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Tight focusing of radially polarized beams with a devil’s vortex lens is numerically investigated.
Multiple focal spots can be generated in the geometric focus when a radially polarized beam is fo-
cused by a high numerical aperture objective in the presence of a devil’s vortex lens. The position
of the major focal spot shifts from the geometric focus when a devil’s vortex lens with S = 1 is
employed, and the position of the focal spot can be controlled by the numerical aperture of the ob-
jective. The intensity components of the major focal spot are influenced by the vortex phase of the
devil’s vortex lens. A strong longitudinal component near the optical axis is produced by a devil’s
vortex lens without vortex phase, and a nearly pure transversal field is produced by a devil’s vortex
lens with vortex phase. 

Keywords: devil’s vortex lens, radially polarized beam, tight focusing, high numerical aperture. 

1. Introduction

A new type of diffractive optical element (DOE), namely devil’s lens (DL), was intro-
duced in 2007 [1]. A DL is a rotationally symmetric diffractive lens whose phase profile
is designed from a devil’s staircase function. The triadic Cantor set is often chosen as
the devil’s staircase function to generate DLs [2]. A single major focus and a number
of subsidiary focal points are generated along the optical axis under the illumination
of monochromatic irradiances. The relative intensity of the subsidiary focus of DL is
stronger than that of the associated Fresnel kinoform lens [1]. Generalized devil’s lens-
es (GDLs), whose structure is based on the generalized Cantor set, have been developed
based on the concept of DL [3]. The number of subsidiary foci of a GDL is higher than
that of conventional DL, and the structure of these subsidiary foci shows self-similar
profile. A new kind of vortex lens, referred to as devil’s vortex lens (DVL), is proposed
by modulating a DL with a helical phase structure [4]. Under monochromatic illumi-
nation, a DVL produces a focal volume containing a delimited chain of vortices, which
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are axially distributed according to the self-similarity of the lens. A DVL can be ex-
perimentally realized by using a spatial light modulator (SLM) [5]. Optical vortices
with desired position and topological charge can be obtained by implementing arrays
of DVLs in a reconfigurable SLM [6, 7]. A multilevel phase version of a DL has been
reported recently [8].

Radially polarized beams focused by a high numerical aperture (high-NA) objec-
tive have been increasingly studied. It has been shown that tight focusing of radially po-
larized beams can have some advantages over linearly polarized beams like smaller
focal spot and stronger longitudinal component. DORN et al. demonstrated that a radi-
ally polarized field can be focused to a spot that is significantly smaller than a linearly
polarized beam [9]. In addition, a stronger longitudinal electric field component can
be generated under the radially polarized irradiance [10]. Interesting phenomena are
observed by introducing DOEs into the high-NA focusing system. A non-diffracting
and “pure” longitudinal light beam with subdiffraction beam size is created by focusing
a radially polarized Bessel–Gaussian (BG) beam with a combination of a binary-phase
optical element and a high-NA lens [11]. An on-axis spherical spot with controllable
position is generated in a high-NA focusing system using a radially polarized beam
focusing with phase modulation, which can be realized by a proper DOE [12]. BOKOR

and DAVIDSON employed a radial polarization mode to create a nearly spherical central
spot in the focal region, with extremely low sidelobe intensities [13]. WEIBIN CHEN and
QIWEN ZHAN generated a spherical spot by focusing a radial polarization beam with
spatial amplitude modulation, and two spherical spots with diffraction-limited size and
variable distance with spatial phase modulation [14].

In the present study, the tight focusing properties of radially polarized beam focused
by a high-NA objective combined with DVL are investigated. The concept of  DVL is
introduced, and the influence of  DVL on the intensity distribution near focus is analyzed.

2. Theoretical analysis

The phase distribution of a DL is characterized by the devil’s staircase function.
A standard example of a devil’s staircase is the Cantor function, which is defined in
the domain [0, 1] as [1, 2]

(1)

where S is the function order, and l is the number of horizontal sections. The function
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and end points for each segment of the Cantor set, as described in [2], and FS (0) = 0
and FS (1) = 1.

From a particular Cantor function FS (x), a DL is defined as a circularly symmetric
pure-phase DOE whose transmittance is defined by

(2)

where ζ  = (sin(θ)/sin(α))2 is the normalized quadratic radial variable, θ is the angle of
convergence, and α is the maximal convergence angle determined by the NA of the
objective.

