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In this paper and for the first time, we describe and introduce a new extended direct algebraic meth-
od which is a new method for solving nonlinear partial differential equations arising in nonlinear
optics and nonlinear science. By applying this method, we have constructed new solitary wave solu-
tions for the unstable Schrédinger equation. A large family of traveling wave type exact solutions
covering exponential, generalized trigonometric, rational and generalized hyperbolic functions to
this equation is determined. The solutions are expressed in explicit forms.
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1. Introduction

The difficulties to integrate the nonlinear partial differential equations (PDEs) force
researcher to develop new techniques to determine solutions to them. From the bright
idea that accepts Aexp(mx) as a predicted solution and tries to determine 4 and m by
substituting the predicted solution into the target equation and algebra manipulations
(method of characteristics while solving ordinary differential equations, ODEs), var-
ious methods of solving the nonlinear PDEs.
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One of the first techniques to be implemented to determine exact solutions of the
nonlinear PDEs is a hyperbolic tangent method [1]. In this method, the predicted solu-
tion is assumed as a finite power series of some hyperbolic tangent function [2]. De-
termining the degree of the polynomial of the predicted solution is followed by
substitution of it into the target equation. Then, the procedure continues in algebraic
methods to find the relations among the parameters. The extended form of the hyper-
bolic tangent function method is also one of the pioneer approaches to solve nonlinear
PDEs [3-5].

In the exp-function method, the predicted solution is assumed as a rational function
of two finite expressions of exponential functions [6]. The numerator and the denom-
inator are both some finite series. Periodic solutions are also determined by using the
exp-function method [7].

Another efficient approach to solve the nonlinear PDEs is a method of generalized
unified solutions. By this method the solutions are classified to be polynomials or ra-
tional functions [8—11]. We suppose that multi-wave polynomial solutions represent
direct nonlinear interactions of basic waves, which are solutions of the auxiliary equa-
tions, while multi-waves rational solutions describe indirect nonlinear interactions of
multi-waves.

The exp(—@(&))-expansion approach is one of recent methods to determine a large
family of the solutions to nonlinear PDEs [12—14]. In the method, a formal solution in
series forms of a particular exponential function satisfying some auxiliary ODE is used
as a predicted solution. The procedure consists in homogeneous balance, the substitu-
tion of the predicted solution into the target equation and determining the relation
among the parameters.

The method of tangent function expansion is also a significant tool to set the solutions
of nonlinear PDEs [15]. In the method, the predicted solution is assumed as a finite
power series of tangent function. In the related literature, variation techniques based
on that method can be observed to solve plenty of nonlinear PDEs [16].

In this paper, first we describe and introduce a new method for solving nonlinear
partial differential equations. We called it a new extended direct algebraic method. This
method is an extended and general approach to solve nonlinear PDEs. In the method,
the predicted solution is assumed as a finite powers series. Finally, after completing
the implementation steps, plenty of exact solutions in various function families are de-
termined explicitly. In fact, the methods summarized above can be reached by the ap-
propriate choice of parameters in the predicted solution defined in a new extended
direct algebraic method. The details are summarized in the next sections.

Then aim of this paper is to construct a traveling wave solution of the following
unstable nonlinear Schrédinger equation [17, 18]

iut+uxx+2/1|u|2u72yu =0 (1)

with the new extended direct algebraic method, which describes time evolution of dis-
turbances in marginally stable or unstable media. MANAFIAN [17] have obtained more
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families of new exact solutions which contain soliton solutions, periodic solutions
and rational solutions based on the tan(®(¢)/2)-expansion method. The modified ex-
tended direct algebraic method was used by TALA-TEBUE et al. [18] to obtain dark soli-
tons, bright solitons, solitary wave, periodic solitary wave and elliptic function
solutions. DIANCHEN Lu et al. [19] also obtained some new exact solutions using the
exponential rational function and the new Jacobi elliptic function rational expansion
method. ARSHAD et al. [20] have successfully proposed a modified extended mapping
method and implemented it to construct the exact soliton and elliptic function solutions
of the unstable nonlinear Schrodinger’s equation.

