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Total productivity as the basis for measuring economic efficiency is the initial presumption of this 
paper, and it is derived from the fact that it has a multiple importance of growing productivity, as an 
expression of production efficiency. The complex phenomenon of total productivity of factors is 
sometimes approached too simplistically, and even incorrectly. Productivity is treated as an isolated 
phenomenon, regardless of the numerous and various factors that condition it and the effects it has on 
other economic categories. The basis of the theoretical-methodological approach proposed in this 
paper, was the transcendental logarithmic production function (translog), as a clear interdependence 
between the maximum output vector and the production factor vector.

The paper discusses the methodological basis for decomposition of total productivity growth on 
technical progress and technological efficiency, and a  specification of the deterministic marginal 
production function. Adequate decomposition enables the more precise identification of the causes of 
lags in productivity growth. The results of the empirical analysis, through appropriate categorisation, 
are useful in conducting economic policy because they indicate the direction of activities with the aim 
of increasing total productivity.
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1. INTRODUCTION

Production efficiency and its interaction with the phenomenon of development is 
at the centre of attention when talking about the problems of modern socio-economic 
development in general, and economic development in particular (Baldwin & Wulong, 
2008). Efficiency is measured by the degree of performance in the use of production
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resources, and it is expressed by the ratio of production results to investments, hence 
productivity is one of the most expressive indicators of the economy, i.e. production 
efficiency. It is also an important indicator for comparing the quality of the economy 
between related business entities in the country, and between different countries as 
well. In order to clearly define and quantify the criteria of economic growth efficiency 
by applying comparative methods, precisely elaborated theoretical assumptions are 
necessary.

In economics there is in fact no single, generally accepted indicator that 
measures economic efficiency, although economic theory has mastered the analytical 
foundations of empirical research of productivity. At the same time, it should be 
taken into consideration that productivity growth generates multiple effects on 
economic development, because it is the basis for the more efficient production 
and improvement of economic conditions. Efficiency is most often expressed and 
measured by labour productivity (Balk, 2001). A deeper insight into the quantitative 
dimensions of economic growth and development is not possible without 
simultaneously including the capital productivity and many partial indicators of the 
economy, among which the indicator of total productivity is of special importance 
as an aggregate indicator of development, as well as the indicator of efficiency of 
transforming resources into products and services (Atkin et al., 2019). It is a complex 
and long-term phenomenon, essentially related to almost all elements that determine 
the dynamics of economic life. Measuring productivity is not a goal, but a tool that 
can serve as a basis for organizing, planning, and managing at different levels of the 
economy. Each of the productivity indicators in its own way reflects the changes in 
the observed phenomenon and has its advantages and disadvantages.

Modern conditions of development increasingly indicate the relevance of 
differentiating between technical progress and efficiency in the overall change of 
total productivity factors (Feder, 2017). The basis of the theoretical approach is 
represented by the production function, as a  clear interdependence between the 
maximum output vector and the input vector. There are numerous papers in which the 
measurement and explanation of variations in total factor productivity is performed 
using marginal values (Coelli, Rao, O’Donnell, Battese, 2005). Although technical 
progress and efficiency start from a common methodological basis in the production 
function, their empirical analysis can be carried out as independent (Russell and 
Young, 1983).

The first part of this paper discusses the methodological basis for decomposition 
of total productivity growth on technical progress and technological efficiency. The 
second part specifies the deterministic marginal production function (Ghobadian and 
Husband, 1990). 
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2. PRIMARY GOALS AND METHODOLOGY

The primary goal of this paper is to examine the methodological basis by which 
the change of total productivity is decomposed into technical progress and changes 
in technological efficiency. At the same time, technical progress is seen as a change 
in the marginal value of the largest possible (potential) production, i.e. moving the 
boundaries of the possibility of production. The rate of change is measured directly 
through the deterministic marginal production function (Afriat, 1972). All other 
changes in productivity can be attributed to technical progress.

If the measured level of the total factor productivity is less than the potential, 
the difference represents the technological inefficiency. If the level of technology 
is given, explicit resource allocation is required to reach that potential level of 
technological efficiency in time (Munir Ahmad and Bravo-Ureta, 1996). It is an 
indisputable fact that productivity growth, with an adequate mastery of technology, 
is essential for development and can be more useful than technical progress (Fateh 
M. Mari and Heman Das Lohano 2007). It is also necessary to know how far the 
technological limit is on the time axis and how quickly it can be reached.

3. METHODOLOGICAL BASIS FOR DECOMPOSITION 
 OF TOTAL PRODUCTIVITY FACTOR GROWTH

The initial assumption of the model represents a defined functional interdependence 
between output and input, which adequately expresses the production process of the 
business entity, for example, company

( ) ( ), ; , ; , 0,   G y s t z s t s t  (1)

where: y(s, t) – output vector; the aggregate output index of company s at time t; 
z(s, t) – input vector; the aggregate input index of company s at time t; s and 
t – in function G represent marginal factor productivity indicators company 
s at time t.

