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This article presents a numerical model of field-assisted Ag+–Na+ ion exchange in glass, used to
determine Ag+ ion concentration contours in cross-sections of channel waveguides. Space charge
density was used as a modeling parameter, with different values adopted separately under the mask
and in the region of the mask window. Based on the results of simulations, it can be stated that the
space charge distribution under the mask has a decisive influence on the diffusion range of Ag+ ions
into the glass and on the shape of silver ion concentration contours corresponding to the maximum
range of Ag+ ions diffusion. Charge generated within the diffusive structure influences the shape
of silver ion concentration contours near the mask’s edge and affects the thickness of the polarized
layer under the mask within the waveguide’s optical structure. Modeling results indicate a signif-
icant influence of factors affecting space charge density distribution in glass on the results of form-
ing channel waveguides in the field-assisted process.
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1. Introduction

Ag+–Na+ ion exchange is a cheap and productive method of fabricating active and pas-
sive planar integrated optical devices [1–3]. Waveguides produced in the superficial
layer of a glass substrate are a basic structure in many different types of optical devices
such as couplers, dividers, amplifiers, etc. [4–7]. One useful method of fabricating
waveguide structures is field-assisted ion exchange from melted salt or a solid metallic
source [1–3], with the use of a window in a metallic or dielectric mask deposited on the
surface of glass (Fig. 1). Numerical modeling is a useful tool for designing and testing
the structural and functional features of waveguides produced by means of this method
[2, 8–11]. In recent years, a numerical model has been presented and confronted with
experimental data [12–14], explicitly accounting for the presence of space charge in-
duced in two areas: in the surface layer of glass under the entire mask and in the optical
structure formation region neighboring the mask window. Space charge distribution
plays a central role in shaping electric field distribution, and the range of Ag+ ion
migration results, above all, from flowing of ions in the field within the glass. Boundary
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conditions of electrical potential distribution were adopted in the model in accordance
with physically implemented conditions. The addition of other ions besides Ag+ and Na+

was also assumed to affect space charge density distribution in the glass over the course
of optical structure formation. In particular, the involvement of H+ ions, among others,
in the redistribution of space charge and the electric field distribution arising therefrom
was accounted for and modeled using the solution of Poisson’s equation [12–14].
The assumptions described above were not taken into consideration in many previous-
ly published works [2, 8–11]. In these works, the solution of Laplace’s equation for
boundary conditions accounting for anode potential only in the mask’s window was
used to shape electric field distribution in glass.

In works describing the results of the proposed model [12, 13], attention was paid
to the fact that the nature of phenomena affecting space charge density varies between
the two aforementioned, characteristic areas where space charge is present. Modeling
results indicate that a negative charge of relatively high density and a stationary spatial
distribution accumulates under the mask, however for the most part, it is situated far
from the formed waveguide structure. Negative space charge is also generated directly
in the area of the optical structure, however it is of significantly lesser density than under
the mask and is characterized by distribution that changes dynamically as Ag+ ions
migrate. It was determined that a simultaneous change of charge density in both of these
areas has a strong influence on electric field distribution and the range of Ag+ ion dif-
fusion as well as on the shape of the concentration contours of Ag+ ions in the waveguide,
which earlier models did not describe. However, the adopted method of quantitatively
determining the space charge density, identical in both of the aforementioned areas,
did not allow for investigation of the effect of charge distribution in each of these re-
gions separately on the migration range of Ag+ ions and on the shape of silver concen-
tration contours in the produced waveguide. Therefore, the influence of space charge
distribution on the shape of the waveguide’s diffusion profile was not unambiguously
formulated.

This paper proposes a method of modeling that allows for investigation of the effect
of space charge distribution, separately in the two areas described above, on the migra-
tion range of Ag+ ions and on the shape of silver concentration contours in the channel
waveguide.

