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Abstract: Semivariance is an intuitive risk measure because it concentrates on the shortfall
below a target and not on total variation. To successfully use semivariance in practice,
however, a statistical estimator of semivariance is needed; Josephy and Aczel provide such an
estimator. Unfortunately, they have not correctly proven asymptotic unbiasedness and mean
squared error consistency of their estimator since their proof contains a mistake. This paper
corrects the computational mistake in Josephy-Aczel’s original proof and, that way, allows
researchers and practitioners in the field of downside portfolio selection, hedging, downside
asset pricing, risk measurement in a regulatory context, and performance measurement to work
with a meaningfully specified downside measure.
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1. Introduction to the problem

On the one hand, semivariance — lower partial moment 2 — is an intuitive
risk measure because it concentrates on the shortfall below a target and
not on total variation. Therefore it is used in downside portfolio selection
(pioneered by [Markowitz 1959; Jin, Markowitz, Zhou 2006]) for an
overview of and further developments in downside portfolio selections,
hedging [Demirer, Lien 2003; Cotter, Hanly 2006], downside asset
pricing (pioneered by [Bawa, Lindenberg 1977; Ang, Chen, Xing 2006]
for an overview of and further developments in downside betas), risk
measurement in a regulatory context [Brooks, Persand 2003], and
performance measurement (for stocks, e.g. [Hoechner, Reichling Schulze
2017], for the effects of environmental, social, and governance issues
[Hoepner et al. 2018], and for hedging [Lee, Chien 2010]. On the other
hand, the formalism behind lower partial moments is identical to the
computation of Conditional Value at Risk [Demirer, Lien, Shaffer 2005,
p. 56] were the first to emphasize this connection — and stochastic
dominance [Davidson, Duclas 2000, p. 1444].
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To successfully use semivariance and its formal companion in practice,
a statistical estimator of semivariance is needed. In this connection, two
aspects must be addressed: first, it must be determined when
semivariance is triggered; second, the target must be estimated, for
example, if mean is used as target. In the latter case, both aspects will be
interrelated since the estimator of semivariance is triggered based on the
sample average instead of the unknown true mean. In that case, only the
trigger problem exists, Davidson and Duclas [2000] derive a rather
general estimator where observations just have to be independent, but not
identically distributed, but are less successful for the interrelated case:
they determine an estimator for lower partial moment 1 for identically
distributed and independent observations, but not an estimator for
semivariance. Unfortunately, this interrelated case is the economically
relevant one. For example, Lewis [1990] recommends the mean as target
for lower partial moment based performance measurement. Barrett and
Donald [2003, p. 71] stress that it is important to compare more than one
point when ranking alternatives based on stochastic dominance — using
the mean as target might mitigate this problem.

Only the vastly underappreciated paper by Josephy and Aczel [1993]
provides a statistical estimator for semivariance where target equals mean
and observations are independent and identically distributed. Even though
independent and identically distributed observations are rather mundane
and do not seem to be representative of modern-day econometrics
[Josephy, Aczel 1993] is still the most advanced paper in the field of
estimating semivariance with mean as target.

Unfortunately, Josephy and Aczel [1993] have not correctly proven
the asymptotic unbiasedness and mean squared error consistency of their
estimator. In their proof, they mistakenly assume terms to be O that are in
fact unequal to 0.

Given this setting, the goal of this paper is to identify and correct the
mistake in Josephy-Aczel’s [1993] derivation. In this connection, we
deviate from their (1993) original proof of asymptotic unbiasedness and
mean squared error consistency. Their computational mistake results in
several missing terms which can be handled more easily if a modified,
and in our opinion faster, line of reasoning is used.

We show that the terms overlooked by Josephy and Aczel [1993]
approach zero as the number of observations approaches infinity.
Therefore, we can prove that Josephy-Aczel’s [1993] estimator is indeed
asymptotically unbiased and mean squared error consistent.