2. The new extended direct algebraic method

In this section, we will outline the main steps of the new extended direct algebraic
method [21].
Step 1. At first we consider a nonlinear partial differential equation of the form

Flu,u,u,u,,u.,..) =0 (2)

tt “xx’

By using the wave transformation u(x, t) = U($), £ = x — 0t, which can be converted
to an ODE as the following form

GU,U,U", ..) =0 (3)

Step 2. Suppose that the solution of ODE (3) can be expressed by a polynomial in
O(¢) as follows

UE) = 3 b0, b,#0 @)

j=0

where b; (0 < j < n) are constant coefficients to be determined later and Q(¢) satisfies
the ODE in the form

0'(9) = In()|a+pOO) +00* Q)] 40,1 (5)

the solutions of ODE (5) are as follows.
Family I: when >~ 4a0 <0 and ¢ # 0, then

p_, A=(B - 4a0) tanA[ = - 4a0) 5}

Q1(f) = - 20 20 D
_ B A(f-4a0) N8>~ 4a0)
Q) = 5 20 coty 2 ¢
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04 = - L+ @[t 0, (L~ 4a0) ¢

20 2
s s (TR
0,(&) = ‘Eﬁz‘@[wt{mg
+ Jpq cse,((F ~ 4ao) 5)}
050 = -L + W [tanA£ W 5}

Family 2: when °>— 400> 0 and o # 0, then

_ b APt AP —4ag_
O6(S) - o - >0 tanhA( 5 é:J
2_4 2 4
0,(0) - L Ao CothA(_ﬁ__z_za_ 5]
2
04(¢) = iﬁ{tanhlﬁl(mg
20 20
+ z«/ﬁsech/{(mé:ﬂ
__b
0y(e) = L - AEHee [ (7 ta ?)
+ @cschf!(mgrﬂ
0,0(&) = - 'B - '82740(0- tanh Mf
10 20 4o A 4
2
+c0th{@%]
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Family 3: when ao > 0 and § = 0, then

0, = EtanA(Mf)
—EcotA(Jo;f)

05(¢) = //%»{tan/l(b/gf) + «/EsecA@A/Ef)}

01,($)

014(9) = - E [cotA(zJE ¢)# g ose (240 f)}

[

Family 4: when a0 <0 and § = 0, then

Q16(6) = ﬁtanhA(mf)
o
078 = —EcothA(M§)

0,5(<)

05(¢) = —E{tanh/,@mf) +ix/pq sech (255)}
0,9() = - E {coth (2470 &) £ Jpg esch (240 é)}

05(&) = —% ——OUC— {tanh/‘( “_20‘0 éj +cothA(’V—2aa f}}

Family 5: when 8 = 0 and o = a, then
0,,(¢) = tan,(ad)
01,(&) = —cot,(ad)
0,3(&) = tan,(2a) * Jpq sec,(2ad)

0,,(&) = —cot ,(2aé) £ Jpq csc (2a&)

0.6 - Hm( 39 -on (4]
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Family 6: when 8 = 0 and o = —a, then

0,6(&) = —tanh (ad)

0,7(&) = —coth(ad)

0,5(&) = —tanh ,(2a¢) * ipg sech ,(2a¢)

0,0(&) = —coth ,(2aé) % J/pq csch ,(2aé)

1 a a
03(8) = ——E{tanhA(Ti) . cothA(?fﬂ
Family 7: when % = 4ao, then

—20(pEIn(4) +2)
Bén(A)
Family 8: when f =1, a =ml (m #0) and o =0, then

Q31(§) =

Q32(5) = AM -—m
Family 9: when = ¢ =0, then
033($) = adln(4)
Family 10: when f = a = 0, then
-1

