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In this work, the analytical expressions describing experimental data of silver, gold, copper and
aluminum dielectric permittivity in a wide spectral range are presented. A comparison of samples
production techniques, the measurement methods and the experimental data of different authors
led to the conclusion that the most valid data are given by MCPEAK et al. (ACS Photonics 2(3),
2015, pp. 326–333) and BABAR et al. (Appl. Opt. 54(3), 2015, pp. 477–481), which are close to
each other. Thus, the analytical expressions for silver, gold, copper and aluminum dielectric per-
mittivity spectral dependences are based on it. The spectral range in which the dielectric permit-
tivity is represented by the corresponding analytical expression is divided into several intervals.
There is a specific function for each wavelength range. 
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1. Introduction

At present, there is a strong interest in noble metals based micro- and nanostructures.
The most often it is silver, gold, copper and aluminum. The micro- and nanostructures
have wide practical applications and as a result, the computer numerical experiments
of the interaction of electromagnetic radiation with metal nanoparticles [1–3], as well
as micro- and nanograting, which contain metals, are carried out [4–7]. However, the
fabrication of the periodic nanostructures is rather complicated technologically.
Whereas, computer simulation can predict the properties of such structures and find
their optimal parameters for the appearance of one or another effect. The micro- and
nanostructures which include the above listed metals can be manufactured based on
the simulation data and carry out the real experiments.

Computer simulations are most often used for calculations of spectral dependences
of reflection, transmission and absorption coefficients for gratings structures [5, 6], and
the absorption and scattering cross-sections for metallic nanoparticles [1, 2]. It has been
shown experimentally that the resonance of localized surface plasmons in aluminum
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nanoparticles is observed in the ultraviolet region [2, 8], the plasmon resonance is de-
tected approximately at the wavelength of 0.42 μm in case of silver nanoparticles [3], at
the wavelength of 0.52 μm [9] in case of gold nanoparticles, and plasmon resonance of
copper nanoparticless is shifted to the long wave region, and appears about 0.65 μm [10].

The spectral region of the resonance of localized surface plasmons in nanoparticles
depends on the metal, size and local dielectric environment. However, the resonance
spectral shift of metal nanoparticles is not so huge in comparison to the resonance spec-
tral shift of metal nanograting. However, the resonance in the dielectric slit of metal
grating [11, 12], the surface plasmon-polariton resonance [5, 13] and the waveguide
modes resonance [6] are observed in a wide spectral range. Moreover, the position of
the resonance peak depends on the parameter of the periodic nanostructure and can be
tuned in the wide region [11, 13]. 

In order to accurately carry out computer simulations of the interaction of electro-
magnetic waves with nanostructures, it is reasonable to have spectral dependences of
dielectric permittivities of noble metals in the analytical form. Nowadays, a number
of experimental dependences of dielectric permittivity of metals on the wavelength are
known which are represented in works [14–26]. Theoretical Brendel–Bormann model
and Lorentz–Drude model were published in 1998 by RAKIĆ et al. [27]. These models
summarized the experimental results of different authors, which were obtained before
1998 and were collected in the book [26]. Obviously, these models did not well cor-
relate with the experiments data obtained recently. Moreover, the experimental spectral
dependences of dielectric constants, measured by different authors at different periods
of time, for example, for silver [14, 26], are quite different. This can be explained by
the fact that different starting materials of different purity, different fabrication tech-
niques and various measurement methods that were available at the time of research
from the sixties of the last century [26] to 2017 [25] have been used. The mathematical
expressions for real and imaginary parts of the silver dielectric permittivity in the range
of wavelengths from 0.4 to 2 μm [27] have been presented on the basis of data [18].
These expressions are used in many studies [5, 12, 28]. However, these data are meas-
ured with low precision, as noted in work [18], and the lower limit of the chosen an-
alytical expression of 0.4 μm is insufficient to study the resonance phenomena in silver
nanoparticles or silver-based nanograting structures. Different measurement data and
theoretical models can be found at https://refractiveindex.info. Our study of the site
data for gold, silver, copper and aluminum, and related publications regarding prepa-
ration samples and measurements showed that the most validate data of the spectral
dependences of dielectric permittivity are given in [14, 15] for the first three metals
and works [14, 17] for aluminum. The researches described in [14] were carried out
with sufficient pure metals: 99.99% for Ag, 99.99% for Cu, 99.999% for Au, and
99.999% for Al. The results of experiments of these two groups of scientists [14, 15]
practically agree in the wide spectral range from 0.3 to 1.7 μm. Therefore, in present
work the results of [14, 15] were used as a base for mathematical expressions describ-
ing the dielectric permittivity of Ag, Au in the spectral range from 0.29 to 2.0 μm. In
case of copper, the analytical expressions are presented in the range of wavelengths

https://refractiveindex.info
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from 0.4 to 4.2 μm on the base of papers [14, 15]. Analytical expressions for aluminum
are found from experimental data of works [14, 17] and are valid in the range of wave-
lengths from 0.1 to 2 μm. 