Compared to the literature we can make two contributions. First and
obviously, we identify and correct the mistake in [Josephy, Aczel
1993]. Second, in that way we allow researchers and practitioners in the
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field of downside portfolio selection, hedging, downside asset pricing,
risk measurement in a regulatory context, and performance
measurement to work with a meaningfully specified downside measure,
i.e. semivariance with mean as target, instead of making unfortunate
compromises, i.e. using a constant as target when applying lower partial
moment 2 or falling back to lower partial moment 1 when mean is used
as target.

The remainder of the paper is organized as follows. In Section 2 the
computational mistake in Josephy-Aczel’s [1993] derivation is identified
and in Section 3 it is corrected. The paper ends with a summary (Section
4) and a mathematical appendix.

2. Notations and identification of the computational mistake

Notations

Since an immediate comparison to [Josephy, Aczel 1993] is essential for
our paper, we use their notation:

Let x4, ..., x,, ... denote a sequence of independent and identically
distributed random variables with a finite fourth moment.

We define fori = 1,..,n:

Vi =X — U, (1

where u == E{x,}.
When referring to aspects that hold for all x; (y;), like the expected value
or the variance, x4 () is taken to represent all x; (y;) because x; (and hence

¥;) are independent and identically distributed random variables.
Given the definition of y,, it is true

E{y1}=0 o?:=E{y{} = var(y,) = var(x) )
— 1 1 _
y=—-XieYi = B — ) =x —p, (€)
with  X:= % C e X

Furthermore, we define
m; = 1(_e ] ) = 1(—oo,0](xi — 1) li = 1(0,37](}’i) — 15,01 ), 4)

where 14(z) denotes the value of the indicator function on a set A for
variable z.

The value m; indicates when semivariance is “triggered” and [;
captures “triggering errors”. The estimator of semivariance is triggered
based on the sample average ¥ instead on the true mean p.
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o2 = E{l(_oo_o](xl — [,t) . (Xl — /.1)2} = E{l(—oo,O](yl) ’ y12} (5)
= E{m; - y{}

which suggests as reasonable estimator t,,

n
t o= c, - Z Loy (i — B) - (x; = ©)? = -
i=1

; (©)
z Lo Vi =) - (i — )2
i=1
where the multiplier ¢, € R is yet to be determined.
Using the definitions of m; and [;, Equation (6) simplifies to
tn =Cn 'Zzl:l[mi +4] - y)z (7)
Furthermore, set fort = 0,1, 2, ...
vy = E{my - (x; — )} = E{my - y7}, (3

where it obviously holds: v, = E{m;-y?} =02 and v, can be
interpreted as probability of y; < 0, which corresponds to the probability
of x; < .

2.1. Identification of the computational mistake in Josephy-Aczel’s proof

13 99

To distinguish subsequently between “our” and “Josephy-Aczel’s
formulas, we put JA in front of their formula numbers.
Josephy and Aczel claim

2

_(E{m;-y?}=0% i=j=k
Eim;-vy; - = { L . JA14
{ml Y] yk} 0 otherwise ( )

While it is true, as Josephy and Aczel state, that E {mi i yk} =0

for j # k due to the independence of y; and y, and the fact that E {yj} =
E{yx} =0, thisis not true forj = k # i.Forj = k # iitholds

E{mi'}’j'}’k}=E{mi'}’,’2}=170'E{yj2}=v0-02. 9

Term (9) is missing in Josephy-Aczel’s [1993] proof of asymptotic
unbiasedness and mean squared error consistency of their estimator, one
mistake that leads subsequently to several wrong formulas.

