental aberration functions, which simplife ttask of determining the effects of
optical aberrations on the overall performancerobptical system [7, 8]. Furthermore,
sensitivity analysis allows the orientation of amage to be accurately determined. For
example, BAl and LN [9] applied the results of a sensitivity analysi€onstruct a merit
function describing the change in orientation ofiarage as it was successively re-
flected/refracted at a series of flat boundaryasa$ within a prism.

The image quality of an optical system is governed primarily by #évesfand as-
sembly errors of its individual elements [10]. In designing and evafu#tie image
quality of an optical system, an analogy can be drawn with the desighl©f(au-
merical control) machine tool since in the same way that opicstems are com-
posed of a series of individual optical elements, machine tools @eMgptructured
arrangement of interconnected links and joints, each having a uniquerastlation
characteristics. When designing a machine tool, it is necessalsmiify the potential
sources of error within the system and to clarify their individadl eollective effects
on the overall quality of the machined products. In an early studysTVv [11]
showed that the machining error of a NC machine tool variesfaaction of the
combined effects of the individual errors in each of its six degreésedom. Ac-
cordingly, FERREIRA and LU [12] developed a model based upon three rotational
errors,i.e, A, A¥ andA@, and three translational erroig., Ax;, Ay; andAz, to
enable the performance of a machine tool to be systematically examined.

In a previous study [13], the current author drewaaalogy with the error model
presented in [12] to develop a skew ray sensitiitglysis model with which it is pos-
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sible to analyze the errors induced in a ray’s light path asa@t meflected and/or
refracted at a flat optical boundary surface. The proposed model aexsille effects

of six sources of light path erroi.d, three translational errors and three rotational
errors) on the deviation of the light path at the boundary surface. Fndteerthe
effects of changes in the incident position and unit directional vedtdheore-
fracted/reflected ray caused by changes in the position and untiatiedcosector of
the light source were also examined. In the current study, this nsodgtended to
analyze the errors induced in the paths of skew rays incident upotipaoidlbound-
ary surface.

In performing the ray tracing analysis, a4 homogeneous transformation matrix
is used to define the position and orientation haf kbocal coordinate frame of each
boundary surface. The reflection/refraction pathshe incident rays are then deter-
mined using Snell's conventional optical laws. e tanalysis, a position vector
Rd+R,j+Rk is written as a column matri® = [P, P, P, 1], where the pre-

superscript of the leading symbéP, indicates that this vector is referred with respec
coordinate framex§2;. Given a pointP;, its transformatiorfP; is represented by the
matrix productP; = “A'P,, where*A is a 4x 4 matrix defining the position and orienta-
tion (referred to hereafter as the configurationg drame Ky32); with respect to another
frame &ky2y [14]. The same notation rules are also applicabléhe unit directional
vector'4 = [4c 4, 4, O]T. Note that if a vector is referred to the worldbnate frame
(xy3);, its pre-superscript 0 is omitted for reasondrop$city.

The remainder of this paper is organized as follows. Section 2 loesthie use of
the 4 x 4 homogeneous transformation matrix and Snell’'s optical laws torperf
skew ray tracing at an ellipsoid boundary surface, while Section 3ogeuhe corre-
sponding error analysis methodology. Section 4 demonstrates the applicatiwn of
proposed approach to the error analysis of an arbitrary optical eleritlerd refrac-
tive ellipsoid boundary surface. Finally, Section 5 presents some lonefuding
remarks and indicates the intended direction of future research.

