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In this article a theoretical research is described into focusing of a linearly polarized helico-conical
Lorentz beam with a sine-azimuthal variation wavefront. The simulation results show the vortex
charge on the axis, which has an obvious modulation effect on the focal modes of the Lorenz beam
under certain beam parameters and phase parameters. Both the phase parameter and the vortex
charge are zero, the focal spot appears round. The focal spot is symmetric about y axis when the
charge is 0 and the phase parameter is adjusted. And the focal evolution patterns vary remarkably
under different beam parameters and the phase parameters. In the process of focus evolution, there
appears some novel focal patterns, such as a circle, a “T”, a butterfly, a small running humanoid,
a whale tail, a flower of four leaves, a serpentine, a goldfish, a Chinese knot and an octopus, which
indicates that the focus mode of the optical vortex Lorentz beam can be altered by changing the
phase parameters and vortex charge.
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1. Introduction

In recent years, laser beams of different shapes have attracted great interest of optical
workers because of their special applications, and the Lorenz beam is a case in point. As
a realizable beam, the Lorenz beam is introduced by GAWHARY and SEVERINI [1–3]. On
the one hand, due to the relatively big angle expansion of the Lorentz distribution [4],
the Lorenz beam is suitable for describing some laser light sources with larger diver-
gence, but Gaussian distribution is not suitable, instead, the Lorentz distribution is a rel-
atively good approximation. On the other hand, the characterization of laser beams has
always been a hot field in laser optics, and the beam quality has been extensively studied
both in the paraxial approximation framework and in the nonparaxial range [5–8].
The beam transmission factor is suggested to represent the beam quality of the laser
beam, and the beam transmission factor does play an important role in the characteriza-
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tion of the beam quality of the laser beam [9, 10]. Recently, the study on Lorenz wave-
front focusing sine linear polarization azimuth shows that the source model changes
greatly on the basis of the beam parameters and phase parameters, and some new forms
of focus patterns may appear, the focus mode of multiple peaks and the circular focus
mode like a wheel [11].

The vortex beam by virtue of its complexity and considerable application prospect,
has gradually become a hot research topic in academic circles in recent years, and it has
been widely applied to the fields of the quantum encoding [12, 13], space optical com-
munication [14, 15] and particle manipulation [16, 17]. The reason why the vortex beam
is widely used especially in the field of optical manipulation is that the vortex beam
with spiral wave can be focused into a ring of light trapping which is called the optical
vortex [18–22]. To the best of our knowledge, however, there are no reported data on
the focusing characteristics of optical vortices in Lorenz beams. In order to get insight
into the focusing characteristics of Lorenz beams and to generalize their applications
deeply, we investigate the focusing of linearly polarized helico-conical Lorentz beam
with the sine-azimuthal variation wavefront. In Section 2, the principle of  Lorenz beam
focusing is described. The results are discussed in Section 3. And conclusions are sum-
marized in Section 4. 

2. Focusing linearly polarized helico-conical Lorentz beam 
with sine-azimuthal variation wavefront 

In the investigated focusing system in this essay, the incident laser beam is chosen as
the Lorenz beam, and the equation of pupil position of amplitude distribution of electric
field in cylindrical coordinate system is below [1–3, 23–25],

(1)

where A is the constant, and the incident plane of the Lorentz beam is the product of
two independent Lorenz functions. This article uses ωx and ωy as its parameters, where
ωx and ωy are the parameters of the beam size, and r0 is the radial coordinates, with
A, ωx, ωy and  

where wx = ωx /rp is the relative beam of x coordinates, rp is the outer radius of the op-
tical aperture of the focusing system, and NA is the numerical aperture of the focusing
system. It should be known that NA is defined as a product of the refractive index of
the surrounding medium and the sinus of the aperture angle, namely NA = n'sin(α),

E r0 φ,( ) A
1

ωxωy

----------------- 1

1 cos2 φ( ) r0 /ωx( )2+
------------------------------------------------------ 1

1 sin2 φ( ) r0 /ωy( )2+
------------------------------------------------------=

r0 ℜ∈

r0

ωx

---------- θ( )sin
NA wx

--------------------=



Focusing of linearly polarized helico-conical Lorentz beam... 375
where n'  is the refractive index of a surrounding medium. The condition of the study
is in the air, so n' ≈ 1  and NA ≈ sin(α). As a similar procedure, 

where wy = ωy /rp. It is important to note that the wavefront is the function of the azi-
muthal angle φ = –πsin(nφ), m is the vortex charge, K is a constant, and the value is 1.