Josephy-Aczel’s [1993] proof of asymptotic unbiasedness is based on
Formula (JA17). Since (JA17) rests upon (JA14), the term discovered in
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(the notation “corr” is added to the numbering of the formulas) reads: N 1703)

tn ( —1)2 — -1
E{;} = —nn o2+ Y E{L (v — )% +nT -0? vy (corrJA17)
Ja17)

Josephy-Aczel’s [1993] proof of mean squared error consistency is
based on their Formulas (JA20a) through (JA21f), which ultimately
partially rely on (JA14). For that reason, only (JA20b), (JA21a), and
(JA21b) are correct.

e Formula (corrJA20a)

(JA20a) contains a typo and reads corrected (Josephy and Aczel

[1993] obtain v%):

E{mi “m; Y- yj} = 1712 fori #+ j- (COI‘I‘JAzoa)

All other formulas are subject to the follow-up error as the term
discovered in Formula (9) is missing. The corrected formulas read (where
L #J):

e Formula (corrJA20c)
E{m;-m;-y;-y; 7} =
%- vy v +v3)+ nn;zz v o2, (corrJA20c)

(JA20¢)

e Formula (corrJA20d)
E{mmy- (e + )" 72}

%-(vo-v4+4-vl-v3+3-v22)+

(corrJA20d)
(JA204)
Z-nn—_zz- [vg - v, - 02 +vi-a?].
— Formula (corrJA20e¢)
E{mi-m; - (yi +y;) 5%} =
%'(UO'U4+4'171'U3+3'17%)+
(corrJA20¢)

(JA20e)

2-nn;32-[3-170-v2-02+3-vf-02+v0-v1-E{y13}].
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— Formula (corrJA20f)
E{mi-mj-f/‘*}:ﬁ-(vo-v4+4-v1-v3+3-v22)+
) 1 (JA20f)
n-— corrJA20
2-7-[E-vg-E{y{*}+4-v0-v1-E{yf} ( g
+6-v2-02+§-(n—3)-v§-a4+6-v12-02].
— Formula (corrJA21c)
y2.p2) = Ya o (imDwpo?
E{m;-y? -y} = w2 Tt (corrJA21c)
(JA21c)
— Formula (corrJA21d)
_ -1
E{m;-y;-7°} = % +nn—3' [v, - E{yi} +
(JAZ1d) (corrJA21d)
3-v,-02].
— Formula (corrJA21e)
_ -1
E{m; - y*} = % +nn—4' [vo - E{yi}+4-
(JAZ1e) (corrJA21e)
vy EQy3}4+6-v,-0%2+3-(n—2) v, 0]
e Formula (corrJA21f)
(v — )2y = D7 il g2
E{m;- (y; —y)°} = nz V2 + nz Voo (corrJA211)
JAz21f)

One exemplary proof, namely the derivation of Formula (corrJA20e),
can be found in Appendix 1. The other corrected formulas can be derived
in a similar way.

3. Correction of the proof

To compute asymptotic unbiasedness and mean squared error
consistency, we deviate from Josephy-Aczel’s [1993] original proof. The
missing term (9) can be handled easier if a modified and in our opinion
faster line of reasoning is used.

3.1. Useful relations, lemmas, and a corollary

This subsection contains one relation, two lemmas, and one corollary that
will help simplify the proofs in Subsections 3.2 and 3.3.
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Fori =1,---,n it holds N 17

m? =m; and (m; +1;)? =m; +; (10)

since m; and m; + l; = 1(_o, 3)(;) are indicator functions.

Lemma 1

ForkeNandi=1,--,nitholds

1Ll 1y = 51 = |15 — 1.0 0)| - lyi = ¥1* <
_ _ (11)
71" = |% — pl*.
For the proof of (11) observe: |l;| =1 if y; lies between 0 and y
irrespective of which of either value is less. In this case, the distance
between y; and ¥ is not greater than |0 — y| = |y| since |0 — y| is the
maximum possible distance. If otherwise y; does not lie between 0 and ¥,
Lo31i) — 15,01(y:) will be zero and so will |1;].

Lemma 2 (see Appendix 2.1 for a proof)

Let yq,..,¥, .. denote a sequence of independent and identically
distributed random variables with existing mean E{y;} = 0 and with
finite k™ moment E{y,*} for some k € N.