+U

Ag or AgNO3

Metallic or dielectric mask

Optical structure formation region

Fig. 1. Field-assisted Ag+–Na+ ion exchange process.
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2. Brief characterization of the numerical model

2.1. Equations of the mathematical model

In the proposed model [12–14], two separately formulated equations of Fick’s second
law for Ag+ and Na+ ions are used:

(1)

where: CAg(Na) are absolute concentrations of Ag+ and Na+ ions, respectively, t – time,
DAg(Na) – ion self-diffusion coefficient, μAg(Na) – ion mobility, E – total intensity of
electric field in glass. The dependence between ion mobility μ and self-diffusion co-
efficient D is described by the Nernst–Einstein equation for Na+ and Ag+ ions:

(2)

where: T, k, e are the absolute temperature, Boltzmann constant and the elementary
charge, respectively, fH is Haven’s ratio. Equations (1) are used separately for the two
types of ions in order to estimate space charge density ρ0, related to the non-equilibrium
of the sum of concentrations CAg + CNa relative to the initial value of sodium ion con-
centration in glass C0 

(3)

where F is the Faraday constant. Space charge density ρ in glass, after considering mi-
gration of ions other than just Ag+ and Na+ ions [12–14], reducing density ρ0, was ac-
cepted to be, until now

ρ = mρ0 (4)

where m is a constant coefficient (on the order of 10–7–10–6 in simulations until now).
The solution of Poisson’s equation

(5)

where εr and ε0 are, respectively, relative permittivity of glass and permittivity of vac-
uum, under the set boundary conditions of electrical potential U, and the relationship

(6)

make it possible to determine field intensity E at every point of the area required to
solve Eq. (1). Equations (1)–(6) constitute the basis of the numerical model, which uses
the finite difference method in simulations.
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2.2. Shaping the distribution of space charge and electric field in glass

Data given in [15] indicate that when a mask deposited on the surface of multicompo-
nent silicate glass containing Na+ ions is positively polarized with constant electrical
voltage on the order of several dozen volts, mobile Na+ ions flow out from a thin region
under the anode. A negative charge appears in the thin polarized layer under the block-
ing electrode, and the intensity of the electric field in this layer reaches a relatively
high value. In effect, other, less mobile ions, typically depending on the composition
of the glass: K+, Ca2+, Mg2+, OH–, O– (non-bridging oxygen) migrate in the electric
field in the polarized layer. In [16, 17], great significance in space charge redistribution
was also ascribed to H+ ions, originating from, among other things, residual water in
the surface layer of glass. As a result, it was accepted, using Eq. (4), that negative space
charge in the polarized layer has relatively high density, but lower than in the situation
where Ag+ and Na+ ions would be the only mobile ions in the glass.

If M = DAg/DNa < 1, then the range of space charge presence in the optical structure
formation region, and thus at the location where Ag+–Na+ ion exchange occurs through
the mask window, reaches much deeper than the area of the polarized layer under the

Mask opening
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Fig. 2. Comparison of the share of H+ ions in shaping the distribution of the sum of ion concentrations in
glass: in mask window (a), and in area under the mask (b); C0_Na, C0_Ag – initial concentrations of,
respectively, Na+ and Ag+ ions, equal to C0; C0_H – initial concentration of hydrogen ions originating
from H2O absorbed in the surface layer of glass; CNa, CAg, CH – concentrations of, respectively, Na+, Ag+,
H+ ions during ion exchange.
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mask, which has a thickness on the order of one micrometer. Multimode optical struc-
tures have transverse dimensions on the order of several dozen micrometers. The re-
sults of simulations indicated that such high charge density and such high field intensity
as under the mask do not occur within the area of the diffusion structure in the mask’s
window [13]. It was therefore assumed that only mobile Ag+, Na+ and H+ ions take
part in the triple ion exchange process in this region. It was accepted that fast H+ ions
are found between the diffusion fronts of incoming Ag+ and Na+ ions flowing out into
the glass (Fig. 2a). Since Na+ ions are replaced by Ag+ ions to a high degree, it was
accepted that even a relatively small addition of H+ ions significantly reduces space
charge density in the diffusion structure formation area. Therefore, the degree of charge
density reduction by H+ ions should be significantly greater in the mask’s window
than in the layer under the mask, in which the stream of Ag+ ions is not present, besides
its proximity to the mask edge (Fig. 2b). The adoption in [12–14] of a constant value
of coefficient m in Eq. (4), independent of the location where the space charge is
generated, was the primary cause of the inability to more accurately estimate the in-
fluence of the charge under the mask on the shape of Ag+ ions’ diffusion contours rel-
ative to the role of the charge in the area of the optical structure, as described in
Introduction.