91l = T
Family 11: when oo =0 and g # 0, then
0:() = - 2
a[coshA(ﬂg") —sinh ,(f¢) +p]
B sinh,(B2) + cosh ,(5¢) |
Q36(f) = -

o sinh ,(5E) + cosh ,(5S) + ¢
Family 12: when f =6, 6 =md (m #0) and o = 0, then

pA*

05;(%) = ‘
37 PR
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In the above equations the generalized hyperbolic and triangular functions are de-
fined as [22, 23]

&€
sinh (&) = pA g4 "
2
f-f— _Sz
COShA(f) = ﬁé__iA__
2
<4<
tanh (&) = 24944
pAé-i-qA*‘f
§+ *é
cothA(f) = pA—q/lv
pA —qA ™
2
sech (&) = g g
pA°+ qA
2
csch, (&) = g —
pA~—qAd ™~
i ié
sin (&) = 24 —44
2i
i i
cos (&) = pA”+q4
2
AlC—gac
tan (&) = —i L—1
pAlg-i-qA i
Al§+ A S
cot, (&) = z'p = g g
pAc—qd”
sec, (&) = . 2
pAlé-i-qA i
CSCA(é:) = %
pA=—qAd”

where ¢ is an independent variable, p and g are constants greater than zero and called
deformation parameters.
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Step 3. Determine the positive integer # in Eq. (4). This, usually, can be accom-
plished by balancing the linear term of highest order with the highest order nonlinear
term (3), obtained in Step 2.

Step 4. Substitute Eq. (4) along with its required derivatives into Eq. (3) and com-
pare the coefficients of powers of O(¢) in resultant equation for obtaining the set of
algebraic equations.

Step 5. By solving the overdetermined system of nonlinear algebraic equations by
use of symbolic computation system Maple, we can get these unknowns b, by, ..., b,, 0.

3. Solutions to the unstable nonlinear Schrodinger equation

According to the method described in Section 2, using the travelling wave transfor-
mation [24-26]

u(x, )= U(&)exp(ip), ¢=kx+ot, p=px+vt (6)
we reduce Eq. (1) to the following second-order ordinary differential equation
KU"—(p* +v+2) U207 =0, o=-2pk (7)

Now, by balancing the highest order derivative term and the highest order nonlinear
term in (7), we find m = 1. So, Eq. (1) has a formal solution of the form

u(©) = by + b,0(c) ®)

By substituting (8) into (7) and collecting all terms with the same order of Q(¢)
together, the left-hand side of (7) is converted into polynomial in Q(¢). Setting each
coefficient of each polynomial to zero, we derive a set of algebraic equations for b,
b, and v as follows:

0%¢&): K In*(A)apb, — p*bo—vby —24by —2yby = 0

0@ b2 ()ac + K (Ln* ) —p* —v =2y~ 66| = 0

Q*©): 3K (A)Bob, ~ 62bybT = 0
Q*©): 2K°In*(4)0’h, —24b7 = 0

Solving the above system of equations for b, b, and v, we obtain the following values:

_ 41 kin(A)p
by = a5 (92)
p, = Ao (9b)

N
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k2

y = —ln (A)(4ac—B*)—p* -2y (9¢)

From (9) and (6) and (8), we find the solutions of Eq. (1), as follows.
When %~ 4a0 < 0 and ¢ # 0, then

u(x,t) =

u(x, t)

u(x, t) =

u(x, t)

u(x, t)

kln(A4 A —A
- i% T{tan{f

kln(A)/ an {
A

xexp{[ f(k—ln(A)Aer + 2y }

kln(A) / [

Xexp{i[ox—(—k—ln (A)A4+ p*+2y }

k(x — Zpt)}

)
o
)