A DVL can be constructed from a conventional DL by adding a spiral phase of
exp(imφ), where m is a non-zero integer called the topological charge and φ is the
azimuthal angle. The transmittance of a DVL can be expressed as

(3)

Figure 1 illustrates some examples of the phases of DVLs. The phase of a DL can
be decomposed into two parts: without phase-modulated section (color in black) and
with phase-modulated section (other colors), as shown in Figs. 1a and 1c. The phase
of a DVL is more complicated, an additional phase change in azimuthal direction that
has been determined by vortex phase is imposed. 
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Fig. 1. Phase of DVLs: S = 1, m = 0 (a), S = 1, m = 1 (b), S = 2, m = 0 (c), and S = 2, m = 1 (d).
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According to a previous study, the Cartesian components of the electric vector of
radially polarized beam near focus of the high-NA objective can be described as [15]

(4)

where θ is the angle of convergence, T (θ, φ) is the transmission function of the DVL,
P(θ) is the pupil apodization function at the exit pupil, λ is the wavelength of the incident
beam, k = 2π/λ is the wave number, and α = sin−1(NA) is the maximal angle determined
by the NA of the objective. Variables r, ϕ, and z are the cylindrical coordinates of an ob-
servation point near the focus.

The radial and azimuthal components of the electric vector can be obtained through
the following transformations

Er(r, ϕ, z) = Ex(r, ϕ, z)cos(ϕ) + Ey(r, ϕ, z)sin(ϕ) (5a)

Eϕ(r, ϕ, z) = Ey(r, ϕ, z)cos(ϕ) – Ex(r, ϕ, z)sin(ϕ) (5b)

As widely used in similar studies [15], we take a BG beam as an example to inves-
tigate the focusing property of a radially polarized beam focused by a high-NA objec-
tive combined with a DVL. The pupil apodization function of a BG beam can be
expressed as

(6)

where β0 is the ratio of the pupil radius and the beam waist, and J1(x) is the first-order
Bessel function of the first kind.

The intensities near focus can be numerically simulated by solving the resulting
integral (4). In the following numerical calculations, the parameters are set as: β0 = 1.5,
λ = 633 nm, and NA = 0.9. 

3. Numerical simulations

A DVL without vortex phase reduces to a conventional DL, which can be obtained by
letting m = 0 in Eq. (3). Figure 2 shows the intensity distribution of a radially polarized
beam focused by a high-NA objective combined with a DL. Only a focal spot located
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in the geometric focus is formed with S = 0. It is noticed that no additional phase mod-
ulation is introduced with S = 0. Therefore, the result is consistent with that in [15].
Two features in Fig. 2 are notable. First, two focal spots along the axis are generated
in Fig. 2b, but none of them are located in the geometric focus. A dark core is generated
between these two focal spots. Second, a major focal spot, which is located in the
geometry, and a number of subsidiary focal spots are generated with S = 2. The results
show the influence of a DL on the intensity distribution near the focus; the position of
the major focal spot is shifted with S = 1, and subsidiary focal spots are observed. When
a radially polarized illumination without phase modulation is focused by an objective,
the wavefront converges into a spherical shape and the position of the maximal intensity
is the focal point. In this study, a new type of DOE (i.e., DVL) is introduced. The wave-
front of the illumination is modulated by a DVL. The wavefront of a beam after the
DVL can be divided into two parts: with and without phase modulation, as shown in
Fig. 1. For DVL with S = 1, the phase modulation part is dominant. The additional phase
modulation influences the position of the maximal intensity location. For DVL with
S = 2, the part without phase modulation is dominant, and the position of major focal
point is the geometric focus; other subordinary focal points, which correspond to the
phase modulation part, are generated as well.

Different from paraxial approximation, a longitudinal component is produced when
a beam is focused by a high-NA objective. Previous study shows that longitudinal com-
ponent under the illumination of radially polarized beam can be stronger than that
under a linearly polarized beam [9–11]. Figure 2b shows that the position of the focal
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Fig. 2. Intensity of a radially polarized beam focused by a high-NA objective with a DVL of m = 0;
S = 0 (a), S = 1 (b), and S = 2 (c).
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spot is z = −2.55λ; we take this focal spot as an example to study the components of
intensity, as shown in Fig. 3. A typical radially polarized beam has a central dark core
owing to the polarization singularity. However, the center of a focal spot of a radially
polarized beam formed by a high-NA objective is filled with light because a strong
longitudinal component is produced. The azimuthal component of the intensity is zero
because of the symmetry. 
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Fig. 3. Intensity of radially polarized beam focused by a high-NA objective and a DVL with S = 1 and
m = 0; the other parameter is chosen as z = –2.55λ; radial component (a), azimuthal component (b), lon-
gitudinal component (c), and total intensity (d). 

x/λ

a

y/
λ

1

0

–1
–1 0 1

x/λ

b

y/
λ

1

0

–1
–1 0 1

x/λ

c

y/
λ

1

0

–1
–1 0 1

x/λ

d
y/
λ 1

0

1.0

0.5

0.0
–15 –10 –5 0

NA = 0.9
NA = 0.8
NA = 0.7

–2

–3

–4

–5
0.7 0.8 0.9 1.0

I(z)

z/λ

z(λ)

