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Abstract: In this paper, we consider the so-called Omega bankruptcy model, which can
be seen as an alternative to the classical approach to ruin. In contrast to the classical
model, we allow the process to go below the level zero, however not further than some
fixed level —d < 0. In addition, when the process is below zero it can be killed with some
intensity function w. Our aim is to show the relations between the Omega model and
classical ruin for two important Lévy models, i.e. we consider the Cramer-Lundberg
process and the Markov modulated Brownian motion. We also provide numerical
experiments to confirm obtained analytical results.
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1. Introduction

In classical ruin theory, a company goes out of business when its surplus
goes below the level zero. This moment is called classical ruin time.
Therefore, the probability of such event is an important indicator of the
financial condition in the company. Despite the fact that such a definition
of bankruptcy may seem reasonable, it may not be sufficient for all
economic circumstances. In particular, we do not know how long the
process will stay below zero. It can be the case that this is only a short-
-term situation and a company will regain liquidity, unless the situation is
very bad. We can also think about companies that can perform their
business even when they do not have funds. This can occur, for example,
for companies owned by the state. Therefore there is a need to define
another definition of bankruptcy.

One can consider the idea of the Omega model, introduced in
[Albrecher, Gerber, Shiu 2011] and further investigated in e.g. [Gerber, Shu,
Yang 2012; Li, Palmowski 2018]. In this model, there is a distinction
between technical ruin, i.e. down-crossing level zero and bankruptcy.
Namely, a company can do business as usual even after technical
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ruin. However, when surplus is on the negative half-line, a company can
go bankrupt with the intensity function w(x), where x denotes the value
of the surplus process. Therefore, one can define the bankruptcy moment
as

t
Ty = inf{t > 0:f w(Xs)ds > el},
0

where X is a stochastic process which models surplus level and e, is an

independent exponential random variable with the parameter 1. It turns

out that such an approach is very general and covers the following
particular examples:

e Ifwesetw(x)=0forx >0 and w(x) = o for x < 0, then we have
the case of classical ruin time. This is the only case when technical
ruin is the same as bankruptcy.

¢ A non trivial example can be the following

Oifx >0,
w(x) =4y, +r1(x + d) ifx € [—d, 0],
+ooifx < —d

where —d < 0,y > 0,and y; < 0 then w(x) =0 on x € [—d, 0] and w
is an a non-increasing function on this interval. In such a model we have
a linear relationship between intensity and the position of the surplus
process. The assumption that w is non-increasing on [—d, 0] suits the
intuition that the penalty for being close to zero should not be greater than
the penalty for being far from it. In the literature, such an interval is often
called the red zone. Note that if the surplus down-crosses level —d it is
immediately killed. Therefore, we remove the company from a situation
when the surplus is too low at the moment of bankruptcy. This model was
investigated in e.g. [Gerber, Shu, Yang 2012; Li, Palmowski 2018].

A special case is when y; =0 and yy > 0. In this situation we
consider occupation time in the so-called red zone. Here we calculate the
time when the surplus process stays below zero. Thus, bankruptcy means
that the surplus process stays too long in the interval [—d, 0] or down-
-crossed level —d. For more details see Section 6.2 in [Loeffen, Renaud,
Zhou 2014].

One can also consider the so-called Parisian ruin time with the
random clock. In this model, every time the surplus is below zero (or
another barrier level) we run the so-called implementation clock, which is
an indendent exponential random variable with the parameter g > 0. If
the surplus stays below zero longer than the implementation clock the
company is out of business. It turns out (see Section 5 in [Renaud 2014]
with a = 0) that the probability of such a bankruptcy has the same value
as in the Omega model for
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Let us note that in the Parisian ruin example we do not consider
bankruptcy when the process goes below some fixed level. However,
in this paper we will always assume that such level, let us call it —d,
exists. Therefore, to avoid technical issues related with infinity one can
consider an equivalent, in this case the definition of the Omega
bankruptcy time is:

t
1d:= inf{t > 0:f w(X)ds > e VX < —d},
0

then one can re-define the Omega function and set any values of w(x) for
x < —d.

An important assumption in our considerations is the choice of the
underlying stochastic process for a company’s surplus level. In the risk
theory and the actuarial science, we often consider the general Cramér-
-Lundberg process, which is defined as follows

N¢

Xt=x+pt—z U; + 0B,

i=1

where x € R denotes the value of the initial capital, p > 0 is a constant
intensity of the premium income, {N¢}¢e[o,w) iS @ homogeneous Poisson
process with the intensity 4 > 0, U; are positive i.i.d. random variables
with the common distribution function F, ¢ > 0 and B; is a standard
Brownian motion which models the aggregation of small claims. The
above process posseses the following probabilistic properties:

e X, =const as.

o X —X; 2 X¢_s, where t >s>0 and < means equality in the
distribution.
o X,—X; for t = s is independent from F, filtration generated by

o-field o(X;: 1 < 5).

e This process has right-continuous paths with left limits (cadlag paths)
and does not have positive jumps.

The processes that satisfy the above conditions are called spectrally
negative Lévy processes. This class of processes contain for example the
linear Brownian motion, the Cramer-Lundberg process with phase-type
jumps and a-stable processes. In addition, we exclude the case of
processes with monotone paths. More information about such processes
can be found for example in [Bertoin 1996] and [Kyprianou 2014].
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Moreover, we would like to state another generalization. Let us
imagine that one would like to apply stochastic processes to the
phenomenon which has a different structure with respect to change of
season or the economic situation in the market. In such situations, Lévy
processes can be an inappropriate choice because of stationarity and
independents of the increments. Therefore later we will formally
introduce spectrally negative Markov additive processes (see e.g.
[Asmussen 2003; Breuer 2012; D’Auria et al. 2010; Dieker, Mandjes
2011; Ivanovs, Mandjes 2010]). An element of this class is a bivariate
process (X,]) where X can be responsible for a surplus level and J can be
seen as random environment which can have different states. When J is
on state i then X is behaving as X! which is a spectrally negative Lévy
process. Therefore, distribution of increments of X depends on the current
state of /. In addition, if / has only one state, then X is just a spectrally
negative Lévy process.