2

2
X exp{{px - (len2(A)A +p2 + 2y) t}}

kln(A) ik {t nA[J_jk(x 2pt):| A/_CIsecA[A/—jk(x—LDt)}}

o klnz(A) ,:IA— {COtA[«/—jk(x— Zpt)J + @CSCA[Mk(x— 2,00}}

2
X exp{i{px - (kTIHZ(A)A +p2 + 2y) t}}

k(x — ZpZ)} - cotA[

Ao k(x—zpz)ﬂ
2
X exp{{px - (-];—IHZ(A)A +p2+ Zy) Z}}

where 4 = ? - 4ao.
When >~ 400> 0 and o # 0, then

u(x, t) = kln(A) «/7t nh [

k(x — 2pt)}

X exp{ { —(—kz—ln (4)4 +p2+2y)t}}
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u(x,t)

u(x, t)

u(x, t)

u(x, t)
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kln(A) Jﬁ oih {
X exp{i[px — (lenz(A)A +pt+ 23’) t}}
J?—klnz(A) g{tanhA [Jzk(x - 2pt)} * i@SGChA[ﬂk(’C B Zptﬂ}
2
X exp{{px - (lenz(A)A +p + 27’) t}}
J—r—klnz(A) g{com VA k(x = 2p0)| & Jpg esch [ A k(x - zptﬂ}
2
X exp{{px - (lenz(A)A +pt+ 27’) t}}

kln(A)A/i{t nh [ k(x — 2p[):|+coth {“/ﬂf_a k(x2pt)}}
Xexp{i[px—(—kz—lnz(/l)d +p2+23’){|}

k(x — 2pt)}

When ao > 0 and § = 0, then

u(x,t) =

u(x,t) =

u(x,t) =

+kln(A) /”T“ tan, [ﬂk(x - 2pt)}

X exp{i[px + (Zkzlnz(A)aa —p? - Zy) t}}

tkin(A4) aTa cot , [ﬂk(x - 2pt)}

X exp{i[px + (2k21n2(A)0ca —p? - 2y) t}}

tkin(A4) IUTOC {tanA [Zk«/g(x - 2pt)} @secA [Zk«/oz(x - 2pl)}}

X exp{{px + (2k21n2(A)aa —p2 — 2y) t}}
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u(x, t) = Fkln(A4) '0/1_0: {cotA [2/(«/0? (x— ZpZ)J + @CSCA [2k«/0;(x - 2pl)}}

X exp{ [px-i—(Zkzln (A)aoc—p —2 t}}

u(x, 1) = klnz(A) = {t A{—k( Zpt)}cotA[

X exp{ {px+(2k In*(4)ao—p —2y)t}}

When ao <0 and g = 0, then

k(x — 2,01)}}

u(x, t) tkiln(A4)

“ tanh , [A/—aa k(x - 2pt)}
X exp{{px + (Zkzlnz(A)aa —p*- 2y) t}}
“ coth , [A/faa k(x — 2pt)]

X exp{i[px + (2lc2ln2(/1)0ca—p2 - 2y) t}}

+kln(4) |[2&

u(x,t) = xkin(4)

u(x, t)

x {tanhA [21“/70(0 (x - 2pz)] + iJpq sech, [21“/7(10 (x - 2pt)}}
X exp{i[px + (2k21n2(A)aa —pt- Zy) t}}

Fkln(4) |22

u(x, t)

X {cothA [2/0/—(16 (x— 2pt)} + «/]?qcschA [ZkA/—aa (x - 2pt)}}

X exp{{px + (ZIczlnz(A)oza—,t)2 - 2y) t}}
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u(x, 1) = _T_klnz(A) —Za
X{tanhA[ 720[0 k(x—2pt)} +cothA[ 72060 k(x—ZpI)}}

X exp{i[px + (ZkZInZ(A)omfp2 - Zy) t}}

When § =0 and ¢ = a, then

0; tan , [ka(x — 2pt)}

X exp{i[px + (2kzln2(A)oc2 —p2 - 2y) t}}

u(x, 1) = ikln(A)%cotA[ka(prt)]