3. Proposal of modeling method

Paper [13] demonstrated that a change in the value of coefficient m has a significant
influence on the migration range and shape of concentration contours of Ag+ ions. Co-
efficient m was proposed as a new modeling parameter besides those used until then,
including D, fH, and M. A hypothesis was formulated [13] that space charge in the area
of the optical structure has a greater influence on shaping the concentration contours
of Ag+ ions than the charge present under the mask. Verification of this hypothesis re-
quires the adoption of different values of coefficient m in the polarized layer compared
to the value accepted in the optical structure, as well as the analysis of the influence
of change of these values on the shape of the Ag+ ion concentration contour. Therefore,
determining the proper criterion for differentiation of the value of coefficient m in the
modeled area plays a critical role. When analyzing the characteristics of the modeled
waveguides presented in [13], it can be observed that the negative charge zone of lower
density is located solely within the area already encompassed by the migration range
of Ag+ ions. A space charge of higher density is present in the polarized layer at locations
not yet reached by Ag+ ions. Hence, the position of the diffusion front of silver ions
can be accepted to be the natural boundary of these two areas, in which the density of
the negative charge will have different values, meaning that the value of coefficient m
will also be different. This is particularly visible in the vicinity of the mask edge. After
relatively rapid formation of a stationary polarized layer characterized by an m coef-
ficient of high value, charge density should be reduced behind the diffusion front as the
range of lateral diffusion of Ag+ ions increases in the direction under the mask through
the adoption of a lower m value.
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An area through which the diffusion front of Ag+ ions has passed is characterized
by a silver concentration greater than zero throughout the entire ion exchange process
under the set boundary condition of a constant value of silver ions in the mask’s win-
dow. For the purposes of this paper, a concentration criterion for differentiation of the
value of coefficient m = f (CAg) was proposed. At points with concentration CAg less
than the arbitrarily accepted value of 0.01C0, a high m value was adopted, and at points
where CAg ≥ 0.01C0, the m value was reduced. Great significance should also be ascribed
to the mathematical form of function m = f (CAg). Function f (CAg), with a stepped form,
was used. A more mild, exponential graph of function m = f (CAg) was also proposed.
Other, more complex examples of function f (CAg) can also be proposed. The value of
coefficient m should also depend on the glass substrate and the type of Ag+ ions source.
At this stage, the adopted proposals are only an approximation of the true dependence,
which is not known in detail.

4. Numerical modeling

A finite difference algorithm based on the assumptions described in the previous sub-
sections was used in numerical simulations. Finite difference explicit method was used.
The derivatives in Eqs. (1), (5) were approximated by a central difference formula.
A detailed description of boundary conditions and initial concentrations of Ag+ and
Na+ ions, as well as electrical potential, presented schematically in Fig. 3, can be found
in previous articles [12–14]. In particular, 100% AgNO3 molten salt was presumed as
a source of Ag+ ions. A boundary condition of a constant value of Ag+ ions concen-
tration equal to the initial value of Na+ ions concentration in glass was assumed at the
surface of glass in the mask opening. A zero value of sodium ions concentration was
assumed at the glass surface in this area. Boundary conditions of electric potential:
a constant value U = U0 at the whole top surface of glass, a zero value at the bottom
side of glass and zero values of ∂U/∂x at the sides of a glass plate were assumed in
numerical simulations. Only half of the ion exchange area was used for simulations
due to the y-axis symmetry of the area. Numerical simulations were conducted using
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U = 0