Then for all k = 1,.., k the expected value E{y*} exists and it holds

E{y*} = 0 forn — co. (12)

Corollary (see Appendix 2.2 for a proof)

Let yq,...,¥,, ... denote a sequence of independent and identically
distributed random variables with existing mean E{y;} = 0. If for k € N
the expected value E{y,*} exists for k even and E{y,**'} exists for k
odd, E{|¥|*} exists as well and it holds

E{|y*|} - 0 forn — oo. (13)

Note that the existence of E{y;**1} for k odd is required only for the
proof of convergence, but not for the proof of existence of E{y;*}.

3.2. Proof of asymptotic unbiasedness

E{ty} =cp- E{Z[mi + 4] i - }7)2}

i=1
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N 7ed E{ty} = cp E(Ziea[mi- 2 —2-my-yi -y +m - 52 + ;-

i —)_’)2]}=n'cn'[03 —2-E{my -y, -y} + E{m; -y} +
=:4n =:B,

E{ly- (y1 — }7)2}
=:Cp,

b

because yy,...,¥, are independent and identically distributed and
cv2) — 42
E{m, - yi} = o=
(%)

To prove asymptotic unbiasedness, we will show that 4,,, B,,, and C,
converge to 0 for n = oco. Since null sequences are considered, it suffices
to show that |A4,|, |B,| = B,, and |C,| converge to 0 for n — co.

Then asymptotic unbiasedness will hold if ¢, is chosen in a way such
that n - ¢, converges to 1 for n — oo:

° An
1 n
Ei;'ml'h'(}’l‘*‘ § %)}‘ =

=2

0<|A4n| = [E{m;y-y1-J}| =

1 1 2
n |E{m1-y12}+2?:2E{m1-y1-yi}l SE'E{ml'Mz}f%*O

(2) (5)
forn — oo.
° Bn
0 < |B,| = B, = E{m; - y*} < E{y?} 20 forn - oo
Lemma 2
° Cn
0=<|Cl=
B - 01— D S EQLl- Iy -5 s E(7 20 for
(#) Lemma 1 Corollary
n — oo

Inequality (#) rests upon the well-known relation |E{X}| < E{|X|}.

e n-cy,

Asymptotic unbiasedness is obtained if c,, is selected in a way such that
n - ¢, converges to 1 for n — co. This means, a multiplier ¢,, = % - a, can
be chosen for any a,, with a, = 1 for n - oo. Special cases for ¢, (a;,)
include ¢, = - (@n = 1), ¢4 = —= (@ = —), Josephy-Aczel’s [1993]
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n n 1
(n-1)2 (ap = _(n—1)2) or Cp = — for any k € Z
= Nr 17(23)

andn > k (an, = -—).

Observe that ¢, - 0 forn » wifn-c, — 1.

recommendation ¢, =

3.3. Proof of mean squared error consistency

Since the fourth moment E{y;} was assumed to exist, the mean squared
error of t,, exists and can be written:

mse(t,) = var(t,) + (bias(t,))” = E{t,2} — (E{t,})? + (bias(t,)).

However, it is already known that the estimator is asymptotically
unbiased so that it holds

E{t,} - d2 forn - o
(E{t,})? » c% forn - o

bias(t,) —» 0 forn — oo

(bias(tn))2 — 0 forn - o

hence it remains to show that E{t,%} = ¢ forn — .

To that end, we consider

2

E{t,’}=E (Cn : Z(mi +1) (i — 3_’)2> =

n
i=1j=1

ot E{Z(mi 1P - y)‘*} +

n

(m;+ 1) (my + 1) 0i = 9% (v — 7)2} =

(14)
cn’ E Z Z(mi +1)-(mi+4) - i =M (v — 7)2

i=1]J

-
J iid,(10)
J

n-c,® E{(my + 1) - (yy — 9*H+

=:Dp

n-(n—-1)- an CE{my + 1) -(my + 1) - (0 _}_’)2 (v, _3_’)2}-

=:Fp
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It is shown in Appendix 3.1 that n - c¢,? - D,, converges to 0 for n — oo
andn-(n—1)-c,> - F, converges to o (see Appendix 3.2) why

E{t,?} > o*forn - o

holds and mean squared error consistency of the estimator t,, is proven.