The rest of the paper is organized as follows. First, we introduce
some basic notation and definitions related to Lévy processes and
Markov additive processes. In Section 2, we provide definitions
associated to the Omega model. The last two sections are the main parts
of this article. In Section 3, we consider the Cramer-Lundberg process
with the exponential claims as a model example. This process is one of
the most important processes in ruin theory, often used as a starting point
of analysis and has numerous practical applications. For this model we
provide the formula for Omega bankruptcy probability. In addition, we
show that in this case, this probability is a linear function of the classical
ruin probability. In section 4 we provide numerical results for the
approximation of the probability in the Omega model for the Markov
modulated Brownian motion (MMBM). This process can be seen as
a Brownian motion in the random environment and is one of the most
important examples of the Markov additive processes. Brownian motion
appears in almost every application of stochastic processes and, as was
mentioned, before can be responsible for the small claims in the non-life
insurance model. Moreover, adding random environment makes this
process even more flexible.

1.1. Lévy processes and scale functions

Let X be the spectrally negative Lévy process defined on filtrated
probability space (Q,F,F = {F;:t = 0},P) which satisfies the usual
conditions. Every spectrally negative Lévy process can be represented by
the triple (a, o, I1) where a € R, 0 > 0 and II is the measure of (—o0,0)
which satisfy
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Then the exponent of the Laplace transform of process X is defined

through

Y(8) = log (]E(eeXl)) =

af + %0292 + f( o) (€% — 1 — 0x1(_1<y<qy)1(dx)
and is well-defined for 8 = 0. In addition, we would like to consider
different starting points of the process, thus we need to use the classical
Markovian notation, namely we will write P, (A) for the probability of
event A given that X, = x almost certainly. Similarly this will be valid
for expectations. Further, we will write P(+) and E(-) when x = 0.

For a € R let us define the following stopping times:

74 = inf{t > 0: X, > a},t; = inf{t > 0: X; < a}.

We will be interested in the representation of the following
expression

E, (ce_‘lfg,rl;r < Tg), (1)

for a < x < b. This expression can be seen in two ways. The first one is
connected with the important idea of the killing of the process. Let us
define e, as an exponential independent random variable with parameter
q = 0 (with the convention that for ¢ = 0, e, is +o0 a.s.). Then, if t > e,
we are killing X;, namely we put X into an absorbing state. Therefore, the
above expectation is just the probability that we cross level b before we
go below a and before we get killed by e,. From another point of view,
we can think that we are paying one unit when the process reaches level b
before we down-cross level a and discount this unit with factor q. Thus
above expectation is the expected present value of such payment. These
two ways of thinking will be very useful in the spirit of this article and
can be convenient for numerical calculations.

Another important quantity of the interest is the probability of
classical ruin

P, (ty < ), forx > 0.

This probability is very interesting from our point of view. One can see
that the above expressions can be treated as functions of some parameters,
therefore it will be convenient to have some analytical representation
of them. To do this we need to introduce the key tools of this paper.
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For every q =0 there exists function W@:R — [0, ), called
(q)-scale function, which satisfies W@ (x) = 0 for x < 0 and for [0, o)
is defined as a strictly increasing and continuous function through the
following Laplace trasform

f e~ W@ (x)dx = for 6 > ®(q),
0

1
Y6 —q
where ®(q) = sup{f = 0:y(0) = q}. We will write W(x) for g = 0.
The second scale function is defined by

X
Z@(x):=1+ qf W@ (y)dy,x € R.
0

One can show that

ot _ W(Q)( )
]Ex [e ate ) T(-,"- < TO ] = W(q) (’Z) (2)
and
—grs - q
E % 15 < =7@(x) - —— WD (x),

putting in above q = 0 (and making a limit argument for %) one can
get that

_ (1= 0 HW) if ' (04) > 0
P <) = o e - ©

Thus, for example, one can use scale functions for a deeper analysis
of classical ruin time. We refer the reader to [Bertoin1996; Hubalek,
Kyprianou 2011; Kuznetsov, Kyprianou, Rivero 2012; Kyprianou 2014],
for more detail about scale functions.

1.2. Markov additive processes

In this section we would like to introduce some elements of the theory of
Markov additive processes. Later on, we will be interested in one
particular example of this class of processes, namely, the Markov
modulated Brownian motion.

Let us consider bivariate stochastic process (X,J), where X is a real-
-valued cadlag process and J is a right-continuous stochastic process taking
values in the finite set E = {1,2,..., N}. We say that such a process is
a Markov additive process if for fixed {J; = i} vector (X;1g — X¢, Ji45) 18
independent from F, and is equal in distribution to (Xs — X, /) for fixed
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At the beginning, we can see that J; is a continuous time Markov
chain. When ] is on state i then process X is behaving like some Lévy
process X. When J is changing state from i to j (i # j) then process X
can make the jump distributed like some random variable U;; and then
behaves like Lévy process X/. All the above random elements are
independent. This representation can be summarised in Figure 1.

20-
Jo=i i—]j j—i

15-
Jump ~ U;

: —
= 10- . .
5 / o ™ /

0.0 2'5 50 75 100
Time

Fig. 1. An example of an approximated sample path of the MAP

Source: own elaboration.

One can see that we can divide time into intervals of occupation times
of J and then treat process X as a Lévy process on each interval. These
explain another well-known name for MAP, namely the ,,Markov-
-modulated Lévy process”. Thus a MAP can be seen as a Lévy process in
a random environment. In addition, note that if N = 1 (thus J has only
one state) then X is a Lévy process. Because of that, we would like to
consider the generalization of spectrally negative Lévy processes namely,
we assume that for every i € E we have that X! is a spectrally negative
Lévy process and U; ; < 0 a.s. for every i,j € E. Therefore, X can have
only negative jumps. We exclude the trivial case of monotonic paths of
X. In addition we assume that J is an irreducible Markov chain with Q
being its intensity matrix and 7t a uniquely determined stationary vector.