U/ x = 0

Fig. 3. Electric potential U boundary conditions used in numerical simulations.
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an irregular, rectangular grid with 124 and 90 nodes in the x and y directions, respec-
tively. The greatest density of the grid, corresponding to a distance between nearest
nodes on the order of 0.2 μm, was applied in the y direction and in the near-anode area,
as well as in the x direction near the edge of the mask’s window. The values of material
parameters similar to those used for typical soda-lime glass used in experiments in [14]
were adopted. The following, representative values of working parameters were used
for numerical simulations: 

– initial Na+ ion concentration in glass C0 = 7300 mol/m3,
– DC voltage U0 = 20 V,
– width and height of simulated area, accordingly: w = 4.0 mm and h = 1.5 mm,
– mask window width d from 42 to 85 μm,
– time t = 300 s,
– time step Δt = 5 × 10–3 s,
– dielectric constant of glass εr = 10,
– temperature T = 628 K,
– self-diffusion coefficient DNa from 1.9 × 10–14 to 2.5 × 10–14 m2/s,
– ratio of self-diffusion coefficients M = DAg/DNa from 0.3 to 0.7,
– Haven’s ratio fH from 0.2 to 0.3.

T a b l e. Values of process parameters used in numerical simulations: ratio M = DAg/DNa, Haven ratio fH,
self-diffusion coefficient DNa, coefficient decreasing the density of a space charge m(CAg), time t = 300 s,
and initial concentration C0 = 7300 mol/m3. 

No. M fH
DNa 
(×10–14 m2/s)

m(CAg)

1 0.7 0.2 1.9 m = 2.0 × 10–7 

2 0.7 0.2 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–8 

3 0.7 0.2 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9 

4 0.7 0.2 1.9 m = 2.0 × 10–7

5 0.7 0.2 1.9 m(CAg) = 0.90 × 2.0 × 10–7 × exp(–0.001CAg) + 2.0 × 10–8

6 0.7 0.2 1.9 m(CAg) = 0.99 × 2.0 × 10–7 × exp(–0.001CAg) + 2.0 × 10–9

7 0.7 0.2 1.9 m = 2.0 × 10–7

8 0.7 0.2 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–8

9 0.7 0.2 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9

10 0.7 0.2 1.9 m = 4.0 × 10–7

11 0.7 0.2 1.9 m(CAg < 0.01C0) = 4.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9

12 0.7 0.2 1.9 m = 1.0 × 10–7

13 0.7 0.2 1.9 m(CAg < 0.01C0) = 1.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9

14 0.7 0.2 2.5 m = 2.0 × 10–7

15 0.7 0.2 2.5 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9

16 0.7 0.3 1.9 m = 2.0 × 10–7

17 0.7 0.3 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9

18 0.3 0.2 1.9 m = 2.0 × 10–7

19 0.3 0.2 1.9 m(CAg < 0.01C0) = 2.0 × 10–7; m(CAg ≥ 0.01C0) = 2.0 × 10–9
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Article [13] demonstrated that a change in the value of coefficient m, identical
throughout the entire area of the simulation, significantly affects diffusion range and the
shape of Ag+ ion concentration contours. In particular, a decreasing m value was accom-
panied by the growth of the migration range of Ag+ ions, both into the glass and in the
lateral direction under the mask edges. In order to assess the effect of different m values
in the two characteristic areas described above, ion exchange was modeled for different
values of parameters DNa, M and fH in this work. Function m = f (CAg), accepted in Sec-
tion 3, was used, with the value of coefficient m being changed in the region of
the optical structure and left unchanged in the remaining modeled area at the same
time. The selection of working coefficient values that were used is given in the Table.
The majority of parameter number values are equal to those applied in [13] for the pur-
pose of facilitating the comparison of results with those previously obtained.