4. Summary

The starting point for our paper is the observation that semivariance is
applied in downside portfolio selection, hedging, downside asset pricing,
risk measurement in a regulatory context, and performance measurement.
To successfully use semivariance in practice, a statistical estimator of
semivariance is needed.

If mean is used as target for semivariance, only the vastly
underappreciated paper by Josephy and Aczel [1993] provides
a statistical estimator for semivariance. Unfortunately, Josephy and Aczel
[1993] have not correctly proven asymptotic unbiasedness and mean
squared error consistency of their estimator. In their proof, they
mistakenly assume terms to be 0 that are in fact unequal to 0.

This paper corrects the computational mistake in Josephy and Aczel’s
[1993 original proof of asymptotic unbiasedness and mean squared error
consistency. It shows that the terms overlooked by Josephy and Aczel
[1993] approach zero as the number of observations approaches infinity.
Therefore, we prove that Josephy and Aczel’s [1993] estimator is indeed
asymptotically unbiased and mean squared error consistent.

In that way, the paper allows researchers and practitioners in the field
of downside portfolio selection, hedging, downside asset pricing, risk
measurement in a regulatory context, and performance measurement to
work with a meaningfully specified downside measure, i.e. semivariance
with mean as target, instead of making unfortunate compromises, i.e.
using a constant as target when applying lower partial moment 2 or
falling back to lower partial moment 1 when mean is used as target.
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E{m;-my - (yi +y;) - 7°} = E{m; - m; - y; - 53} + E{my -my -y - 33} = AT
2 E{mlm] - Yi y3}
Since
n n n
5 1
y =F'Zzzyr Ys Ve =
r=1s=1t=1
n n n n n n
1 3 2
3 yr +3 Y Ys + Yr¥s Yt
r=1 r=1s=1 r=1s=1 t=1
S#T S#ET t£7,S
it is obtained for
1
E{ml m] Vi y3} = F.
n n n
E{m; m; Yy ZyTS +my m; Yy 3'22)’1”2 Ys + My m; - y;
r=1 r=1 s=1
S#T
n n n
ZZ Z Vs Ve (=

2
1 n

r=.1.
r#i,j
n
3 Efmi-m -y ey +3-Eqmimyy? ) yort
ss:i,lj
3+ E{m;-m;-y?-yf}+
n n
3'E mi'mj')’i'y]'z'Zys +3-F mi'mj'Yiz'ZYrZ +
s=1 r=1
S#i,j r#i,j
n n n
3-E mi'mj')’i')’j'zyrz +3-E mi'mj'yl"z Z y2ey bt
r=1 r=1 s=1

r#i,j r#i,j S£T,i,j
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Nr 17(23) Eqm;-m;-y;- ZZ Z Yr* VsVt
r=1s=1 t=
S#r tiTS

1
- F'[E{ml"Yf}'E{mj}+E{mi'Yi}'E{mj'ng}+

independence n
By Efm}-E ) 0+
T:l_]
3 B{mi- P} E{m; - ;) + 3+ B{m; - y7}- E{m;} - Z E(y) +

S:‘:l]

3 E{ml v} Efm; -y +

3-E(m;- yi}- E{m; - 7} Z F(ys} +3 - Em - 7} E{m}- Z E(y?)

s:ttj T¢l_]
n
+3-E{m; y;} - E{m; y;}- Z E{y?}
i
n n
+3-Efmgyi)- E{m}- > B} ) E()
r=1 =1
r#i,j S#T,L,J
Y By vy ooy
r=1s=1 t=1
S#T t#£7,5

Given the definition of v, in (8), the fact that yq,...,y,,... are
independent and identically distributed , and E{y;} = 0 (see (2)), it is
gained for

1 3
F'[174'770"‘171'V3+U1'Uo'(n—2)'E{Y1}+

3'173'171+3'173'170'0+

3., vy +3 v vy 0431 vy (n—2) 0%+
3:vi-(n—2)0%+3 v, vy-(n—2)-a%-0+0].