2. Skew ray tracing at ellipsoid boundary surface

A fundamental feature of optical elements with planar, sphasicaspherical bound-
ary surfaces is that these surfaces are all surfacesvafition. Consequently, the
error analysis methodology proposed in this study commences by defining the bound-
ary surface in terms of revolution geometry and then applies a caygttachnique to
establish the paths followed by skew rays as they undergo reflectioefeaxtion at
this surface. The error analysis methodology developed in this study isabppito

all rotationally-symmetric optical elements, including both spheacal aspherical
(e.g, paraboloidal, ellipsoid and hyperboloid). However, in defining these suifaces
terms of revolution geometry, the parameterized form of the gamg@irve is dif-
ferent in every case. The current study therefore considers théicspase of an el-
lipsoid boundary surface for illustration purposes.
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As shown in Fig. 1, the boundary surfdgeof an ellipsoid optical element can
be obtained by rotating the generating lifp = [aCB 0 bSB 1], where

a,b=0a#%Db and—zsﬂi SE' in thex;z plane about thg axis, i.e.

Co -Sx 0 0][aCh

| | ca 00| o r

r=Rotz,a)q = 0 0 1 0|lhsp =[aCsCa aChSy b 1]
0 0O 01 1

(1)

where Rotf, ) is the rotation transformation matrix about thexis andC andS
denote cosine and sine functions, respectively. Equation (1) providesrcgexpres-
sion for parametrizing the boundaries of optical elements with @lipsurfaces in
terms ofa, b and the polar angular positio, 4. The unit normal vectom

i =gl 0T, 0N | /lo 9
T3 9 o

op, 0o
in — l: QCACOC hcﬂl i a1$;| O
Va8 ) +b3(CB )? a8 ) +bH(CB)? A )? +b(Ch, )

] along the boundary surfate is given as

()

wheres is specified as either +1 or —1 such that thereosf the incident angle has
a positive valuei.e., C8 > 0. Having obtained general expressionsrioand'r;, any

skew ray can be traced simply by applying Snellgiaal laws of reflection and
refraction.

Generating curve q for . .
ellipsoid boundary surface ' r Medium i-1

z, A E.’i—1

2y
Yo
Xo

Medium i

&

Fig. 1. Boundary formed by rotating surface geometry and skewarging at ellipsoid boundary surface.
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In the derivations abové; and'n; are both expressed with respect to the ellipsoid
boundary surface coordinate framey#);. The relative configuration of the world
frame ky2, with respect to framexy2); is given by

I ix ‘]ix Kix 1:ix
. L, J, K, t
i iy iy iy iy
= = 3
A) AO I iz Jiz Kiz 1:iz ( )
O 0 0 1

where vectorslf Ly, I, O, [Jx 3, 3, 0]' and Kix Ky, K O] describe the
orientations of the three unit vectors of frammgZ, with respect to framexy2;, and
vector and fy t, t, 1]' is the position vector of the origin of framey, with
respect to framexg2;. The unit normal vector of the ellipsoid boundatyface re-
ferred to framexy2, can be obtained by transformilmgto frame ky2o, i.e.

Ny
r-}y — —1i
n, =°A'n =(A)™n
0
b1,ChCo; +b1,CB Sy +a1, S,
S h\]lXCﬂlCa +h\]|ycﬂ|& +a1\]|2$|
RS HE(CH ) [BRLCACH +BKCA S, +aK, S @)
0

In Figure 1, a light ray originating at poiRL; = [Pi_ix , 1y P_i, 1] and di-
rected along the unit directional vectps = [4.1, 4.y 4.1, O] is reflected/refracted
at the ellipsoid medium boundary surfdgeat pointP,. Any intermediate poin€);
along the path of the incident ray can be descrnga@dmetrically as follows:

Q [ 1x+€| 1x/1 P +/ /1 Pi—lz-i-gi—lz/1 1]T (5)

i-ly

whereA = 0 is the magnitude of vect®_;Q;. The parametet = A, corresponding to
the case in whiclp, is coincident with the boundary surface at point