In the case of spectrally negative Lévy processes, we saw that the
so-called scale functions turn out to be a very important tool in the
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investigation of the exit problems. In the MAP framework we can also
define such functions, but now they need to be matrix-valued.

Let us define the matrix exponent of the Laplace transform for the
MAP as matrix F(a) which will satisfy the following

Ex(e™t,Je = jlo =) = (e"@*); fora 2 0,
which has an explicit representation

F(a) = diag(¥1(a), ..., Yn(2)) + Q o E(e®V9),
where (Ao B);; = (a;;b;j) is an entry-wise (Hadamard) matrix
multiplication.
From Kryprianou and Palmowski [Kryprianou, Palmowski 2008] we

know that for g > 0 there exist the invertible matrix-valued function
W@:[0,00) - RV*N such that for 0 < x < a,

Exle™, 13 <15.)egllo] = WO OWD (). @)
Note that that above expected value is a N X N matrix, such that entry
(i,j) means that /o = i and J+ = j. At this point it can be confusing that
we consider the "ending state" of the process J. However, if for i € E one
is just interested in the following
Ex[e™0, 18 <t5lJo = ],

then it is sufficient to sum up i-th row of the expression
W@ (x)W@ (a)~1. Ivanovs [Ivanovs 2011] and Ivanvos and Palmowski
[Ivanovs, Palmowski 2012] showed that W(@ can be defined through

f e~ W@ (x)dx = (F(a) — qI)~ %, for large enough a.
0

They showed even more, namely that first we need to consider
process (X,]) killed with rate ¢ = 0. This means, like before, that we
would like to put our MAP into absorbing time after some random

exponential time. Then one can express (q)-scale matrix W(® in the
following way

W@ (x) = e N¥L4(x), (5)
where Aj is the transition rate matrix of Markov chain {1t }xz0, 1€ for

i,j EE

P(ti < eq)or = jllo = i) = (4%, (6)



Omega bankruptcy for different Lévy models 39

SLASKI
. . . . . PRZEGLAD
with e, being an independent exponential random variable of rate g = 0. J STATYSTYCZNY

We use, again, the convention that ey = oo. Moreover, L9(x) is a matrix | n 1703
of expected occupation times at 0 up to the first passage time over x. In
addition, L9: = L9(o0) is the expected occupation density at 0.

The second scale matrix Z(? is defined through the W% matrix function:
ZD(x):=1- Jx W@ (y)dy(F(0) — qI).
0
Now we are ready to formally introduce the titled Omega model.
2. Omega killing and the Omega model

In this section we assume that the background process is a spectrally negative
Markov additive process. In the case of citing results connected with
spectrally negative Lévy processes, one can think about taking N = 1 as
a cardinality of the state space of /. We start with a technical remark.

Remark 2.1. If the function is matrix-valued it will always be bold in this
paper. It will be also the case for the constants.

At the beginning let us recall some definitions and results from
[Czarna et al. 2018] and [Li, Palmowski 2018].

Definition 2.1. Let w:E X R » R* be a function defined as w(i,x) =
w;(x), where for a fixed i € E, w;:R - R* is a bounded, non-negative
measurable function and its value formulates the matrix w(x):=
diag(wq(x),...,wy(x)). Let 1 > 0 be the upper bound of |w;(x)| on
[0,0) foralli € E.

Fix w function which satisfies the above definition and consider the
definition of (w)-scale matrices for x = y

WO (x,y):= Wx = y) + [[ Wx — 2)@(@W) (2,y)dz, (7)
2@ (x,y):=1+ fy" W(x — 2)w(2)Z@(z,y)dz. )
Then we have that fora < x < b
E, [e—fJ b wjs(Xs)ds ok < ¢ J o] ]0] = W (x, )W (b,a)~!
and

=
Ex e_foaw]s(xs)ds’.[a < T;I]TE |]O] =

2@ (x,a) — W (x, )W (b, a) 12 (b, a).
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Let us mention some but not all of the possibilities to apply the above
results. Firstly, one can see that we can use these expressions for the
Omega model. As before, one can think about paying one unit when the
process crosses level b before it down-crosses level a and before it is
killed by Omega bankruptcy time. Then the first expected value is the
expected present value of such payment. On the other hand, we can also
apply the above results for a complex discounting structure, independent
of the Omega model framework. These expressions can be used when
one would like to have different factors for states of J, for example,
related to the change of season or change of economic situation on the
market. Therefore, yet again one can think about paying one unit when
the process crosses level b before it down-crosses level a but know that
every payment is discounted with intensity w. Therefore, one can see
how these expressions generalize (1) and (4).

Finally, we would like to formally introduce Omega bankruptcy time
as

vd: = inf{t > 0: [} wy, (X)ds > ey VX, < —d}, )

where d > 0, w is a function which satisfies Definition 2.1 and e, is
an independent exponential random variable with parameter 1. We will
be interested in the following probability for i € E and x = 0

(0@ (), = Px(zd < olfo = 1).

Our aim is to obtain a close expression for this probability or to
obtain the numerical approximation of it. However, we will begin with
obvious inequalities, which will be the starting point for our analysis.
Namely, for i € E and x = 0 we have that

P, (124 < 00|Jp =) S Py (1 < o0|fg = i) <

10
Py (t5 < o = 0). (10)

We will need also some knowledge about one-sided problems, thus
again we cite [Czarna et al. 2018] to get that for x = 0

o] =

2@ (x) - W) (0) Cy(eo)~12(c0)s

e -
E,l|e Jo w]S(XS)dS:To < oo, i

(11)

where matrix Cypo)-1z(c0): = lim 0o W@ ()12 (¢) exists and has
finite entries.

