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A semi-analytic approach to calculating
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Close-form expression for the Strehl ratio calculated in the spatial frequency domain of the optical
transfer function (SOTF) is considered for the case of time-varying dynamic optical system that
has circular symmetry. Specifically, closed-form expressions for the temporally averaged SOTF
are considered, which can be easily evaluated numerically (what we call a semi-analytic solution).
As for the case of a static wavefront, described in Part 1 of this work, it is shown that the proposed
methods are computationally more efficient than the commonly used approach based on the dis-
crete Fourier transform.
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1. Introduction

The Strehl ratio is one of the fundamental measures of image quality of an optical sys-
tem but as such has mostly evaluated, as described in Part 1 of this work [1], for a static
wavefront. In general, the Strehl ratio of a dynamic optical systems, whose optical
transfer function (OTF) varies in time ¢ can be expressed as

" df,[" df,0TF, (£ £)
SOTF, = JLarf o d @)

[ ar]” anotry (f £

where the subscript DL refers to the case of an aberration-free time-varying diffraction
limited system.
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The time-dependent SOTF, although intuitively having some potential application,
has not attracted much attention. On the other hand, there has been some interest in
evaluating image quality of an optical system over a period of time in which the mea-
sure of quality is temporally integrated [2—4]. A specific case of such an application
considers an optical system in which longitudinal vibrations occur. In 1965, LOHMANN
and Paris reported higher performance of a defocussed system in the presence of
longitudinal vibrations when compared to a static system with the same amount of de-
focus [5]. Recently, a postulate has been made that such a scenario might be occurring
also in the human eye [6] and be linked to accommodation microfluctuations [7].

In this work, we aim to arrive at close-form expressions for the temporally averaged
Strehl ratio of a circularly symmetric optical system and analyze its computational per-
formance in comparison to that derived using discrete Fourier transform.

2. Preliminaries

Recall, see [1], that the diffraction integral can be calculated as

1 2n
U(r,p) = —111__[ dp'[ do P(p, H)exp(2nirpcos(9—go))p
0 %0
- L1 0 @
where
P, 0) = A(p, O)exp(-i 222 W (p, 0) 3)

with A(p, 0) = xjo, 17(p) being uniform circular pupil function and W(p, 0) being the
wavefront error of a system. Here and in what follows, ¥, and %' stand for the
2D direct and inverse Fourier transforms, respectively. Accordingly, the point spread
function (PSF) and the OTF are given by:

2 1 1 2
PSF(r, 0) = |U(r, 9)|” = ?\% [PI(r, 0)| 4)
and
OTF(u, v) = %T{TQI[P](F;[P]}(U, V)
T

—1—2—(P * P)(u, v)
T

1 -
?_HRZ dxdy P(x, y)P(x —u, y—v) ®))

where * is the convolution operation and the bar denotes complex conjugation.
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Finally, the Strehl ratio based on the OTF (the SOTF metric) in the radially symmetric
case is given by (see [1]) the average in the frequency domain of the calculated OTF

SOTF = | IRQdudeTF(u, v) 6)

3. Averaging the radially-symmetric aberrations

Assume that W,(p, 0) is a radially symmetric wavefront, depending on a parameter ¢,
and periodic in ¢ with period 7= 1. In consequence, the pupil function P(p, ) depends
ont, P(p, 0)=P,(p, 0) and this yields the dependence on ¢ for the rest of the functions
(U, PSF, OTF and finally the SOTF), which we denote by subindex ¢.
The first step is to give a meaning to the notion of “averaged SOTF”. A direct ex-
amination of the expressions in Section 2 shows that there are only two alternatives:
1) Replacing U, with its average,

R 1
Ulr,g) = [ dtU,(r, 9) (7
0

which, by linearity in P,, is equivalent to replacing P, by its average:

1

U(r,p) = U(r) = —H,[P1(r) ®)

. 1
P(p) = [ dtP,(p, ) )
0

with 7,[ P](r) being the Hankel transform of order 0 of P [8, 9]. The corresponding
averaged metric we denote by SOTF.
2) Replacing PSF, by its average,

—_ 1 1
PSF(r, ¢) = j dtPSF,(r, p) = j dt|U,(r, 9)| (10)
0 0

The corresponding averaged metric we denote by SOTF.