[ 1x+€| 1x;l1 P +€| 1y) I:?—12-'-(i—1z)“i 1]T (6)

can be derived by equating the boundary surfacwith 'Q;, where'Q, ='AQ is the
transformation of poin®@; to frame ky2);, i.e.
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3= 2= ()
whereH;, D; andE; are given respectively by
1 1
Hi = aiz (h 31 jG\z (8)
1
D = ¥ (Rliax F?—lyf iy F P_12liaz)
1 t. t
B.G, + =G, +2£G, 9)
[QZ 31 j a12 y hZ
E _i lx-I-P2 +P|212)+( 1 inBé
31 h g
2t B, +2t, B, 2 2 42
e ZIQZB " ;x ot ; = (10)

Note that in Egs. (8) to (10), the following defians apply:

B _IIXR lx+‘Jle| 1y+leR -1z BI _||yP| 1x+‘]|yP| -ly KiyR—lz’
B - IIZPI -1x + ‘]IZPI -1y KizF?—lz ’ G = I|x€|—1x + ‘]ngl—ly + K|x€|—1z’
G = Ilyfl—lx ‘]ly i-1ly + Klygl—lz’ G =1 £| =1x ‘]zgi—ly + Kizgi—lz

The ambiguous sign of the root term in Eq. (7)esponds to the two possible points
of intersection of the ray with the ellipsoid boandsurface. However, only one of these
points is required in the current ray tracing asialyi.e. the initial incident point, and thus
the appropriate sign must be carefully chosen. fdrametersy, and 3 describing the
polar angular position of the incident point on éfigosoid boundary surface are crucial in
determining the path followed by the reflectedaefed ray, and are defined as follows:

o; = arctanp;,o;) (11)

5 12
pesef) o

whereg =By + 4Gy + tix, o= Biy + /]iGiy + tiy andri =B, + AG; +t;.
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In tracing the reflected/refracted ray at the sl boundary surface, the angle of
incidence g, is expressed as

Co, =—01, M = (bG,ChCaq; +b G Ch Sy +aG, ) (13)

-5
Ja2(S5,)% +b(CB,)?

According to Snell’'s law, the refraction andlebetween two optical media is given by

) =%sei =N (14)

whereé_; and§ are the refractive indices of media 1 and, respectively, andll; =
&4/ & is the relative refractive index of medium 1 with respect to medium The
unit common normal vectan of n; and4_; can be derived as

m=[m, m, m, O] =nyx(, /Inyxty|=n xS, (15)

According to Snell’s optical law of refraction (le€tion), the refracted (reflected)
unit directional vectori(4) can be obtained by rotating aboutm at an anglef, =
- 8(6, = ) to obtain

4 (G) =10 by Ly, O]T

m,@-Co,)+Co,  mm,(-Ch)-m, S, mm,(L-Ch,)+mS, O|n,
_|mm@-Co,)+m, ),  n(-CH)+Ch,  mm,(-Ch)-mS, 0N,
mm, 0-C9,)-m ¥, mm,(-Co)+mS, nL-Ch)+Ch,  0|n,
0 0 0 0|l O
(16)

Further simplification of Eqg. (16) is possible byiliming the equations of
Somxn =(n x4g)xn =4, = (0 Uig)n =4, +nCh (see Eq. (15)) and the
Snell’s lawSg = N; S4, resulting in

Eix nixCHP + (niz my - niymz)seP nixCHP + Ni (gi—lx + nixcgi)
0.6 = fiy - ninGP +(nym, = nizrnx)sglJ - niyceP +N; (fi—ly + ninGi) (17)
Eiz nizCQP + (niy mx - r]ixrny)sgP nizceP + Ni (fi—lz + I’]izcei)

0 0 0

From Eq. (17), the unit directional vector of theraefed ray4(g, = 7— g) can be
expressed as
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liy _nix\/l_ NZ +(N;C6,)? + N, (£;_y, +n,C8))
¢ = Ly - _niy\/l_ N?Z+(N,C6,)* +N; (44, + 1y, CO) (18)
% =1, 1= NZ+(N,CG,)? + N, (¢, +1,Ch)
0

while the unit directional vector of the reflectey 4 (4, = 8 andN; = 1) is given by

Lix i +2n,CO,
) i, +2n C6o.
g =| b =) P T (29)
Eiz gi—lz + 2r]izC@i
0 0

Following refraction (reflection), the light ray qeeds with poin®; as its new
point of origin and4 as its new unit directional vector.