In the case when N = 1 we have from [Li, Palmowski 2018] that for
fixed level —d < 0 and x = —d
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where Cyy-1(e0,_q) = im0 W (¢, —d)] 2.

3. Probability of Omega bankruptcy
for the Cramer-Lundberg process

The first process which will be treated as the model example is the Cramer-
-Lundberg process. Remember that we define this process as follows

Nt
Xt =x+pt—z Uil
i=1

with the same meaning of the parameters as in the introductory section of
this article. Before we proceed to the results, we would like to mention
that the calculations below are done in the same manner as in [Li,
Palmowski 2018] where the linear Brownian motion was the underlying
process. They achieved the formula for the probability of bankruptcy in
the Omega model and showed that this probability is in fact a function of
classical ruin probability. As is shown below we get a similar result. Let
us proceed to the calculations.

We know that the Laplace exponent for the Cramér-Lundberg process
is equal to

Y(@) =pa -

Thus one can obtain the formula for W (@), namely

1 -
W@ (x) = E(A+(q)eq’“(q)x — A (q)e? (@x),

where
1+ q*(q)
AL =— - 77 t
@ @ - @’ @
_q+A—ppE@+A—pp)®+4pgu
2p '

From (3) we know that
P(x) =Py(tg <) =1-9'(0 HW (),

if0<y'(0+)=p-— % Note that this assumption is a well-known net

profit condition. In the language of stochastic processes, this is equivalent
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to the fact that the drift of the process is strictly positive. This assumption
will be also considered here. From the above one can see that we need to
calculate the formula for the (0)-scale function. Therefore, note that

A—pp

q*(0) = ,q~(0) =0,

and

1 + - 1 A ()l—_up)x
W(x) == (A% (0)e? ©* — 47(0)e? %) = <—e P )=l
() = (47 @) =5 b
Thus, we can go back to the representation of the probability of
classical ruin time

_ A _ A (B

o) =1-(p-L)W@ = 7 (3
This result is well-known in the literature, however one can see that

the scale functions are very convenient tools for this problem. This will

also be the case for the probability of Omega bankruptcy.

Now we will proceed to some general calculations with some
restrictions. Let us assume that function w satisfies the following
conditions
e w(x) =0 for x € [—d, 0] and zero otherwise,

e w(x) is differentiable continuously function on [—d, 0], where at the
ending points we use the left and right derivative/limit respectively.
Remember from (7) that when we put N =1 then the w-scale

function satisfies the following

W@ (x, —d)=

W +d-yoly—dwOy- 14
d,—d)dy,for x = —d.

Wk +d)+ f0x+d

The next proposition will give us the possibility for numerical
calculations of the above scale function.

Proposition 3.1. Function W(®) satisfies the following differential
equation for x € [—d, 0]

pW @ (x,=d) — [w(x) + (A — )W (x, —d) — [uw(x) +
@' (OIW ) (x,~d) = 0,

A+w(-ad)
p?

with W@ (—d, —d) = %,W(“’)’(—d, —d) =



Omega bankruptcy for different Lévy models 43

PRZEGLAD
Proof. Let us take z=x+d > 0 and denote g(z):= W@ (z— | sTATYSTYCZNY
d,—d) = W) (x,—d). Then from (14) we have that Nr 1723)

9@ =W+ [ Wz -yl - dg®)dy. (15)
Let us observe, since g~ (0) = 0, that
(&) 2w =0
dz dz

and
d . d
(E -q (@)EQ(Z) =
1
» [uw(z —d)g(2) + w'(z — d)g(2) + w(z — d)g'(2)].
Therefore

pg"(z) — [w(z—d) + (A —up)lg'(2) -
[bw(z —d) + w'(z — d)]g(2) = 0,

At+w(
p?

D To end this proof

with the initial values g(0) = % and g'(0) =
one needs to go back to x-domain.

The second proposition will be related to the probability of Omega
bankruptcy time. Remember that

¢ = inf{t > 0: ftw(Xs)ds >e VX, < —d}.
0
Therefore the probability of Omega bankruptcy is equal to
P (x) =Py(td <) =1-E, [e‘fooo“’(s)ds;rjd = 00]
and from (12) we know that for x > —d
E, [e‘fooo“’(s)ds;fzd _ OO] = 10, -ay W@ (x, —d),

With Cp=1(e0 gy = [liMeoe W@ (¢, —d)] 7.

Proposition 3.2. Function ¢'“)(x) is given by

2
@ (x) = p(x)

up '
——— Cy1(en — W@ ' (0,-d),forx = 0,
A — 1) Wm0 W

A-—up
— —X . . .
where as before @(x) = P,(1y < ) = p © is a classical ruin

probability.
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~r 1703 || @nd the fact that w(z) = 0 for z > d one can get the following

A1 A-up _A-up
§@ =257 [Hf e P w(y — dyg(y)dy
0
and

P A= AUp o, _g

—[1-c? 9@

g(z) = g(d) +#p

Thus when we get back to the x-domain using g(z) = W (x, —d),
then the above equation gives

p /1
Tll—e R ]W“’)'(o —d).

From the above equation it is clear that

W@ (x,—d) = W (0,—d) +
(x,—d) 0,—d) =

1

W@ (0, —d) + —L— W@ (0, —d)
(0,~d) + HE W (0,~d)

CW_I(OO,—d) -

Therefore
@ (x) =
1-— Cw—l(m’_d)w(w)(x: —d) =
(16)

ATHD, ,

(X)) —— /1( W(“’) (0, =d) cy-1(e0,—a)-

Note that we still need to calculate W(®)(0, —d) and W) (0, —d).
We will use numerical methods to approximate them.

The main question here is how () (x) is related with the probability
of the classical ruin time. In particular if w(x) = 0 then

P @ (x —d) = p(x).