To sum up, the Eq. (1) can be written as [26–30],

(2)

In our study, the outer radius rp of the optical aperture of the focusing system is
constant, so  is also constant, and the n is the phase angle parameter, which
represents the change frequency of the sinusoidal phase when the azimuth is increased.
When the polarized light of the Lorenz beam is assumed to be along the x-axis, according
to the vectorial diffraction theory, the electric field in the source region can be written
as [31, 32],

(3)

The optical intensity in focal plane can be obtained calculated by the modulus square
of Eq. (3), where  and  Vector x, y and z are unit
vectors in the x, y, and z axes. Obviously, the incident light is depolarized and there
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are three components (Ei, Ej, Ek) in X, Y, and Z, variable ρ, ψ, and z are the cylindrical
coordinates of an observation point in the focal region.

3. Results and discussions

The intensity distributions are calculated and discussed here. It should be noted that
the distance unit in all figures is the wavelength of an incident beam in vacuum. Since
we are investigating the Lorenz beam, we observe the Lorentz beams with different
wx and wy firstly. The wavefront modulation of Lorentz beams are all pure phase dis-
tribution, and their abstract modulus of pure phase distribution is 1, as shown in Fig. 1.
When wx = wy = 1, the beam light intensity distribution is round, and the energy is
strongest at the center, and the decreasing trend is gradually shown in the surrounding
area, as shown in Fig. 1a. When wx = 1, wy = 0.5, the beam light intensity distribution
is in a long shape and the energy is concentrated in the vicinity of y = 0, and the de-
creasing trend is still shown gradually in the surrounding area with the decrease of wy,
as shown in Fig. 1b. It can be seen that in the original Lorentz beam diagram, the size
of wx and wy will affect the distribution of its beam strength. We will discuss the fo-
cusing properties further by fixing the numerical aperture NA below.

Here, the intensity distribution of the focal region is calculated as follows: NA = 0.95,
n = 0, wx = wy = 0.2, K = 1, and at different m conditions, as shown in Fig. 2. It is obvious
that the focal spot of the optical vortex has a great influence. When the charge on the
axis of the optical vortex is increased, the focal spot is distorted from an ellipse to
an irregular shape, and finally the center focal spot was replaced as a dark focal spot.
In the case of m = 0, the entire focal spot is an elliptical point, as shown in Fig. 2a.
When the topological charge is added, namely m = 1, the focal spot begins to distort,
forming a vortex shape, as shown in Fig. 2b. When the vortex charge is increased, the
weakness region increases and the vortex strengthens, as shown in Fig. 2c. When
m = 3, the focal spot is complex and presents a dark focal spot in the center, and the
focal spot is distributed around the center, which is the opposite of m = 0, as shown in
Fig. 2d. Then, the phase parameter of 1, NA = 0.95, n = 1, wx = wy = 0.2, K = 1, and
different m are also calculated and shown in Fig. 3. In the case of m = 1, the whole
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Fig. 1. Focal intensity distributions for K = 1, n = 2, m = 3 and wx = wy = 1 (a), wx = 1, wy = 0.2 (b).
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Fig. 2. Focal intensity distributions for NA = 0.95, K = 1, n = 0, wx = wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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Fig. 3. Focal intensity distributions for NA = 0.95, K = 1, n = 1, wx = wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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focal pattern turns on “T” shape, with one “∞” shape intensity branches and one rec-
tangle intensity area, as shown in Fig. 3a. When m = 1, the “∞” shape region moves
in the negative direction of the y-axis and evolves into a meniscus, as shown in Fig. 3b.
When m = 2, the meniscus moves up to the right and is accompanied by two weak in-
tensity spots besides, the column region moves along, and the weak intensity spots re-
gion spreads, as shown in Fig. 3c. Then the vortex charge increases, the meniscus and
column region are separated, and the meniscus is strengthened into a ring, as shown
in Fig. 3d.

Figure 4 illustrates the focal patterns under condition of NA = 0.95, n = 2, wx = wy
= 1 and different charge. In the case of m = 0, there are two focal spots along the azimuth
of 45 and 135 degrees, creating a weak intensity spot between each of the two focal
spots, and a dark focal spot at the junction of the focal spot and the weak point, as shown
in Fig. 4a. When an optical vortex is added to the shaft, namely, m = 1, the focal spot
along the azimuth angle of 135 degrees direction with cracking, and interrupt the strong
peak point of connection. Two of the corresponding intensity peak points are reduced
to a weak intensity spot and shape into long bars, resulting in the shape of “butterfly”,
as shown in Fig. 4b. After increasing the vortex charges, the two types of weak intensity
spot become intensity peaks, and the intensity peak at the left bottom was evolved into
two weak intensity spots, showing the shape of “running man”, as shown in Fig. 4c.