E{m; MY -y3} =

To understand the zero in the last term of the above formula, note that by
construction, 7, s, and t never possess identical values. Moreover, at least
one of these subscripts is in addition different from i and j. Hence,
E{mi MYt Yt Vst yt} is a linear function of E{y, }.
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E{mi Tmy Yyt } = vgrvg+4-virvs+ 3 172] Nr 17(23)

n-2

el [3:v,-vy-02 +3 vi-o?+v vy E{y3Y].

Note that E{m; -m; - (y; + y;) - ¥} = 2- E{m; - m; - y; - 53} to see the
equivalence to (corrJA20e).

Appendix 2. Proof of lemma 2 and the corollary
Appendix 2.1. Proof of lemma 2

Lemma 2

Let yq,..,¥, .. denote a sequence of independent and identically
distributed random variables with existing mean E{y;} = 0 and with
finite k™ moment E{y, ¥} for some k € N.

Then for all k = 1,.., k the expected value E{y*} exists and it holds

E{y*} = 0 forn — co. (12)
Proof

First step: existence of E{y*}

Note that an existing k™ moment E{y,;*} implies that the 1%, 2", ...,
k — 1™ moments exist as well. Using the multinomial theorem (see e.g.
[Kotz, Johnson 1985]), ¥* can be written as

e _ (Yt 1
y - n _nK kl,kz,..., yl ’

k1+k2+ +kn—K

K K!
where ( ky, kg, o, kn) T ——— denotes the multinomial coefficient.

Since all expected values E {yiki} on the right hand side exist, the
expected value of y*exists as well.

Second step: proving (12) by induction

Basecase:xk = 1

_______ 1 1

E{y}—— EXL 1}’1}—;' ?=1E{yi}§;'n'0=0—>0forn—>oo
iid

Inductive step: We assume E{)‘/ﬁ}—>0 forn > oo foralld=1,..,k—

1 < k. We have to show that

E{y*} > 0 forn - o
is also true.
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. - (

€l
%=
]+
—
—~
X
~ |
-
~—
33
)
+
[N
T
3
=
N~

binomial theorem i=1\ =0 j=1
Jj#i
Kk—1-1
1 = /n \
Kk—1
= ey () EOE RS Dy |
independence 1=0 \j:1 /
j#1
3 (Tl—l)K_l
- -1
E{y;1}=0 n*
el n K—1-1
Kk—1 I+1 . 1 Z
(7)) B G Eyl = 2
1=1 Jj=2

_1)k—1 K—1
It holds for n— oo 22 =(1—%) -1, E{yi*'} is by

nk-1
assumption finite, and L 0forl =>1. Moreover, FE L.
(n-1! n-1

Kk—1-1
Z};z yj) } exhibits the same convergence behavior as E{y

K—1-1 K—1-1
E{(E-Z?ﬂyj) } The term E{G-Z?:lyj) }, however,

K—l—l} —

n
converges to 0 for n — o and [ < k¥ — 1 due to the inductive assumption;

0
for | =k —1 this term reads E{(% ;-lzlyj) }= 1. Putting all the

above statements together, it leads to: E{y*} converges to 0 for n — co.
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Corollary Nr 17(23)

Let yq,..,¥, .. denote a sequence of independent and identically
distributed random variables with existing mean E{y;} = 0. If for k € N
the expected value E{y;*} exists for k even and E{y,;**1} exists for k
odd, E{|y|*} exists as well and it holds

E{|y*|} - 0 forn - 0. (13)

Proof
First case: k is even, i.e. k = 2 - ¢ for some ¢ € N.
Then it holds

E{|y*|} = E(5"} = 0forn— oo

Lemma 2
Second case: kisodd,ie. k =2-¢p+1=¢@ + ¢ + 1 for some ¢ € N.
Then it is true for k = 1 (which means ¢ = 0)