This is due to the translation of process X by constant d (more
precisely due to the spatial homogeneity of the process). Let us recall the
inequalities noted at (10)

P +d) < o (x) < p (). )

The first inequality is not of the same form as in (2.4), but this is the
same expression due to, again, the spatial homogeneously of process X.
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examples one needs to fix the Omega function. We will consider the
shape of the Omega function which was mentioned in the introductory
section. Namely, let us take

Nr 17(23)

w(x) = [yo + v1(x + D) lxe[-a0p-

As we mentioned before, we need to calculate W(“)(0,—d) and
W@ (0, —d) with the use of numerical methods. Note that if we set

Yo = —V1d

then w will be continuous at zero. This gives us a more reasonable
interpretation because the penalty will be decreasing continuously to
zero. Thus,

w(x) = y1x1xe(-a,01)-

For such a model we have that from Proposition 3.1 the following
differential equation for x € [—d, 0], holds

pW@" (x, —=d) — [yyx + (A — up) W@ (x, —d) — y,

[ux + 1W @) (x, —d) = 0, (18)
with the initial values W) (—d; —d) = % and W@ (—d; —d) = A_p};ld-

It is straightforward that y; < 0 because we have the assumption that
w(x) = 0 for all x. Before we proceed to numerical examples let us
recall the basic procedure for dealing with such differential equations
with the use of numerical methods.

To start one can set f(x): = W) (x; —d) and h(x): = W) (x; —d)
for x € [—d, 0]. Then (18) became

( a _
lah_ g0y - (wx + 1)
_(ix+ (A —pp ¥1(ux +
L e (©)

and f(—d) =% and h(—d) = A_p—};ld. On the interval of interest, this

system has a unique solution h and f due to the Lipschitz condition with
respect to the dependent variables and continuity. Therefore one can
obtain an approximation for W) (0, —d) and W(©)' (0, —d) using one
of the iterative methods, e.g. the classical Runge-Kutta method for the
system of ODE.



SLASKI
PRZEGLAD
STATYSTYCZNY

Nr 17(23)

46 Adam Kaszubowski

Hence we are ready to show relations between the probabilities in the
inequalities (17). Thus, let us fix the following

A=1Lu=1y, =-02,d=3,p=125

and consider Figure 2.

Comparison between probabilities of classical ruin and omega bankruptcy times

1.00-

o
-
w

— o)
— wl @ I(X)
— o(x+d)

Values of probabilities
(2
o

o
N
23l

0.00-
0.0 25 50 75 10.0

Values of company initial capital

Fig. 2. Comparison between ¢ (x), @) (x) and ¢ (x + d)

Source: own elaboration.

From Figure 2 one can see the relations between these three
probabilities and the trivial observation that if one increases capital then
probabilities becomes smalle exponentially fast. Note, that if we increase
the values of the penalty function w then the probability of Omega
bankruptcy time will become closer to the classical ruin time. However, if
we choose to behave conversely then we will be close to the @ (x + d).

4. Numerical approach for the Omega model
for the Markov modulated Brownian motion

In this section, we will consider the Markov modulated Brownian motion
(MMBM in short) as the underlying process. Namely, we will consider
(X,]), where X will be an additive component and J is a continuous time
Markov chain. We assume that the state space E = {1,2,...,N} of
process |/ can be of any finite size. However, when we proceed to
numerical examples we will always fix the state space to be F = {1,2}.
We state this assumption only for the clarity of the numerical examples
presented in this section.
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When process J is on the state i € E then X is behaving like a linear
Brownian Motion with the parameters o; > 0 and y;. To achieve almost
certainly continuity of the paths we exclude all jumps from the reasoning,
also these connected with the changing of the state. Moreover, we denote
o and p as the (column) vectors of o; and y;, and A,, as the diagonal
matrix (of the proper size) with vector v on the diagonal. Therefore, the
matrix Laplace exponent F(s) is given by

122
F(s) = EAUS + 4,5+ Q.
For this process we know from Ivanovs [Ivanovs 2011] that despite
the case when k: = " = 0 and g = 0 we have that
W@ (x) = (e7Mi¥ — eha¥)E, (19)

where E; = %AU (A + A7) and Ag are the (unique) right solutions to

the matrix equation F (?Af) = ql, namely
1 —
EA?,(A%V FAAL+(Q—qD) =0.

We assume that k¥ > 0 to obtain positive asymptotic drift. From our
point of view the general definition of Ag will be important. Thus, let us
recall from (6) that for i,j € E

; . +
]P)(T; < qu]‘[;C' =]|]0 = l) = (eAqx)ij'

Matrix Ay plays the same role for process (—X,J) (which is MMBM
but with the drift vector —p). The next proposition can be used for the
identification of the classical ruin time for the MMBM. Note that the

same can be proven just using spatial homogeneity, however, we would
like to show that (11) involves quantities that can be computed explicitly.

Proposition 4.1. For x = 0 and q = 0 we have that
Py(7g <eqls) = Z@(x) - W(q)(x)CW(oo)_lZ(oo) = efa¥,

where e, is an independent exponential random variable with parameter
q (f q=0 then we set e; =) and Cy(e)-1z(w) =
limeL W@ (c)1Z@(c).

We leave the proof of this proposition for the Appendix due to its
long calculations.

Therefore, we have the formula for the classical ruin probability for
MMBM, namely after we set ¢ = 0 in the above proposition, one can get
that forx > 0

SLASKI
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P, (15 < l|jp) = et ¥1,
where 1 is a column vector of ones of the size N X 1.

Before we state our numerical method for the approximation of the
probability of Omega bankruptcy, we need to consider the numerical
method to obtain an approximation of the A%’ matrices. Formally our
approximation will be valid for g > 0, but in the examples we will be
interested in the case when g = 0. Note that for this particular case there
exist explicit formulas for these matrices (and even scale matrices) as was
noted in [Czarna et al. 2018]. However, we would like to have a general
formula that can work for any choice of the parameters in the MMBM
model, as well as a different choice of parameter N. Here we will cite the
results from [Breuer 2008] where an iterative method was derived. One
can use other methods, for example, involving spectral analysis of the
matrices Ag, see [D’Auria et al. 2010].