Fig. 4. Focal intensity distributions for NA = 0.95, K = 1, n = 2, wx = wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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However, as the charge increases to 3, a very obvious distortion occurs, the region of
the intensity peaks shrinks into an ellipse, and the distribution of the weak intensity
spots is extremely irregular, as shown in Fig. 4d. Here we add the intensity distributions
of Lorentz beams with different wx and wy. The wavefront modulation of the Lorentz
beams is a pure phase distribution, and the abstract modulus of pure phase distribution
is 1. Now we consider the focal intensity distributions for different polarization compo-
nents in the case of  NA = 0.95, K = 1, n = 2, wx = wy = 0.2, m = 1 as shown in Fig. 5.
Since Fig. 5a is in the situation of the combined action of three polarization compo-
nents, Fig. 5b is for the condition of the polarization component Ei working, Fig. 5c
is for the condition of the polarization component Ej working, and Fig. 5d illustrates
that the focal intensity distributions is for the condition of the polarization component
Ek working. It can be clearly seen that the polarization component Ei has the biggest
influence on E.

Here, the phase parameter is chosen as 3, and focal patterns are given in Fig. 6 under
condition of NA = 0.95, n = 3, wx = wy = 0.2, and different m. We can see that the focus
mode becomes more complex than all cases above, and the distortion becomes more
serious as the charge increases. In the case of m = 0, the whole focal pattern turns up
in a whale tail shape, with a strength branch extending over a syncline and a crown
shaped strength zone on both sides and one cylindrical region in the same direction as

Fig. 5. Focal intensity distributions for NA = 0.95, K = 1, n = 1, wx = wy = 0.2, m = 1 and E (a), Ei (b),
Ej (c), Ek (d).
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the y-axis, as shown in Fig. 6a. When m = 1, the two intensity branches begin to tilt
to the upper right, and the crown and column strength regions begin to split, as shown
in Fig. 6b. When m = 2, the two intensity branches begin to fuse, produce an “X” shape
and move to the left, where the intermediate coronal region is transversely divided into
bars, and the entire focal mode is irregularly distributed, as shown in Fig. 6c. After
increasing the charge, the focal spot of the two intensity fusion parts increases, and the
limb fracture occurs. At the same time, the strip region also breaks, as shown in Fig. 6d.

Figure 7 shows the focal intensity distributions for NA = 0.95, n = 4, wx = wy = 0.2
and different charge m. It can be seen that, compared to Figs. 7 and 3, the change of the
total focal mode is very sharp at high phase parameters. When m = 0, there is an in-
tensity peak at the mid-point, close to the four pavilion shape of a weak intensity spot,
in direction respectively along the x-axis and y-axis there is a dark focal spot between
the intensity peak and four weak intensity spots, namely four shaped flowers. At the
same time, there are two long lines of weak intensity spots between each two petals,
as shown in Fig. 7a. When the vortex charge is added to the axis, the intensity peak in
the middle is shifted, and the shape of the petals is distorted into a long strip. At the
same time, it changes to an intensity peak and presents a “firework shape”, as shown
in Fig. 7b. After further increasing the vortex charge, the focal spot rotates in a clock-
wise direction, and the separation becomes more serious. At m = 3, there are only two

Fig. 6. Focal intensity distributions for NA = 0.95, K = 1, n = 3, wx = wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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intensity separated peaks, and they are accompanied by an irregular distribution of weak
intensity spots, as shown in Fig. 7d. 

Based on the discussion above, the change in the value of wx from 0.2 to 1, and
corresponding intensity distributions are shown in Fig. 8. By comparing Fig. 8 with
Fig. 2, it can be seen that the beam parameter wx has a considerable influence on the
focal spot, and the evolution of the focal spot is different as the charge increases. When
m = 0, both images are rounded, as shown in Fig. 8a. When m = 1, there is an annular
weak intensity spot on the left of the focal spot, as shown in Fig. 8b. When the charge
increases from 1 to 2, the focal spot assumes a serpentine distribution. For larger m,
the snake tail splits in the image and a large annular weak intensity spot appears on
the left, as shown in Fig. 8d. And we can see that in the same evolutionary process, the
intensity peak of Fig. 7 is moving along the x-axis, and the center diffuses into the sur-
rounding direction in Fig. 1. Now, the value of the phase parameter is adjusted up to 2,
focal intensity distributions for NA = 0.95, n = 2, wx = 1, wy = 0.2, and different m are
shown in Fig. 9. When m = 0, the two love-shaped focal spots are mirror symmetrical
and are connected with the middle dark focal spot to form a bidirectional arrow shape,
as shown in Fig. 9a. When m = 1, there are two love-shaped focal spots at fixed point
position, the rest of the spin on the right, and one of the focal spots becomes weak and
splits. The whole appears as a goldfish shape, as shown in Fig. 9b. When m = 2, the