NA

a b

Fig. 4. On-axial intensity of radially polarized beam formed by a high-NA objective and a DVL with
S = 1, m = 0 (a). Position of the major focal spot with different NA (b). 
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In some applications, it would be helpful if the position of the focal spot along the
optical axis can be modulated. In this study, the position of the major focal spot shifts
from the geometric focus when a DVL with S = 1 is employed. The shift of the focal
spot can be explained by the influence of the additional phase modulation introduced
by DVL. The on-axial intensity of the radially polarized beam formed by an objective
with different NA is presented in Fig. 4a. The position of the focal spot varies with NA.
The dependence of the position of the focal spot on the NA of the objective is plotted
in Fig. 4b. In general, the shift of the focal spot is larger with a lower NA.

The intensity of the radially polarized beam focused by a high-NA objective com-
bined with a DVL of m = 1 is presented in Fig. 5. Compared with the result in Fig. 2,
some similarities are observed, such as the focal shift with a DVL of S = 1 and multiple
focal spot with a DVL of m = 2. Also some differences are observed, the focal spot is
smaller, and the dark core in Fig. 2b disappears. The intensity distribution of an ordi-
nary radially polarized beam is a dark hollow shape because of the polarization singu-
larity. However, a bright spot exists in the focus when a radially polarized beam focused
by a high-NA objective and a DVL with m = 1. This can be explained by the relation
of polarization and phase, i.e., a change in the phase of the incident beam would result
in a change in polarization. 

Figure 6 shows the intensity components of the focal spot at z = −5.66λ formed by
a DVL with m = 1 and S = 1. The result is quite different from that in Fig. 3. The azi-
muthal intensity component is produced because of the asymmetry of the field, which
arises from the azimuthal dependence of vortex phase. The field is a pure transversal
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Fig. 5. Intensity of radially polarized beam focused by a high-NA objective and a DVL with m = 1;
S = 0 (a), S = 1 (b), and S = 2 (c).
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field because the longitudinal component is almost zero because of the destructive in-
terference. 

The intensity profile in the axis of the radially polarized formed by a high-NA ob-
jective combined with a DVL with S = 1 and m = 1 is shown in Fig. 7. Two focal spots
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Fig. 6. Intensity of radially polarized beam focused by a high-NA objective and a DVL with S = 1 and
m = 1. The other parameter is chosen as z = –5.66λ; radial component (a), azimuthal component (b), longi-
tudinal component (c), and total intensity (d). 

x/λ

a

y/
λ

1

0

–1
–1 0 1

x/λ

b

y/
λ

1

0

–1
–1 0 1

x/λ

c

y/
λ

1

0

–1
–1 0 1

x/λ

d
y/
λ 1

0

1.0

0.5

0.0
–15 –10 –5 0

NA = 0.9
NA = 0.8
NA = 0.7

–4

–6

–8

–10

0.7 0.8 0.9 1.0

I(z)

z/λ

z(λ)

NA

a b

Fig. 7.  On-axial intensity of radially polarized beam formed by a high-NA objective and a DVL with
S = 1, m = 1 (a). Position of the major focal spot with different NA (b). 
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are generated in the axis, and the positions of these spots depend on the NA of the ob-
jective, as shown in Fig. 7b. The distance between the focal spot and the geometric
focus can be larger than 10λ, and the magnitude decreases with increasing NA.

4. Conclusion

We have studied the intensity near focus of a radially polarized beam focused by a high
-NA objective combined with a DVL. The results showed that the intensity of the beam
with a DVL is different from that without a DVL. The intensity depends on the structure
of the DVL. Only a focal spot located in the geometric focus can be obtained without
a DVL. However, multiple focal spots can be generated in the presence of a DVL.
The position of the major focal spot shifted from the geometric focus when a DVL with
S = 1 is employed, and the position of the focal spot can be controlled by the NA of
the objective. The intensity components of the major focal spot with different vortex
phases were studied by using a DVL with S = 1. Results showed that a strong longi-
tudinal component near the optical axis is produced by a DVL without vortex phase,
and a nearly pure transversal field is produced by a DVL with m = 1. These results
may have potential applications in particle trapping. We have demonstrated an optical
tweezers using a laser beam on which is imprinted a focusing phase profile generated
by a DVL [16]. A variety of micron and submicron-sized particles can be trapped by
beam shaped with DVL, and the optical trap strength is influenced by the structure of
a DVL. The difference between this study and our previous study is that radially po-
larized beam is used as illumination, so a stronger longitudinal component can be
achieved. A strong longitudinal field has many attractive applications, for example, in
particle trapping [17], fluorescent imaging [18].
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