Let us recall that ®(q) = sup{f = 0:y(8) = q} is an inverse of
function ¥(0). In the case of the linear Brownian motion, one can obtain
an explicit formula for this function, namely

D(q) = “HIVK +2407 \/‘;2:2‘7”2 _ (20)
Let us denote ®;(q) as a function related to the linear Brownian
motion with the parameters y; and g; for i € E. Then we denote Ag: =
diag(®(q; + qQ))icg, Where q; = —q;; and qy; is (i, i)-entry of the matrix
Q.
Let Uy:= —Ag and U, q:= g(U,) for n > 0 where row i of the

matrix g(U,,) is defined as follows
(e)"g(Uy) =
—®,(q; + ()" + qi CBker P (e)N[@i(q: + OI + UM)] - (21)
Jiz 2 -1
[ U+ U@ + (g + DI
where e; is vector of zeros despite i’th position (canonical vector) and p;
is the probability that if process J exits from state i then it will go to state
k. It was proven that U, converges to matrix Aj. As we mentioned
before, to obtain a numerical method for matrix Ay one needs to consider
process (—X, J) as the background for the above algorithm.

As a first example, we will consider the following parameters

Bp= (0'35 o(.)1)'A0 = (065 0(.)3)"3 = (_12 —21)’q =0x =1
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ximation of matrix A~ and therefore the probability of classical ruin time.
Hence we get the following approximation

—-4.819 0.618 ) oA (0.00915 0.000307)
3915 —-23.08/’ 0.00195 0.0000654/°

Note that the (i, ) cell of matrix e is the probability that

Py(tg < 0,J(t9) =jlJo = D).

Thus to obtain the desired probability we need to add up the cells in
row i. One can be interested in how the probability of classical ruin time
is different for MMBM and Brownian Motion X! with parameters y; and
o; for i € E. Remember that for Brownian Motion probability of classical
ruin time takes the following form

Nr 17(23)

A‘z(

_2m,
P,(tyg <) =e¢e ¢, (22)

Consider Figure 3:

Comparision between classical ruin probabilities

1.00-

o

~

o
\

— Process X'
— Case Jy=1
— Case Jy=2

— 2
Process X

Values of probabilities
w

o

]

2
|

0.00- =
0.0 05 1.0 1.5 20 25
Values of company initial capital

Fig. 3. Comparison between the classical probabilities for two cases of MMBM when
Jo = 1and J, = 2 and also between linear Brownian Motions X* and X2

Source: own elaboration.

One can see that in Figure 3 the probabilities for the Markov
modulated Brownian motion stay between the probabilities for X! and
X2. This is a somewhat trivial observation but will become important
later on.
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Nr 1723) bankruptcy for the MMBM. Our aim is to approximate

(@@ ()i = 1= By [e™lo 099577, = eoly = i],

for all i € E. Denote (pgw) (x) as the following vector of expected values
foralli € E

T
((P;w)(x))ii =1-E, [e_fo Vs 17 = ool = i]'

Therefore this is a modification of our bankruptcy time in such a way
that we allow to be killed by penalty function only before time T. If we
let T — oo then (p;w) converge to @) (x) entry-wise, by dominated
convergence theorem. From now we will hold the assumption that k > 0,
thus roughly speaking, after a certain long time the process should be
saved from the penalty. Therefore we can use that to set a big enough T
to approximate our ruin time. Therefore, because we will approximate

@) using an approximation of (pgw) we will face a so-called cut-off
error.

Thus, we turn our problem into an approximation of go;w)(x) and for
that we will use the Monte Carlo methods. However we need to consider
a few problems related to our method of approximation
e How to simulate a sample path of the Markov modulated Brownian

motion?

e How to deal with the different starting points of process X?

e How big should the parameter T be?

e How many simulations are sufficient to get a trustworthy
approximation?

Simulation of the sample path of the MMBM

At the start let us recall the method of simulation of process J. Let us
assume that J, = i. Then we know that the time until / change the state
from i to j is distributed like an exponential distributed random variable
with parameter q; = —q;;. Then, when ] is leaving state i it can go to
state j with probability p;;. Note that these probabilities can be
determinant from matrix Q. For more details, we refer to [Norris 1997].

Therefore, one can see that if we would like to simulate J until some
time T then we need to simulate random numbers from the exponential
distributions until their sum crosses level T.

Let us assume that we simulate the sample path of process J and
(Xo,Jo) = (0,1) for some i € E. Then, let 0 = T, Ty, ... be a sequence of
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the successive jumps epoch of J (namely, the times when J changes the
state). In the interval [T, T,41) We now that J is constant and equal
to some i € E. Thus in this interval, we can simulate increments of X the
same as for the linear Brownian motion with the parameters y; and o;.
In brief, we divide the time interval with the use of the occupation times
of | and then use well-known methods for the simulation of the linear
Brownian motion.

Different starting points of process X

As we mentioned before, we would like to simulate (X, J) efficiently with
a different choice of X,. Note that if we sample the random path of
process (X,]) with X, = 0 then we can translate this sample path of X by
the constant x to obtain the sample path of process (X,/) with X, = x.
Therefore, after one simulation of process (X, /) with one starting point,
we will have one simulation per every starting point.