5. Results

The Table compiles the parameter values accepted during modeling of successive var-
iants. The results of numerical simulations are presented in Figs. 4–7. The figures also

Fig. 4. The Ag concentration contour lines, in the direction to the inside of glass: 0.8CAg_max, 0.6CAg_max,
0.4CAg_max, 0.2CAg_max, 0.05CAg_max (CAg_max is the maximum Ag concentration); the influence of a form
of step function m = f (CAg) on numerical simulation results of field-assisted waveguide formation: for
parameters of item No. 1 (a), No. 2 (b), and No. 3 (c) in the Table; the influence of a form of exponential
function m = f (CAg) on numerical simulation results of field-assisted waveguide formation: for parameters
of item No. 4 (d), No. 5 (e), and No. 6 (f ) in the Table (only a half of each symmetrical contour is shown
for clarity’s sake).
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contain a schematic, graphical presentation of the mathematical form of function m =
f (CAg) used for modeling. The exponential form of function f (CAg) was proposed in
a manner ensuring a relatively mild change of coefficient m along with the change in
silver concentration. As can be seen in Fig. 4, the step change of m from the value of
2.0 × 10–7 to 2.0 × 10–8 and to 2.0 × 10–9 upon an increase in concentration CAg above
0.01C0 (Figs. 4b and 4c), in comparison to the applied constant value of m = 2.0 × 10–7

(Fig. 4a), results in a change of the slope of the diffusion profile of Ag+ ions under the
mask in the vicinity of the mask’s edge. The diffusion range of Ag+ ions and shapes
of Ag+ ion concentration contours in the glass do not change. This result suggests that
the space charge within the optical structure has an influence solely on the shapes of
silver concentration contours near the edges of the mask but does not affect the shape
of the diffusion profile of the remaining part of the waveguide nor the range of Ag+ ion
diffusion into the glass. Therefore, one may draw the conclusion that the charge under
the mask decides the fundamental characteristics of the waveguide’s diffusion profile.
The charge in the area of the diffusion structure only affects the thickness of the po-
larized layer under the mask’s edge within the area occupied by the waveguide, visibly
increasing this thickness as charge density decreases.

Fig. 5. The Ag concentration contour lines, in the direction to the inside of glass: 0.8CAg_max, 0.6CAg_max,
0.4CAg_max, 0.2CAg_max, 0.05CAg_max (CAg_max is the maximum Ag concentration); the influence of a form
of step function m = f (CAg) and narrower mask window on numerical simulation results of field-assisted
waveguide formation: for parameters of item No. 7 (a), No. 8 (b), and No. 9 (c) in the Table; the influence
of a form of step function m = f (CAg) and higher charge density under the mask on numerical simulation
results of field-assisted waveguide formation: for parameters of item No. 10 (d), and No. 11 (e) in the
Table (only a half of each symmetrical contour is shown for clarity’s sake). 
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To confirm the aptness of the conclusion formulated above, a simulation was per-
formed changing the character of function m = f (CAg) and changing the main parameters
of the model given in the Table. Adoption of the exponential form of function m =