In this part of work, the wavefront error will consist of a linear combination of the
second (defocus) and the fourth order (spherical) aberrations, with possible periodic
longitudinal vibrations:

W(p) = f(t)p*+s(t) p* (I

where f(¢) = f, + f;sin(2n?) and s(¢) = s + s;sin(2n¢), with ¢ € [0, 1], £, 5o € R, and
f1> 51 2 0. We call £, the defocus constant, s, the spherical aberration constant and f;
and s, the amplitude of vibration for the defocus and spherical aberration term, respec-
tively. The case where f; = s, = 0 (static wavefront) was considered in the first part of
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this discourse [1]. Thus, our next goal is finding a simplified closed form expression
for SOTF and SOTF in the case (11).

4. Calculating SOTF
Consider the wavefront (11)

W(p) = f(1) p*+s(1) p*

- (fo +f sin(2nt)) p?+ (so +5, sin(2m)) pt

= fop? +sopt+ sin(27tt)(f]p2+s]p4) (12)
Using the identity
! L2 . 5 4 2m 5 4

Iodtexp —sz1n(2nt)(f]p +s5,p ) = JO(T(f]P +5,p D (13)
where J,(*) is the Bessel function of the first kind of order n, we obtain

A _ 275 2 4

P(p) = Pu(p) oS- (110 #5100 (14)

o .2m 5 4
Pyo(p) = Xx0,1;(p)exp _ZT Jop~ T sop (15)

Hence, we are basically comparing

U(r) = %ﬂo[Poo(p)Jo(i_“(flpz+S1P4D}(r) (16)

_ 1
with UOO(}’) = —{HO[POO(p)J(”)~
Keeping in mind that

Jo(zll_ﬂ(flp2 + 31P4D

which is consistent with the idea of U being a “regularization” of U, and using (see
Eq. (15) in [1])

<1 (17)

OTF(p) = %”S dxdyp(x £ L, y) P(x - %,y) (18)
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with
2 2

S, = {(x,y)e R%: (x-i——g—) +y2S1}m{(x,y)e R%: (x—-/zi) +y%< 1} (19)
we obtain
TE(p) = —— 5y + L )( _L )
OTF(p) - stpdxdyP(x+ 2 , V| Pl x 2 , Y

4 L=pi2 -+ pr2)

= —5Re dx | dy V(x, . p) (20)

T 0 0

with
2 2

Vix,y, p) = exp[i%{W{ (x——g-) +y2J_W( (x+.g_) +y2 jD 21)
Hence,

A 1-p/l2 N1-(x+p/2)° 5
OTF(p) = —2Re I dx j dy exp iTnpx(ZfO + so(p2 + 4(x2 +y2))J
T

XJO 2_7[[

X J

(=]

2
(8T o osl(ee T o)
1pi2 W1+ pi2)’

_ _niz_ J' dx J. dy cos[%n—px(@’o + so(p2 +4(x? +y2))ﬂ
0

0

X Jy _g_n_(

x J, —%f—[fl ((x + _g_)z + yZ) + sl((x + %)2 + ﬂﬂ (22)
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Replacing it in (6), we obtain

— NN =
SOTF = —j dpj j dnyb’fl’So’Sl(x’ v, PIp
2(1*x) J1=(x+p/2)?
B _I de‘ I dnyO,f,,sO,sl(x’J/aP)P
JI-x 21—y -x)
N _I I I pro,fl,SO,sl(x’ ».pp (23)
with

Qfo’fl’so’ Sl(x, Vv, p) = cos[zll—npx(Zfo + So(ﬂz + 4(x? +y2)))J
2
s (RS R (S S|

R (S R (G | Y

Equation (23) provides a semi-analytic solution for the temporally averaged SOTF
when vibrations in wavefront error have a sinusoidal character and when the averaging
occurs in the pupil plane.