2. Spectral dependences of the metals dielectric permittivity 
in the analytical form

In the first step, the experimental data [14–26] and theoretical models [27] of silver
dielectric permittivity have been analyzed (see Fig. 1). One can conclude from Fig. 1

Fig. 1. Spectral dependences of the real (a) and imaginary (b) parts of silver dielectric permittivity on
wavelength, where the green circles are data from [14], the dark blue rhombs are data from [15], the green
rhombs are data from [26], the brown squares are data from [18], the red squares are data from [17], the
brown stars are data from [20], the dark blue curves is the Brendel–Bormann model from [27], the blue
curves is the Lorentz–Drude model from [27], the red curves are data calculated by obtained analytical
expressions (1a) and (1b). Inset in part (a) shows spectral dependence of the real part of silver dielectric
permittivity in the wavelength range from 0.29 to 0.5 μm according to data from [14, 15] and Eq. (1a).

0

–50

–100

–150

–200

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

0

2

–2

–4

–6

–8

–10

0.30 0.35 0.40 0.45 0.50

R
e

(ε
)

λ [μm]

a

16

14

12

10

8

6

4

2

0
0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Im
(ε

)

λ [μm]

b

λ [μm]

R
e

(ε
)



174 V. FITIO et al.
that the experimental data presented in [14, 15] are very close to each other, and there
is no significant experimental data jumps with changing the wavelength. It should
also be noted that the experimental points from work [18] published in 1972 are very
close to the data used from [14, 15]. However, jumps in the dependence of silver die-
lectric permittivity on the wavelength are observed, especially for the imaginary part
of dielectric permittivity. The analytical dependences were determined on the base of
data [14, 15], for which the corresponding curves (in Fig. 1, continuous curves in red
color) are the best fitted with experimental data in the spectral range from 0.29 to
2.066 μm. However, one relatively simple function cannot represent the spectral de-
pendence of silver dielectric permittivity in the given wavelengths range. Therefore,
the total wavelengths range was divided into three intervals: [0.29 μm, 0.335 μm],
[0.335 μm, 0.521 μm], [0.521 μm, 2.066 μm], respectively, for the real part of dielectric
permittivity. The individual function was selected for each interval as follows: r1(λ) =
= 1.3 – 2950(λ – 0.307)2, r2(λ) = 16.3 – 50λ – 5λ2, and r3(λ) = 4.093 – 56λ2.

In order to represent the dielectric permittivity by certain functions only in the cor-
responding interval, the Heaviside function

can be used.
The impulse function with amplitude 1 and the width corresponding to the certain

interval Π(λ) = [H(λ – 0.29) – H(λ – 0.335)] can be constructed on the base of the
Heaviside function. Then the real part of silver dielectric permittivity in the range from
0.29 to 2.066 μm can be written as follows:

(1a)

The imaginary part of silver dielectric permittivity in the range from 0.29 to
2.066 μm can be described by only one analytic function as follows:

(1b)

It can be seen that the experimental data of works [14, 15] are very close together,
especially for the real part of dielectric permittivity, and the continuous red curve ac-
cording to (1) is between the experimental points of these works. It should also be noted
that the experimental points for the imaginary part of the dielectric permittivity of
works [14, 15] have greater differences in comparison with the experimental points of
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the real part of the dielectric permittivity. The same situation is observed for copper
and gold.

The corresponding curves have been obtained on the base of works [14–20, 24, 26, 27]
for real and imaginary parts of gold dielectric permittivity. However, only experimental
points on the base of works [14, 15], and the continuous curve on the base of analytical
expressions (2a) and (2b) are given in Fig. 2. The real part of the spectral dependence
of gold dielectric permittivity over the total wavelength range can be represented by
four functions in the form of polynomials as follows: 

Fig. 2. Spectral dependences of real (a) and imaginary (b) parts of gold dielectric permittivity on wave-
length, where the green circles are data from [14], the blue rhombs are data from [15], red curves are data
calculated by obtained analytical expressions (2a) and (2b). Inset in part (a) shows the spectral dependence
of the real part of gold dielectric permittivity in the wavelength range from 0.29 to 0.6 μm according to
data from [14, 15] and Eq. (2a).
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As a result, the real part of gold dielectric permittivity can be written using the
Heaviside function as follows:

(2a)

It is enough to use the two functions to describe the imaginary part of gold dielectric
permittivity:

Finally, the spectral dependence of the imaginary part of gold dielectric permittivity
can be written as follows: 

(2b)

The spectral dependences of gold dielectric permittivity are shown in Fig. 2. It can
be seen that the disagreement in the experimental data of works [14] and [15] for gold
is more pronounced than for silver. 