Fig. 6. The Ag concentration contour lines, in the direction to the inside of glass: 0.8CAg_max, 0.6CAg_max,
0.4CAg_max, 0.2CAg_max, 0.05CAg_max (CAg_max is the maximum Ag concentration); the influence of a form
of step function m = f (CAg) and lower charge density under the mask on numerical simulation results of
field-assisted waveguide formation: for parameters of item No. 12 (a), and No. 13 (b) in the Table;
the influence of a form of step function m = f (CAg) and self-diffusion coefficient DNa on numerical sim-
ulation results of field-assisted waveguide formation: for parameters of item No. 14 (c), and No. 15 (d)
in the Table (only a half of each symmetrical contour is shown for clarity’s sake).
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Fig. 7. The Ag concentration contour lines, in the direction to the inside of glass: 0.8CAg_max, 0.6CAg_max,
0.4CAg_max, 0.2CAg_max, 0.05CAg_max (CAg_max is the maximum Ag concentration); the influence of a form
of step function m = f (CAg) and Haven’s ratio fH on numerical simulation results of field-assisted waveguide
formation: for parameters of item No. 16 (a), and No. 17 (b) in the Table; the influence of a form of step
function m = f (CAg) and coefficient M on numerical simulation results of field-assisted waveguide for-
mation: for parameters of item No. 18 (c), and No. 19 (d) in the Table (only a half of each symmetrical
contour is shown for clarity’s sake).
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f (CAg) with different ranges (Figs. 4d–4f ) and of stepped function m = f (CAg) for sim-
ulations, in the case of a narrower mask window (Figs. 5a–5c), yielded results con-
sistent with the conclusion formulated above. In particular, simulations performed for
a larger and smaller range of value change of stepped function m = f (CAg), with higher
and lower charge density under the mask, accordingly (Figs. 5d, 5e and Figs. 6a, 6b),
showed the dominant influence of the charge under the mask on Ag+ ions diffusion
range. The influence of the charge in the waveguide area on the shape of diffusion pro-
file near the mask edge is also clearly visible. Results obtained for different coefficient
values: self-diffusion coefficient DNa (Figs. 6c, 6d), Haven’s ratio fH (Figs. 7a, 7b) and
coefficient M (Figs. 7c, 7d) also seem to confirm the conclusion formulated above. In
these cases of applied m = f (CAg) functions, the diffusion range of Ag+ ions into the
glass did not change, however the slope of the diffusion profile of Ag+ ions under the
mask was reduced to a greater or lesser extent, suggesting an increase in the thickness
of the polarized layer in this region.

6. Conclusions

Based on the results of the model accounting for the concentration-dependent function
m = f (CAg), hypotheses concerning the role of space charge in shaping the waveguide’s
diffusion profile, formulated in previous publications [12–14], can be verified. The re-
sults of numerical simulations performed separately for different space charge densi-
ties within the area of the polarized layer under the mask and in the region of optical
structure formation, made it possible to draw conclusions about the role played by the
charge present in these two areas. Conducted simulations show that the charge accu-
mulated under the mask has a fundamental influence on the shape of concentration con-
tours and migration range of Ag+ ions into the glass. The space charge in the area of
the waveguide’s structure, despite being situated directly in the area of Ag+ ion diffu-
sion, only affects the thickness of the polarized layer under the mask in the area of the
waveguide, shaping the diffusion profile of Ag+ ions at this location. Therefore, the as-
sumption of the significant role of the charge located in the region of the diffusion struc-
ture was verified, the influence of which is limited to shaping the waveguide’s diffusion
profile within a relatively narrow area under the mask’s edge. Nevertheless, as the mask
window’s width decreases, the share of the area located directly under the mask in-
creases relative to the entire area of the optical structure. For this reason, for a suffi-
ciently narrow mask window, the influence of charge distribution in both areas on the
shape of the diffusion profile may be of similar magnitude.

The results of numerical simulations indicate a new possibility of shaping the refrac-
tive profile of channel waveguides in the production process. The change in the concen-
trations of admixtures affecting the space charge density in the surface layer of glass,
separately in the mask opening, as well as under the mask, should influence the shape
of the refractive profile of the waveguide. In particular, the reduction of the space
charge density in the mask window can be easily achieved by increasing the amount
of absorbed water (and therefore H+ ion concentration) after the window in the mask
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has been made. Varied charge density can be used as a new technological parameter
of the field-assisted ion exchange process. Verification of this postulate may be an in-
teresting research goal in a future experimental work.
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