3. Error analysisat ellipsoid boundary surface

In optical systems, slight errors inevitably exigtween the designed position and
orientation of the optical elements and their dcpasition and orientation following
the assembly process. In analyzing these erragelhtive positions and orientations
of the world frame Xy2, with respect to the ideal framgy@; and the actual frame
(xy2; can be expressed respectively as

I ix ‘]ix Kix 1:ix
| L, J, K,
Iiz Jiz Kiz tiz
O 0 0 1
Ii’x ‘]lx Ki’x ti’x
i’ Il’y ‘Jl’y Ki'y ti’y
"A = 21
A) I i'z ‘]i’z Ki’z ti'z ( )

O 0 o0 1

As shown in Fig. 2, the position and orientatioroes of the ellipsoid boundary
surface considered in the present study can beibedan terms of three translational
errors of the origin of framexy2;, i.e., Ax;, Ay; andAz, and three rotational errors of
the three axes of frama&y@; with respect to framexy2;, i.e., A/, A¥H andA@,. The
overall effect of these six errors can be expressathematically using a matri& of
the form
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Zi A

Actual ellipsoid frame (xyz);
Zy AD, |

v

Ideal ellipsoid frame (xyz);

[AX; Ay; Azi]T

Fig. 2. Definition of translational and rotational errorgobrdinate frame.

'A. =Trans(Ax, Ay;, Az)Rot(z , A®,)Rot(y, , A¥,)Rot(x, ,Al’,)
CA®, CA¥, CA® SAY, SAS, -SA®D, CAI, CAD, SAY, CAI', +SA®, SAT, AX
| SA®, SAY, SA®, SAY, SAI', +C A®, CAI, SA®, SAY, CAI, -C Ad, SAT, Ay,

-SAY, CAY, SAI CAY, CAI, Az,
0 0 0 1
(22)

Since in an optical system, the translational anational errors are all very small,
Eg. (22) can be approximated by a first-order Taghries expansion and rewritten in
the form

I ix jix Kix tix 1 - A¢i A Ti AXI

A=ty dy Ky Gl ad 1o mAL Ay (23)
i, i Ky 1 —AY AL 1 Az
0O 0 0 1 0 0 0 1

Applying the assumption that, = 'A, + d'A, = 'A™'A,, it can be shown that

Ii'>< Ji‘x Ki'x ti'>< Iix +Al ix ‘Jix + A‘]ix Ki>< + AKi>< ti>< + Atix
Ii'z ‘]i'z Ki‘z ti'z Iiz +Al iz ‘]iz + A‘]iz Kiz + AKiz 1:iz + Atiz

0O 0 0 1 0 0 0 1
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1 AP -AP, -Ax][1,
—AD, 1 AL Ay |1
AP, -AI 1 =AzZ |1,

0 0 0 1 ]|o

From Eqg. (24), it can be deduced that

Adi, = Iy AD, - J,AY,
Ay, = I AY; = J AL

AKy, ==K AP, + K, ALY

Aty = -t AD; +1,AL — Ay,

T.-T. Liao

(24)

(25)

(26)

(27)

(28)

Furthermore, differentiating Egs. (6), (18) and)(li®can be shown that the dif-
ferential changes in the incident point positiaR;, the refracted light vectof\4 and
the reflected light vecto, are given respectively by

AR,
AR =AR_ + A Al + 1Ak =My, Al

i-1

_ AR,
Al =M, AL +M  [Aeg]

+M [Ae]

—Pi

(29)

(30)