Recently, the interest in copper nanoparticles has increased, for which the localized
surface plasmon resonance is shifted to the long-wave region of the spectrum. The cor-
responding curves are obtained on the base of work [14–18, 20, 27] for real and im-
aginary parts of copper dielectric permittivity. However, only the experimental points
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on the base of works [14, 15], as well as a continuous curve based on analytical ex-
pressions (3a) and (3b), are presented in Fig. 3. The total wavelength range is divided
into three intervals for the real part of copper dielectric permittivity as follows: 

Fig. 3. Spectral dependences of the real (a) and imaginary (b) parts of copper dielectric permittivity, where
the green circles are data from [14], the dark blue rhombs are data from [15], the red curves are data cal-
culated by obtained analytical expressions (3a) and (3b). Inset in part (a) shows the spectral dependence
of the real part of copper dielectric permittivity in the wavelength range from 0.3 to 0.85 μm according
to data from [14, 15] and Eq. (3a).
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Thus, the real part of the spectral dependence of copper dielectric permittivity can
be written as follows:

(3a)

In case of the imaginary part of copper dielectric permittivity, the total wavelength
range is divided into four intervals as follows:

Therefore, the imaginary part of copper dielectric permittivity can be written as
follows:

(3b)

The spectral dependences of copper dielectric permittivity are shown in Fig. 3. As
follows from this figure, the experimental points are fitted with the continuous curve
rather accurately. Moreover, it was necessary to use more complex functions, and not
just polynomials, for the exact representation of spectral dependences.
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The localized surface plasmon resonance in aluminum nanoparticles occurs in the
ultraviolet spectrum region [2]. Now it is a very promising material for wide applica-
tion, for example, a microlaser based on the plasmonic effect in aluminum was fabri-
cated in the ultraviolet region of the spectrum with a low threshold [8]. The spectral
dependence of the imaginary part of aluminum dielectric permittivity is characterized
by the clear local maximum at the wavelength of 0.805 μm [14, 16, 17, 27, 29]. As
a result, there are some difficulties in the search of the analytical dependences.

The corresponding curves on the base of the works [14, 16, 17, 27, 29] were ob-
tained for the real and imaginary parts of aluminum dielectric permittivity. Figure 4

Fig. 4. Spectral dependences of the real (a) and imaginary (b) parts of aluminum dielectric permittivity,
where the green circles are data from [14], the dark blue rhombs are data from [17], red curves are data
calculated by obtained analytical expressions (4a) and (4b). Inset in part (a) shows the spectral dependence
of the real part of aluminum dielectric permittivity in the wavelength range from 0.3 to 0.9 μm according
to the data from [14, 17] and Eq. (4a).
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shows the experimental points based on the works [14, 17] as well as the continuous
curve based on analytical expressions (4a) and (4b). The real part of the spectral de-
pendence of aluminum dielectric permittivity in the range from 0.1 to 2.0 μm can be
described by two of the following functions:

As a result, the real part of the aluminum dielectric permittivity can be written as
follows: 

(4a)

The imaginary part of the spectral dependence of aluminum dielectric permittivity
can be described in the wavelength range from 0.1 to 2.0 μm by the following two func-
tions:

Therefore, the imaginary part of aluminum dielectric permittivity depending on the
wavelength, can be written as

(4b)

The spectral dependences of aluminum dielectric permittivity in the wavelength
range from 0.1 to 2.0 μm are presented in Fig. 4.

The data of the silver dielectric permittivity from work [22] published in 2015, and
data according to the analytical Eqs. (1a) and (1b) are given in Table 1, for the some
wavelengths.

r1 λ  0.1 40 λ 0.09537– – 90 λ 0.09537– 2–=

r2 λ  –39.963 140 λ 0.7– – 95 λ 0.7– 2–

250 1
λ

------- 1
0.805

------------------–
 
 
 

1 50 1
λ

------- 1
0.805

------------------–
 
 
 

2

+

-------------------------------------------------------------–=

Re ε  r1 λ  H λ 0.09537–  H λ 0.7– –

r2 λ  H λ 0.7–  H λ 2.0– –+

=

g1 λ  0.0771 3 λ 0.09537–  12 λ 0.09537– 2

140 λ 0.09537– 4 10 λ 0.09537– 6

+ +

+ +

=

g2 λ  12.122 8.1 λ 0.7869–  28 λ 0.7869– 2 31

1 90 1
λ

------- 1
0.805

------------------–
 
 
 

2

+

-------------------------------------------------------------+ + +=

Im ε  g1 λ  H λ 0.09537–  H λ 0.7869– –

g2 λ  H λ 0.7869–  H λ 2.0– –+

=



Analytical expressions for spectral dependences... 181
A comparison of the data given in the columns 2 and 3 (Table 1) shows approxi-
mately 10% difference in the total spectral wavelengths range from 0.3 to 2.0 μm. How-
ever, the imaginary parts according to Eq. (1b) are almost twice less than in [22], with
the exception of the interval from 0.3 to 0.7 μm.