0<EQ-l5'} = JEOZEGH= |EF? ->0fan- o
Lerer?az

Cauchy—-Schwarz
inequality

Fork > 1,i.e. ¢ € N, it is obtained

0 < E{|7*|} = E(1¢ - 171°*) < JEGZ} - E729+7)
Cauchy—-Schwarz
inequality

- JE{yk—l} CE{**1} = 0 forn — oo,

-0 -0
Lemma?2 Lemma?2

Appendix 3. Proofs in the context of mean squared error
consistency

Appendix 3.1. Analysis of n - ¢,,2 - D,, from Formula (14)

Dy, =E{(m;+ 1) (1 =} =E{my - (1 =PI+ E{L - O — ¥4
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STATSIYGNY K Applying the binomial theorem to (y; — 7)* leads to

Nr 17(23)

4
Dy = (7) Elm-yi 7 + Bl 01 =50

=0 ::Gi,n =:Hp

Terms G;
o Gup:

0< |G4,n| = Gyn = E{my - y1} < E{y}}
Hence, G, ,, is bounded since E{y{} is, by assumption, finite.
e Gon:

0< |GO,n| = Gon = E{m;, - 7'} < E{57"*} > 0 forn - o

Lemma 2
* GZ,n:
0< |G2,n| = Gz,n =
E{m, -y -y%} s E{m:-yi} - E(y*} -0
Cauchy-Schwarz | _ A= -0
inequality Efmyyi}=Gan Lemma 2
forn — o
[ ] Gl,n:
0<|Ga|=
|E{m, - y, - 7°}] < E{m]-yf -y?} - E{(y3*} -0
Cauchy—-Schwarz | _ w2.52)= -0
inequality E{my172}=Gan -0 Lemma 2
forn —» oo
[ ] G3,Tl:

Sk

0< |G3,n| = |E{m1 ')’13 )_’}| =

n
E(my - yi}+ ) Elmy 37y}
i=2

1. cydy =t
=- E{m, yl}—n—>0forn—>oo

2

~
—
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For term H,, it is obtained: N 17

0< IHnI =

B On - S EQLl -y —31% < EQ9IY 20 for
(%) Lemma 1 Corollary

n — o,

Inequality (*) rests upon the well-known relation |E{X}| < E{|X|}.
Term n - ¢,,?
Since n - ¢,, converges to 1, n - ¢, % converges to 0 for n — co.

Summary

Putting together all the intermediate results, n - ¢,? - D,, converges to 0
forn — oo.

Appendix 3.2. Analysis of n- (n — 1) - cn2 - F,, from Formula (14)

E,=E{my+ 1) - (my+ 1) 0n =9 2 — 97}

=E{m; my -y, —)? (v, —¥)*}+2

=:Fin

E{my L =9 2 =+ E{L - =9 - (va — )%}

=Fn =F3n

Term F, ,,
It holds

0< |F2,n| = |E{my -1+ (01 —37)2 (2 — )_’)2}|
s E{lmy -l i1 = 9% 2 — M2} = E{m; - (y; = ¥)?

*) nonnegativity
of all
components
Al 1@z = A
< E(my-0n =3 1917 = Efmy - 0n - 9)? %}
Lemma 1

=E{my - y,2-y?} = 2-E{my -y, " ¥°} + E{m; - 7*}.

=Gzn =G1n =Gon
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STATYSTYCZNY | Tnequality (*) rests upon the well-known relation |E{X}| < E{|X|}.

~e 1703 | Since Go = 0,6y, = 0,and G, , > 0 for n > oo, |F, | and, thus, F, ,
converges to 0 for n — co.