Fig. 7. Focal intensity distributions for NA = 0.95, K = 1, n = 4, wx = wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d),.
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Fig. 8. Focal intensity distributions for NA = 0.95, K = 1, n = 0, wx = 1, wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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Fig. 9. Focal intensity distributions for NA = 0.95, K = 1, n = 2, wx = 1, wy = 0.2 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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tail of the goldfish shaped focal spot is further divided, as shown in Fig. 9c. When the
charge gets up to 3, the focal pattern shrinks into one elliptic shape with a weak intensity
spot in the lower left corner, as shown in Fig. 9d. 

Now we change the value of wy from 0.2 to 1, and corresponding the intensity dis-
tributions are shown in Fig. 10. By comparing Fig. 10 with Fig. 2, it can be seen that the
effect of the change of wx and wy on the focal pattern evolution is very considerable, and
the evolution of the focal spot after adding the charge has a certain regularity. By com-
paring Fig. 10 with Fig. 9, the higher wy makes the whole focal pattern change smaller.
In Fig. 9, the focal spot position is still almost in the center, and there is no offset along
the x-axis direction. As far as the weak intensity spot is concerned, when wy = 0.2 is
present, as the charge increases, the weak intensity spot appears more irregular, as
shown in Fig. 8. But in Fig. 10, wy = 1, the vortex shape of the weak spot increases as
the charge increases, showing a relatively regular pattern. 

Figure 11 shows the focal intensity distributions for NA = 0.95, n = 2, wx = wy = 1,
and different m. When m = 0, the full focal mode exhibits a Chinese junction shape,
as shown in Fig. 11a. When m = 1, the focal spot begins to turn along the azimuth of
45 degrees and is accompanied by a narrowing of the fusion splitting phenomenon, as
shown in Fig. 11b. When the charge on the count of 2 is increased, the strong peak
point is dotted into elliptical directions along the 45 degrees azimuth direction, the weak
intensity spot turns into the strip “feet”, full focus mode shows “octopus” shape, with
the ring “ripple” weak intensity spots besides, as shown in Fig. 11c. When m = 3, the

Fig. 10. Focal intensity distributions for NA = 0.95, K = 1, n = 0, wx = wy = 1 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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“foot” weak intensity spots begin to weaken, and the ring “ripple” weak intensity spots
spread, as shown in Fig. 11d. The effect of charge on the focusing mode is still very
impressive. 

4. Conclusions
Focal spot intensity distribution plays an extremely important role in many optical sys-
tems. Since the beam is an electromagnetic field with a distinct direction of light prop-
agation, most of the field energy is concentrated near the optical axis during
propagation. Therefore, considering the axial vortex charge, eccentric shaft and other
parameters, the beam parameters, and this article does research into the focusing of
linearly polarized helico-conical Lorentz beam with sine-azimuthal variation wave-
front. The results show that the vortex charge on the axis has an obvious modulation
effect on the focal modes of the Lorenz beam under certain beam parameters and phase
parameters. When both the phase parameter and the vortex charge are 0, and when the
charge is 0 and the phase parameter is changed, the focal spot is symmetrical with re-
spect to the y-axis. And the focal evolution patterns vary remarkably under different
beam parameters and the phase parameters. In the process of focus evolution, there
appears some novel focal patterns, such as a circle, a “T”, a butterfly, a small running

Fig. 11. Focal intensity distributions for NA = 0.95, K = 1, n = 2, wx = wy = 1 and m = 0 (a), m = 1 (b),
m = 2 (c), m = 3 (d).
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humanoid, a whale tail, a flower of four leaves, a serpentine, a goldfish, a Chinese knot
and an octopus. Therefore, it can be concluded that the optical vortex Lorentz beam
can change the focus mode by means of changing the phase parameters and the vortex
charge on the axis, which contributes to extending the application of Lorentz beam in
some focusing systems.

Although focusing properties of beams have been investigated in this manuscript,
the experiment research method should be noted. In fact, we are constructing a system
for experimental investigation. Spatial light modulator [33–35] can be used to obtain
this kind of beams. Pure phase spatial light modulator can alter wavefront phase dis-
tribution, and a pure amplitude spatial light modulator can adjust wavefront amplitude
distribution. Therefore, in the proposed optical system, two spatial light modulators are
considered. Focusing properties of the novel kind of beams play an important role in
many optical systems, and results shown in this manuscript may find wide applications
in optical tweezers [36, 37], multiple point microscope [38], and optical machining.
Tunable focal pattern may be used to construct dynamic optical tweezers.
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