The gold dielectric permittivity from work [25] for the film thickness of 117 nm, pub-
lished in 2017, and data according to the obtained analytical Eqs. (2a) and (2b) are given
in Table 2, for some wavelengths. The comparison of the data presented in the columns
2 and 3 (Table 2) shows the good agreement in the spectral wavelength range from 0.3
to 2 μm.

However, the imaginary parts according to Eq. (2b) are almost twice lower than
in [25], except for the interval from 0.3 to 0.8 μm. It seems that the imaginary part of
dielectric permittivity is sensitive to the purity of the original metal, fabrication tech-
nology of metal films and film thickness. This conclusion agrees with other results of
work [25], where gold dielectric permittivity is presented for film thicknesses of 25,
53 and 117 nm, and with the results presented in Table 1.

T a b l e 1. The silver dielectric permittivity.

λ [μm]
Re(ε) Im(ε)

λ [μm]
Re(ε) Im(ε)

Ref. [22] Eq. (1a) Ref. [22] Eq. (1b) Ref. [22] Eq. (1a) Ref. [22] Eq. (1b)

0.3 1.756 1.155 2.937 2.872 1.2 –70.082 –76.547 2.654 1.706

0.4 –4.369 –4.50 0.243 0.220 1.3 –82.758 –90.547 3.354 2.080

0.5 –9.378 –9.95 0.317 0.300 1.4 –96.387 –105.67 4.168 2.510

0.6 –15.127 –16.067 0.438 0.402 1.5 –111.03 –121.91 5.110 3.000

0.7 –21.802 –23.347 0.616 0.529 1.6 –126.71 139.27 6.186 3.555

0.8 –29.465 –31.747 0.859 0.687 1.7 –143.42 –157.75 7.406 4.179

0.9 –38.118 –41.267 1.176 0.879 1.8 –161.17 –177.35 8.781 4.877

1.0 –47.773 –51.907 1.575 1.110 1.9 –179.95 198.07 10.315 5.652

1.1 –58.428 –63.667 2.066 1.384 2.0 –199.48 219.91 12.013 6.510

T a b l e 2. The gold dielectric permittivity.

λ [μm]
Re(ε) Im(ε)

λ [μm]
Re(ε) Im(ε)

Ref. [25] Eq. (1a) Ref. [25] Eq. (1b) Ref. [25] Eq. (1a) Ref. [25] Eq. (1b)

0.3 –1.13 –1.13 6.42 6.37 1.2 –67.74 –67.67 4.34 2.23

0.4 –1.27 –1.00 6.37 6.15 1.3 –80.82 –80.34 5.53 2.75

0.5 –2.63 –2.52 3.12 2.96 1.4 –94.80 –94.01 6.79 3.36

0.6 –9.99 –9.57 1.29 1.01 1.5 –109.7 –108.7 7.96 4.07

0.7 –17.63 –17.32 1.00 0.76 1.6 –125.7 –124.5 9.52 4.89

0.8 –25.93 –25.81 1.29 0. 89 1.7 –142.8 –141.4 10.98 5.83

0.9 –34.97 –35.04 1.74 1.12 1.8 –159.7 –159.4 12.78 6. 89

1.0 –44.99 –45.06 2.27 1.42 1.9 –178.7 178.5 14.84 8.10

1.1 –55.87 –55.92 3.29 1.79 2.0 –198.6 198.6 17.14 9.46
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3. Conclusion

The corresponding analytical expressions for the dependence of dielectric permittivity
on wavelength are determined based on experimental measurements of dielectric per-
mittivity in the wavelength range from 0.3 to 2.0 μm for silver and gold, from 0.3 to
4.2 μm for copper and from 0.1 to 2 μm for aluminum. Moreover, the total spectral
range (with the exception of the imaginary part of silver dielectric permittivity) must
be divided into several intervals. The corresponding function was selected for each in-
terval of wavelengths, preferably in the form of polynomials. The selection of the func-
tion on each interval was carried out by the Heaviside function.

It should also be noted that the analytic function is continuous throughout the total
spectral range. Such an analytical representation is very convenient to use in various
calculations in the wide spectral range of the interaction of electromagnetic radiation
with nanoparticles of the corresponding metals, or with periodic structures, which con-
tain these metals. However, there is a limitation for using these analytical expressions.
The dielectric permittivity will not be determined at the boundary of two adjacent in-
tervals, since as defined, the Heaviside function is not defined at zero. Here the
Heaviside function can be defined as H(0) = 1/2, or avoid calculating the wavelength
corresponding to the boundary between two adjacent intervals.
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