Choice of parameter T

We need to choose such T that X will be “safe” with high probability.
Note that if we choose T for X, = 0 then for a larger starting point this T
will be also sufficient (because of the probability of ruin decrease when
X, increases). Thus, we will only consider X, = 0 and we will consider
the following criteria. Let us take (if such max arg is unique)

. 2k

[ = max argyeg — —

Ok
This means that we will take such X! for which probability of

classical ruin time is the highest from all possible i € E. If such
maximum is not unique then take these i’s which satisfy this maximum
and take the one with the smallest drift. Note, that such X will have a
higher probability of classical ruin than process X itself, therefore this
will be our worst-case scenario. Note that XL is distributed as
N(u;T,0?T), hence we know that X& will be greater than ;T — 30T
with high probability. Thus, our aim is to set T big enough that the
probability that the linear Brownian motion, which starts with the value
w;T — 30T, ever crosses level zero is less than some fixed €. Then we
must take the lowest value of T which satisfy

2uNT
_llJ;iz(ﬂiT_&Ti\/T)

e <eE,

due to (22). Let us assume that e = 1074,
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Note that this method is somehow trivial and restrictive. One can find
another bound for T which is better for numerical approximation.
However, in the example below parameter T will have reasonable value.

Number of simulations

From the theory of the Monte Carlo simulations we know that the rate
1

of convergence is n 2, or to be more precise, on the confidence level
a = 0.05 the relation between error (call it b), sample variance and the
number of simulations is

1.968,
Vn

Thus, to obtain a trustworthy approximation of parameter n one needs
to make some pilot simulations to get S;, and then we also need to choose
an acceptable error on the chosen confidence level.

Example of simulations

Finally, we are ready to make an approximation of the probability
of Omega bankruptcy ruin. Let us take the same parameters as was
chosen for the classical probability of ruin. Namely,

_ (025 0 _ (05 0 (-2 2
B = ( 0 0.1)’A" B ( 0 0.3)'Q B ( 1 —1)'
In addition for all i € E we take
a)l-(x) = _0'02x1{x6[—5,0]}:

thus d = 5. For such parameters we take that T = 42 and S,, ~ 0.066.
Therefore, we have that

b 0.129
~ Nk

on the confidence level @ = 0.05. We will show the result for the error
of the size 1073, then it is sufficient to take N = 10*. Let us consider
Figure 4.

Note that we used the formula for the probability of Omega
bankruptcy for the linear Brownian motion from [Li, Palmowski 2018].
One can see that, las before, the probabilities for the MMBM are between
these for X and X2, however here one can see that there is a little
difference between the cases of J, = 1 and J, = 2.
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Comparision between omega bankruptcy probabilities

0.03-

0.021 — Process X'

— Case Jy=1
— Case Jy=2

— 2
Process X

Values of probabilities

0.0 05 10 15 20 25
Values of company initial capital

Fig. 4. Comparison between Omega bankruptcy probabilities for MMBM with different
values of Jo, X* and X?

Source: own elaboration.

5. Concluding remarks

In this paper we compared the Omega and classical ruin models for the
two stochastic processes. An interesting result of this work seems to be
Proposition 3.2. Namely, under the general assumptions about the w
function, we obtain that the probability of Omega bankruptcy is a linear
function of the probability of classical ruin time. It is also important
to say that the same type of relation was obtained for the linear Brownian
motion in [Li, Palmowski 2018]. They achieve this result for function w
being a linear function. However, it seems that it should be possible to
obtain the same type of relation for more general w, as was done in this
paper. Hence, the following question arises. Is this relationship, between
the probability of Omega bankruptcy and the probability of classical ruin,
true for the general spectrally negative Lévy processes? Unfortunately,
the methods used in this paper and in [Li, Palmowski 2018] depend on
the shape of specific scale functions, therefore it cannot be done
straightforwardly.

In the second part of this article, we focused on the numerical
analysis of the probability of classical ruin and the probability of Omega
bankruptcy for the Markov modulated Brownian motion. For this case,
we also noticed some relation between these probabilities, however it was
only a numerical observation, and an important step would be to find
such a relation with the use of analytic tools.
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Nr 1723) Recall from (11) that

E, [e_f"% ©sFIE 15 < 00,1~ |Jo] = 2 (%) = W (%) Cpo0y-12(o0)-
If we take w(i,x) = 0 forall i € E and x = 0, then the above turns into
Py (15 < ,)=Jo] = ZD(x) = WD (X)Cpycoy-12(0),
where Cyp(ooy-1z(00y = iMoo WP (€)71Z@ (c). Recall that

X
ZD(x)=1- f WD (2)dz(Q — ql).
0
Before we state the proof, let us recall from [Czarna et al. 2018] the
relation between Ay, A7 and the model parameters
C,AY = Af—z[_Q +ql], (A1)
where C, = (A} + APDAZ (A} + A

Recall also (see [Ivanovs 2011]) that in the case of the Markov
modulated Brownian motion we have that

lim L@ (x) = &, (A2)

X—00
where L@ was defined in (5).

One can see that our proof can be divided into a few parts. Thus we
will need the two lemmas.

Lemma Al. Forx > 0
X
f W@ (2)dz(Q — ql) = I — e™M* = WD ()2},
0 2

Proof. After simple calculations, one can obtain the following
X
| woedze-an -
0
—[(AD e + (A e ¥]g (@ - aD) +
[(AD™ + (A 1Eq(Q — aD).

We will divide our calculations into two parts, namely

(A3)

—[(A})"Te™Mi* + (A7) TeM¥|E,(Q — q) =

_ _ (A1)
[(A}) e ™% 4+ (A7) teM*| (A} + A7) 1A%(Q —ql) =
g
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—[e~Mx(AF)TAG + e M| (AL + A TIAY =
_AT _ - - —N\—
—[e™M*((AD)THAT + AD) — D + X ¥ [(AF + A AL =

—e™N¥ 4 [e7MX — eMTF| (A} + AQ)TIAY = —e N — WD ()72 A
2
and
[(AD™+ (A EQ —aqD) =
q q q q
B o o (A1)
—[AD™+ AP TAT +AY] 1A%(Q —ql) =
a
[(AD™+ (AD T AF (AL + A TAL =
(ADTHAG + ALI[AS + AQ]T'AL = 1L
The above calculations end the proof.
Lemma A2. We have that
Cw(oo)—lz(oo) = _AO'_ZAE