(31)
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Combining Egs. (29), (30) and (31), the differeintlaanges in the incident point
position,AP;, and the unit directional vectors of the refradiedlected) raysi4(A4),
can be expressed as

il EYR Y 32
e[ e e

where B] = [Ax Ay Az AL AY A®]". M is a sensitivity matrix describing
the differential changes in the reflected/refraatay unit directional vector and inci-
dent point on boundary surfaceas a result of differential changes in the lighirse
position and unit directional vector of the inciteay. FurthermoreM. is a 6x 6

error matrix describing the differential changeghe reflected/refracted ray unit di-
rectional vector and incident point on boundaryfae r; induced by differential
changes in the six degrees of freeddm, (three translational and three rotational) of
the frame Xy2); of boundary surface. The corresponding light path error induced at
the (— 1)-th boundary surface can be determined from

APn—l M [ ] M 4 I:?1—2
= T »
Afn—l = e” ' - Afn—z

4P, 5
= Mn_l[en—l] + Mn—l Mn_z[en—z] + Mn—Z
ZMn—3

4P, 5
= Mn_l[en—l] +Mn—1Mn_2[en—2] +Mn—1Mn—2 Al

n-3

=M _leq]+M M leL]+M M M [e]

—n-1

..t Mn—an—ZMn—3Mn—4 " MZMl[el]

=M 6]+ Mle L]+ M gle 5] +...+ My[e] + M[e]. (33)

In Eq. (33),M; (i =1 ~n—1) is an error analysis matrix which combines riély
path errors caused by translational and rotatienadrs of thei-th boundary sur-
face with the differential changes induced in thwt wirectional vector of the
reflected/refracted ray and its incident point ¢ tooundary surface by corre-
sponding changes in the light source position amtdirectional vector of the inci-
dent rayj.e.,
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ok, OR, OB, OR R, OR,
ox 0y, 0z 04, 0¥, 09,
op, oR, 0B, 0B, OR, OR,
ox oy, 0z 0I; 0¥, 09,
ok, OR, OB, OB, OR, OF,
_|0x 9y, 0z oIy 0¥, 09
Mi=lar, e, or, or, or, or, (34)
ox 0y, 0z 04, 0¥, 09,

o, odr, ar, adr, dr, 9,

iy iy iy iy ly ly
ox oy, 0z 07 0¥, 09,
or, 0/, 0

1Z 1Z 1z

ox 0y, 0z OdI, 0¥, 09,

4. Simulation of refraction event at ellipsoid boundary surface

This section demonstrates the validity of the peggberror analysis methodology by
considering the case of an optical element witlaritrary refractive ellipsoid bound-
ary surface. As shown in Fig. 3, it is assumed tih@tight source is located at a posi-
tion Py = [P, 0 —50 1]and the unit directional vector of the incoming heas the

.
. 1 1 iy o
form of either,=[0 0 1 Ojor ¢, :{— 0 — 0/ .In addition, the ellipsoid
J2o T o2

o Zy Ref
Ellipsoid boundary surface z A £= raCtive
1 1\[{1X ray

'r, with a, = 60 and b, = 50 0,

N

B Incident point P, |
E Incident ray
g 6=10010]"
S|4 A o= ]
=
|
s >

Light source
Po =[P, 0 =50 1"

Fig. 3. Refraction process at ellipsoid boundarfase withP, = [Py, 0 50 1jand4=[0 0 1 Of.

boundary surface has parametersof 50,b; = 60 and to the refractive index ratio
the following values are assignedi = 1.5,N; = 2.0 orN; = 2.5. The relative configu-
ration of the world framexf/2, with respect to the ellipsoid boundary surfacenfea
(xy2, is given by
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50 (35)

1

o O +» O
o » O O

Figure 4 illustrates the variation (%[i with changes in the light source position
X

Pox as a function of the ratio of the refractive indaxio N;. In general, it can be
seen that a total reflection event occurs at spalles ofPy. From inspection, it is
found that the value dPo, associated with the total reflection phenomenatuces
as the value of the refractive index rdllpincreases. Moreover, it is evident that the
total reflection event occurs more readily for theident ray with a unit directional
vector of 4 = [0 0 1 0] than for that with a unit directional vector of

.
l :{% 0 % O} . It can also be seen that in the case of the emtichy with

a unit directional vector of, = [0 0 1 0, a significant error exists in the path of
the refractive light ray prior to the total reflext event.