5. Calculating SOTF

Using (18),
—~ 1 ~
OTF(p) = —5[[ dxdy7(x.y.p) (25)
n- s
where
1
~ . 2n 2 2 2 2
Vix,y,p) = Iodtexp == Wt( (xf%) +y ] Wt( (x+%) +y j
(26)

is given now by the average. Observe that

P(x.3.p) + V(2.3 p) = 2Re(P(x. . p)) @7)

17()6, - P) = I7(x,y, P) (28)
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Thus, by case (11),

217

P(x.y.p) = j;dtexp[i%[”’r[ ( ‘%)ZWZJ_W’[ (x+%)2+y2m

- ,[:)dt exp(—izTnpx(zf(t) + s(t)(/)2 SR(CE *yz)D)

_ I:) drexp(~i2E px(2(fy + ;sin(2m0))

+ (So +5, Sin(2nt)) (pz T A(x? +y2))))

= exp(*izl_npx (zfo + So(pz 42 +y2)D)

1
X I drexp (—i—z—n—,wCZf1 sin(2m))
0 A

! . 21 . 2 2 2
XI dtexp(—lTpxslsm(Zm)(p +4(x"+y )D
0

- o2 40202

X JO(—ZITE—slpx(pZ + 4(x? +y2)D

Then,

—_ 4 1—p/2 J1=(x+pl2)? o
OTF(p,0) = —-Re|[ ~ dx dyP(x, 3. p)
T 0 0
Finally,
~ 8 2 1-p/2 /1— (x+p/2)?
SOTF = -] dp  axf 49Oy, 1y 5005, (5 15 )P
T T (x, . p)
1o -[0 x-[() y-[() pro,f],so,s] YV PP
with
2n
Qmﬂwﬂij4ﬂ1=C%(jrp4k%+54f2+4@2+yﬁnJ
4n 2n
<(reh )y [Tf”“l(ﬂz HaGE yz))]

(29)

(30)

(€1)

(32)
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Equation (31) provides a semi-analytic solution for the temporally averaged SOTF
when vibrations in wavefront error have a sinusoidal character and when the averaging
occurs in the image plane.

6. Special cases
6.1. Averaging pure defocus

As in [5], we will assume a wavefront of the form:

W(p,0) = f(Op?,  f(1) = fy+ fisin@nt),  fye R, [,20  (33)

Since this is a special case of (11), we can obtain the necessary expressions by
particularizing the results from Sections 4 and 5. This yields

—~ 8 2 1-p/2 m
SOTF = FJodpJo dxjo dyQ, , (x.y.p)p
g ol M- 201-y2-x
= ?JAdeJ-O dyjo dprO’fl(x’ y,p)p (34)
with
47 21 2
UNAC COS(Tfopx)JO(TfI((x%) +y2)]
2
on{zz_nfl((“%) +y2)] (35)

Figure 1 shows simulation results for SOTF as a function of the vibration ampli-
tude f; with W given by (33) and f, = 0 and f,, taking values between 0 and 1.5 diopters.

Similarly, for SOTF, we see that using (18),

_ 1 N
T s,

where

% . ! .21 P 2 2 p 2 P

Vix,y,p) = jodzexp == w, (x_T) +y |- W, (x+7) +y

(37)

As before,

17()@ Y, ,0) + 17(*)6, y, ,0) = ZRC(V(X, 7, p)) (38)

V(x, =y, p) = V(x,9,p) (39)
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Fig. 1. SOTF for W given by (33) and f;, = 0 (a), and as a function of £}, for different values of defocus
aberration f;, denoted by DA (b).

and we conclude that in this case

1-p/2

N1=(x+p/2)?

OTF(p, 0) = %Re“ dxj dy P (x, y,p)] (40)
0

0

In the case (33),

N 1 5 :
V(x,y,p) = Iodtexp i—iﬂ W{ (x—%) +y2]_Wz( (er%) +y2J
1
= I dtexp[—i%f(t)xpj
0
1
= exp {—ii/{ifoxpj J.odt exp(—i-“/l—nf1 xp sin(27tt))
4 4
= exp[iTnfoxp] JO[Tnflxp] (41)
By (40),