Term F3
0< |F3,n| = |E{ly- (1 —3_’)2 Ly (2 — )_’)2}|
< E(Ul- Iy =71 1l 1y, =517 g B3P 1512 =

&) Lemma 1
E{ly|*} 20 forn— oo
Corollary
Inequality (*) rests upon the well-known relation |E{X}| < E{|X|}.
Since |F3_n| — 0 forn — oo, F3 ,, converges to 0 for n — oo.
Term F;
Fin
=E{my-my-yi-y3}—E{my-my - [yi-2-y, Y +yi -2y - Y}
+E{my -my - [yf - y* +yi 7P+ 4 E{my-my -y, v, %)
—2-E{my-my - [y, -5° + v, I} + E{my - my - 4}
Since y4,..,¥, are independent and identically distributed and

E{m, - y?} = 02, it is obtained
(3)

Fin=0%—2-2-E{my-my-y? -y, 5}

=:]1,n
+2-E{my -my -y -y2}+4-E{my-my -y, -y, - 5%}
=5]2,n =5]3,n

—2-2-E{my my -y, - ¥} + E{my -m, - y*}.

=tJan =Jsn

It suffices to show that the terms J; p, ..., /s, converge to 0, to prove
Fin - ot

b ]1,n:
0< |]1,n| = |E{m1 ‘m; ')’12 V2 3_’}| =

n
1
E{E'ml'mz'J’f')’z(}’l t+ Y2 +ZJ’1‘>}‘ =

=3
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n
E{m;-m, -y} y,} + E{my -my - y{ 'YZ2}+ZE{m1'm2'Y12 Y2 Vi)
Nr 1723)

1
n i=3
1
=n |E{m1 My Y3 Yo} + E{my - my - yf )’22}|
2
3 2 2 1 4
o E{my - yi -my -y} + E{my-my - yi - y5} =0 |vs vy +0Z[ >0
(2 (%)
forn — oo,
b ]Z,n:
0< |]2,n|
= |E{my - m -y} - 77} < E{m:-y'} - E{mj-y*}
Cau‘chy—Scflwarz =E{m,yH=Gan =E{my;7H=Gon—0
inequality bounded
-0
forn — oo,
b ]3,n:
0 < |3
= |E{my -m; -y -y, 723 = E{mi-m3-y! -y} E{y*}
C hy—-Sch _ R 2. _ -
auicne};uaclitvyvarz —E{m1 ma vl yzz}—a;" Lemrr?a 2
-0
forn — oo,
b ]4,71:
0< |]4,n|
= |E{my -my -y,
-7} < E{mi-yf-y*} - E{m3-y'} -0
Cau'chy—Schwarz =E{m,y2-52)=G, =0 =E{m,¥*}=Gon—0
inequality ’
forn — oo
i ]S,n:

0<Js,=E{my-my-y*}< E{7*} - 0forn- oo.
-0
Lemma 2
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Nr 17(23)
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Termn-(n—l)-cn2

n-(n—1)-c2 > 1forn - oo.

Summary
It is obtained:

Fin— 0% F,»ocfandn-(n—1) ¢ - 1.

These three results in combination lead to E{t,%} - o (in Equation

(14)).
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OPTYMALNE ESTYMATORY SEMIWARIANCJI: STATYSTYCZNY
KOREKTA DOWODU JOSEPHY’EGO-ACZELA N 1703)

Streszczenie: Semiwariancja jest intuicyjna miarg ryzyka, poniewaz koncentruje si¢ na
warto$ciach osigganych ponizej celu, a nie na catkowitej zmiennosci. Aby z powo-
dzeniem stosowa¢ semiwariancje w praktyce, potrzebny jest estymator semiwariancji;
Josephy i Aczel podaja takie oszacowanie. Niestety wspomniani autorzy nie udowodnili
poprawnie asymptotycznej spojnosci i $redniej kwadratowej bledow estymatora. Ich
dowod zawiera bowiem blad. Prezentowany artykul koryguje blad obliczeniowy w ory-
ginalnym dowodzie Josephy’ego i Aczela i w ten sposob dostarcza badaczom i praktykom
narzedzie m.in. do wyboru efektywnego portfela oraz pomiaru ryzyka.

Stowa kluczowe: analiza ryzyka, semiwariancja, estymacja statystyczna.