0.2
Po = [Pox 0-50 0]"
1—N;=15,0,=[0010]"
H42—N;=20,0=[0010]"

4 3—N,=251=0010"
4—N;=15,,=[1"201~20]"

1 5—N,=20,0=11"20 112 0]"

0.1 — 6—N;=25,0=[1~20 172 0]" 3

Fig. 4. Variation of(?:i with light source positioPy as function of refractive index ratid.
Xl
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400
Po = [Pox 050 0] 3
-4 1—nN;=15=[0010"
2—N;=20,0,=[0010]"
300 — 3—N;=25{,=[0010]"
4—N;=150=[1"201~20]
4 5—nNy=20,0,=11"20112 0"
6 —N;=2.5,[,=[1N201~20]" 9
200 —
8512 _
o, 1
100 — 6
5
o J
4
-100 T | T I T l T I T | T
0 10 20 30 40 50 60
POx

Fig. 5. Variation ofa% with light source positioR,, as function of refractive index ratid.

1

Figure 5 illustrates the variation %‘% with changes in the light source positieg
1

as a function ofN;. The results clearly show that a rotational enbthe boundary
surface has a significant effect on the deviatibtihe refractive ray as the incident ray
passes through the ellipsoid boundary surface. @amgp Figures 4 and 5, it is evi-
dent that a rotational error of the boundary swfiaas a greater effect on the deviation

of the refractive ray than a translational erragufe 6 illustrates the variation e?g—l
0x

with changes in the light source positiBg as a function oN;. It is evident that the
effect of APy, on A4 is significantly dependent on both the value @& tafractive in-
dex,N;, and that of the unit direction vector of incomnay, 4.

In general, Figs. 4-6 demonstrate that the oriemtadf the refracted light ray is
significantly dependent upon the incident positadrthe incoming light ray and the
translational and rotational errors of the boundsuyface. For an incident ray with
a unit directional vector o =[0 0 1 0], the variation in the unit directional vec-
tor of the refracted rayy4, tends to zero as the position of the light soaymgroaches
the optical axis. The results have also showndhatal reflection event occurs when
the light source is displaced slightly from theioglt axis. This phenomenon is par-
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ticularly apparent at higher values of the refraeindex ratioN;. Overall, the results
presented in Figs. 4-6 confirm the importance ofgoming an error analysis and
then applying an appropriate calibration effect widesigning optical systems com-
prising elements with ellipsoid boundary surfaces.

0.1
4
0 A\
- 5
6
0l1;
OPox - ) 1
01 — Po=IPex0-500]" 3
1—N;=150=[0010]"
7 2—N;=20,6=[0010"
-4 3—N;=25/=[0010]
| 4—Ny=151=[1N201~20]"
5—N; =20, 6,=[1"201~20]"
1 6—N;=25/{=[1"20120]"
-0.2 I | I | I I I I I | I
0 10 20 30 40 50 60
l:>Ox

Fig. 6. Variation of oty with light source positioRy, as function of refractive index ratid.
0x

5. Conclusions

This study has extended the error analysis metbggiopresented by the current
author in [13] for optical elements with flat bowamg surfaces to the case of optical
components with ellipsoid boundary surfaces. Theppsed methodology considers
two fundamental sources of error, namely the tetimsial and rotational errors at
each boundary surface and the differential chaimgéise incident point position and

unit directional vector of the refracted/reflectey as a result of differential changes
in the position and unit directional vector of fight source. The validity of the pro-

posed methodology has been demonstrated by anglgriroptical element with an

arbitrary ellipsoid boundary surface. In a fututedy, the error analysis methodology
presented in this paper will be further extendedht case of optical elements with
hyperbolic boundary surfaces.
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