—_ 1-p/2 2
OTF(p, 0) = —%—j dx /1—(x+-p-) cos(ﬂfopr Jo(ﬂf]xpj (42)
I 0 2 A A

This last equation has the same structure than the OTF that was calculated by
LoHMANN and PARIs [5], using the same wavefront (33). Finally, noting that for a cir-
cularly symmetric system [1],
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+ oo
SOTF = 2nj dpOTF(p)p (43)
0
we get
~ B 8 2 1-p/2 ( p)z An Ar
SOTF = —n—J-OdeO dx /1- x+7 cos Tfopx Jy Tflxp p
g 2(1—x) o\ 4 47
= ?J-dejo dp 1—(x+7) cos Tfopx Jy Tflxp p
(44)

The SOTF has also been computed using the traditional method of discrete Fourier
transform achieving practically the same results. In order to appreciate the closeness
between the two representations root mean square error (RMSE) was calculated.
Figure 2 shows the calculated RMSE between the close-form solution for SOTF given
in (23) and the discrete Fourier transform method as a function of defocus and the am-
plitude of vibration. e

An exemplary execution times for SOTF were 628.12 and 3.37 x 10° seconds, using
the semi-analytic approach and the discrete Fourier transform method, respectively.
This makes the former over five times faster than the latter method. The computational
efficiency of the semi-analytic solution is even more striking in the case of SOTF
where, for example, the execution times are 4.87 and 3.47 x 103 seconds, respectively.

6.2. Averaging spherical aberrations (with fixed defocus)

Here, we assume the wavefront of a very specific form

) 4 — :
W, (p,0) = fp~+s(t)p®, s(t) = so+ s;sin(2nt), s,eR, 5,20 (45)
x1073 x1073
251 a | 29 AN b |
20l | 2.0 N
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Fig. 2. RMSE of SOTF as function of the defocus f (a) and vibration amplitude f; (b).
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where f € R is the defocus. Again, this is a special case of (11), and we obtain the
necessary expressions by particularizing the results from Sections 4 and 5:

— 8 2 1—p/2 N1 = (x+pl2)?
SOTF = ?jodp jo dx jo dy Oy, s, (63, pIp
38 1 2(1-x) 1= (x+p/2)?
a 7E—J.0de.() dp J-() dny’So’ﬁ(x’y”D)’D
8 ! J1—x2 2(J1—yp2—x)
- ?J-dej-o dy -[o dprQSo’Sl(x’y’p)p (46)
with

2n
o S0 sl(x, »p) = cos(Tpx (2f+ 4s50(x%+3?) + pzso)j

o R (R S N B

Similarly, following the same step as in the previous case

2 1=p/2  J1=(x+p/2)?
SOTF = ijd j dx j dy| cos| 2& px 2f+s( 244022+ 2))
—|dp y =P ol P y
0 0

0
xJo(i—“pxsl(pz pres +y2>)Jp (48)
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Fig. 3. SOTF for W given by (45), where defocus f'= 0 and for different values of spherical aberration
(SA) constant s, from 0 to —1.5 diopters, as a function amplitude of vibration s,.
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As shown in Fig. 3, it is interesting to note that for a constant defocus and given
amount of static spherical aberration s, the temporally averaged SOTF in the presence
of longitudinal vibration affecting only spherical aberration term one achieves similar
amplification of SOTF as in the case of the defocus alone.

The execution times for the case of averaging the SOTF for the spherical aberration
in comparison to those achieved with discrete Fourier transformation are still much
shorter (e.g., 529.54 versus 3.34 x 10° seconds or 404.08 versus 3.37 x 10° seconds
for the SOTF).

7. Conclusions

The Strehl ratio is used to assess image quality and this task is typically performed using
discrete Fourier transform. As indicated in Part 1 of this discourse [1] such an approach
has limitations. The semi-analytical solutions presented here show that finite analogs
of Fourier transformations can surpass the computational efficiency of discreet Fourier
transform, especially in more complicated case where longitudinal vibrations occur in
an optical system and when there is a need to temporally average the Strehl ratio.
The solutions presented in this work are restricted to circularly symmetric optical sys-
tems and the generalization of the provided solutions will be sought, in the future, to
account for other type of systems, where, for example, the wavefront is described by
a series of polynomials of order other than two and four.
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