2
Proof. We have from the previous proposition, the fact that Z is

invertible, the definition of scale matrix (5) and (A2) that

. _ . _ At
Co(w)ytz(w) = glj{}ow Y(@)Z@(a) = ‘lLrgW Y(a)[e™® + W(q)(a)Ao_ZAZ]
2

lim [LD(a)]™ + A%ZA; =E) T+ A,,TZA;
= —Az2(Ag + AQ) + D2y = —Agz2AA.
2 2 2
Now we are ready to prove Proposition 4.1

Proof of Proposition 4.1

Z@(x) - w@ (x)CW(oo)—lz(oo) =

e ™M + WD ()AL + WD (x)A,2A7 = +
WD (x)A,2(A5 + A7) ="e~Ni* — (e~hix 2 ¢a¥) = /¥
2

Acknowledgements

The author is partially supported by the National Science Grant No. 2015/
17/B/ST1/01102.



SLASKI
PRZEGLAD
STATYSTYCZNY

Nr 17(23)

56 Adam Kaszubowski

References

Albrecher H., Gerber H., Shiu E., 2011, The optimal dividend barrier in the Gamma-
-Omega model, Eur. Actuar. J., 1(1), pp. 43-55.

Asmussen S., 2003, Applied Probability and Queues, second edition, Springer-Verlag,
New York.

Bertoin J., 1996, Lévy Processes, Tracts in Mathematics, Cambridge.

Breuer L., 2008, First passage times for Markov additive processes with positive jumps
of phase type, J. Appl. Prob., 45 (3), pp. 779-799.

Breuer L., 2012, Exit problems for reflected Markov-additive processes with phase-type
Jjumps, J. Appl. Prob., 49(3), pp. 697-709.

Czarna 1., Kaszubowski A., Li S., Palmowski Z., 2018, Fluctuation identities for Omega-
-killed Markov additive processes and dividend problem, Arxiv e-prints.

D’Auria B., Ivanovs J., Kella O., Mandjes M., 2010, First passage of a Markov additive
process and generalized Jordan chains, J. Appl. Prob., 47(4), pp. 1048-1057.

Dieker A.B., Mandjes M., 2011, Extremes of Markov-additive processes with one-sided
Jjumps, with queueing applications. Methodol. Comput. Appl. Probab., 13(2),
pp. 221-267.

Gerber H.U, Shu E.S.W., Yang H., 2012, The Omega model: From bankruptcy to
occupation times in the red, Eur. Actuar. J. 2, pp. 259-272.

Hubalek F., Kyprianou E., 2011, Old and New Examples of Scale Functions for Spectrally
Negative Lévy Processes, [in:] Seminar on Stochastic Analysis, Random Fields and
Applications VI, R. Dalang, M. Dozzi, F. Russo (eds.), Progress in Probability, 63,
Springer Basel, pp. 119-145.

Ivanovs J., 2011, One-sided Markov additive processes and related exit problems,
PhD dissertation, University of Amsterdam, Uitgeverij BOXPress, Oisterwijk, ISBN:
978-90-8891-311-2.

Ivanovs J., Mandjes M., 2010, First passage of time-reversible spectrally negative
Markov additive process, Operations Research Letters, 38(2), pp. 77-81.

Ivanovs J., Palmowski Z., 2012, Occupation densities in solving exit problems for Markov
additive processes and their reflections, Stoch. Process. Appl., 122, pp. 3342-3360.

Kuznetsov A., Kyprianou A.E., Rivero V., 2012, The Theory of Scale Functions for
Spectrally Negative Lévy Processes, [in:] Lévy Matters II, Lecture Notes in
Mathematics, vol. 2061, Springer, Berlin, Heidelberg.

Kyprianou A.E, 2014, Fluctuations of Lévy Processes with Applications, Springer Berlin,
Heidelberg.

Kyprianou A.E., Palmowski Z., 2008, Fluctuations of spectrally negative Markov additive
processes, Stoch. Process. Appl., 122, pp. 3342-3360.

Li B., Palmowski Z., 2018, Fluctuations of Omega-killed spectrally negative Lévy
processes, Stoch. Process. Appl., 128, pp. 3273-3299.

Loeffen R.L., Renaud J.-F., Zhou X., 2014, Occupation times of intervals until first
passage times for spectrally negative Lévy processes, Stoch. Process. Appl., 124,
pp. 1408-1435.

Norris J., 1997, Markov Chains, Cambridge Series in Statistical and Probabilistic
Mathematics, Cambridge University Press.

Renaud J.-F., 2014, On the time spent in the red by a refracted Lévy risk process, J. Appl.
Probab., 51, pp. 1171-1188.



Omega bankruptcy for different Lévy models 57

SLASKI
. . PRZEGLAD
BANKRUCTWO TYPU OMEGA DLA ROZNYCH MODELI LEVY’EGO || STATYSTYCZNY

Streszczenie: W niniejszym artykule rozwazamy model bankructwa typu Omega, ktory Nr 17323)

moze by¢ traktowany jako alternatywa wobec klasycznego pojecia ruiny. W odréznieniu
od klasycznego modelu pozwalamy, aby proces znalazt si¢ ponizej zera, jednakze nie
ponizej ustalonego poziomu —d < 0. Gdy proces znajduje si¢ ponizej zera, jest on
»zabijany” z funkcja intensywno$ci ®. Naszym celem jest ukazanie relacji pomigdzy
modelem Omega a klasyczng ruing dla dwoch istotnych modeli typu Lévy’ego, a wigc
rozwaza¢ bedziemy proces Cramera-Lundberga oraz markowsko modulowany ruch
Browna. W pracy podamy réwniez wyniki numeryczne, ktore beda ilustrowaé wyniki
z analiz.

Stowa kluczowe: prawdopodobienstwo ruiny, model Omega, proces Cramera-Lundberga,
markowsko modulowany ruch Browna.