X exp{{px + (ZIczlnz(A)oz2 —p*- 2y) z}}

Oj{ {tanA[2ka(x—2pt)} * Jpgq secA[2ka(x—2pt)}}

X exp{i[px + (2kzln2(A)oc2 —p2 - 2y) t}}

u(x, 1) = ¢k1n(A)—j}—{cotA [Zka(x—Zpt)} + Jpq cscA[zka(x—zpt)]}

X exp{{px + (ZkZInZ(A)oz2 —p*- 2y) z}}

u(x, t) = iﬁ%ﬂ—j—f{tan/{—gﬂ@c - 2pt):| - cotA{—kEa—(x - 2pt)}}

X exp{{px + (ZkZInZ(A)oz2 —p*- Zy) z}}

u(x,t) = tkln(4)

u(x,t) = xkin(4)
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When f =0 and ¢ = —a, then

0; tanh , [koc(x - 2pt)}

X exp{i{px + (2k21n2(A)oz2 —p- 2y) t}}

u(x, 1) = ikln(A)—j}—cothA [ka(x _ 2pt)}

u(x, t) = kln(A4)

X exp{{px + (ZkZInz(A)oz2 —p* - 2y) t}}

o

7 {tanhA [2ka(x — 2pt)} + i@sech/, [2ka(x - 2pt)]}

X exp{i[px + (2kzln2(A)oc2 —p2 - Zy) t}}

u(x, 1) = $kln(A)%{cothA [2ka(x - 2pt)] + Jpq csch,, [2ka(x - 2pt)]}

X exp{i{px + (2k21n2(A)a2 fp2 - 2y) t}}

u(x,t) = ;%%{tanh/l[%(x - 2pt)} + cothA[kTa(x - 2pt)}}

X exp{i{px + (2kzln2(/1)0c2 fpz - 2y) t}}

When ﬁ2 =400, then

_ , kin(4) Ph(x—2pt)In(4) +2 . 2
u(x, t) = =* i [,BJr 2701 (A) }exp[l(px (p +2y)tﬂ

When f = a =0, then

u(x,t) = tkln(4)

_ 1 - 2
u(x,t) = = ,\/}T(x—Zp[) exp{z(px(p +2y)t)}
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When a =0 and g # 0, then

u(x, t) = i—kln(A)ﬂ 1 P
A 2 cosh [,Bk(x - 2pt)} —sinh [ﬁk(x —2pt) +p}
. K 2., 2
X exp z[px—[Tln (A +p-+ 2y]t]
sinh | Bk(x —2pt) | + cosh | Bk(x —2pt)
P P VT S

Vi |2 sinh, [ﬁk(x - 2pt)} + cosh,, [ﬁk(x _ 2pt)] +gq
X exp< i - k—21 2 2 2
p< il px 2 n“(A)f"+p-+2y|t

Family 12: when f =6, 6 =mé (m #0) and o = 0, then

kd(x—2pt)
we ) - £k [ 1 pd
ﬁ 2 q _mpAkrS(x—Zpt)

X exp{{px + (ZInZ(A)kz&2 —p? - 2y) t}}}

Remark: As far as we know, for the first time we describe and introduce the new
extended direct algebraic method which is a new method for solving nonlinear partial
differential equations. Thus, all the solutions of the unstable Schrédinger equation are
new, which cannot be found in literature to our knowledge.

4. Conclusions

In this paper, we have succeeded to introduce, apply and describe the new extended
direct algebraic method for solving unstable Schrédinger equation. A classical trave-
ling wave transform was used to reduce the unstable Schrédinger equation to an ODE.
The homogeneous balance procedure was implemented to determine the degree of the
power series of the predicted solution. Then, the new extended direct algebraic method
was applied and classical polynomial equation approach led to a system of equations.
The solution of this system described the relations between the parameters used in the
transform and the other parameters.
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Thus, plenty of solutions in the traveling wave form have been constructed explic-
itly. The obtained solutions are of the forms of generalized hyperbolic, generalized
trigonometric, exponential and rational functions. The method is the generalization of
various techniques used in the related literature and can be used to the other nonlinear
equations.
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