Suppose further that the output vector is separable from the input vector and that 
there is a corresponding aggregate output index. Then, the production interdependence 
can be represented as

( ) ( ), , ; , .   y s t g z s t s t   (2)

The assumption is that the necessary conditions of regularity are satisfied by 
function g. For any combination of outputs and inputs of the company, inequality (2) 
is satisfied if the company does not use its inputs at the maximum possible or ‘most 
practical’ productivity level. If ˆ, s t   and ŷ  represent potential and ‘most practical’ 
productivity level and output volume for a ‘possible’ company, then inequality (2) is
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( ) ( ) ( ) ( )ˆ, , ; , , ; ; , .ˆ ˆ =    =   y s t g z s t s t g z s t s t y s t  (3)

where function g is defined with s and t. This means that ( ) ( ).ˆˆ ˆ, , y s t y s t=   

This relation expresses the initial assumption of the analysis, that a company that 
has adequate technology or behaves economically rationally, is still far from the 
possible (potential) production possibility frontier (Bravo‐Ureta and Rieger, 2008).

The potential level of total productivity, in relation to the level of the current 
(actual) productivity, can be defined as the lowest possible coefficient of reduction of 
potential output that can be produced by the applied input level and the level of the 
current (actual) productivity, i.e. as the minimum reduction factor in potential output 

( ) ( )ˆ, ,ˆ e s t y s t     
produced by the applied input level and the actual productivity level as

( ) ( ) ( ) ( ), , , ; , , 0 1ˆe s t y s t g z s t s t e=      . (4)

Alternatively, e(s, t) can be defined as the maximum coefficient of increase of 
output which can be produced at the applied input level and the potential level of 
productivity1

( ) ( ) ( ), / , , ;  ̂ ̂ ,y s t e s t g z s t s t =   .  (5)

By comparing these two definitions, index e is reduced to the ratio y and ŷ , at 
a defined level of the output with a given combination of input z(s, t):

( ) ( ) ( )ˆ, ,  / ,e s t y s t y s t= .  (6)

The first derivative of the logarithm of a given equation (3) with respect to t is

( ) ( ) ( ) ( ), , , , ,Zy s t g z s t g s t z s t= +   (7)

hence the rate of change of total factors productivity for enterprise s can be 
expressed as

( ) ( ) ( ) ( ), ,  ,  , ,zg z s t y s t g s t z s t= − , (8)

where gz(s, t) – the output elasticity vector with respect to each component z; the dot 
above the symbol indicates the logarithmic time derivative.

At the same time, from the first derivative of the logarithm of expression (5), it 
is obtained that

( ) ( ) ( ) ( ) ( ),  , , , ,  , ,ˆ ˆˆ ˆzy s t g z s t g z s t z s t e s t= + +   (9)

1  This definition was given by Malmquist (1953). The analysis of this index in comparison of produc-
tivity (Caves and Christensen, 1980).
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then, it follows from (7) and (9) that

( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , , .ˆ ˆˆ ˆz zg z s t g s t z s t g z s t g z s t z s t e s t+ = + +  

Thus the rate of change of the total productivity is

( ) ( ) ( ) ( ) ( ) ( )ˆ ˆˆ, , , , , , ,ˆ,z z zg z s t g z s t e s t g s t g s t z s t = + + −  . (10)

In equation (10), the rate of technological change is defined by ( ), ,g z s t   and 
represents the boundaries of (possible, potential) production, in terms of the actual 
rate. The boundaries of the production function for that group of companies repre-
sent the average level of applied technology. If that level of technology changes over 
time, that change should be distinguished from a change in the relative efficiency of 
the use of the applied technique. These effects are covered by ( ),e s t   in equation (10). 
By definition, ( ),e s t   represents the rate at which company s moves towards or away 
from production boundaries and represents the rate of change in technological effi-
ciency. For a company that reached production equal to the potential (‘most practi-
cal’), ( ),e s t   must be 0. In other cases, it has a positive or negative value and indi-
cates a decrease or increase in the difference between potential and current (achieved) 
productivity (Dawson, 2008).

Finally, for a given input level, the company’s effort to reach a potential output 
also requires changes in output elasticity, which is expressed by the last component in 
equation (10). This means that equation (10) decomposes the conventional measure 
of total productivity into three components:

1.	 technical progress,
2.	 changes in technological efficiency,
3.	 the difference between the marginal and achieved values of the elasticity 

output coefficient.
The comparison of the conventional approach to measuring the total productivity 

growth rate and the decomposition of that rate according to the presented methodology 
can be illustrated graphically (see Figure 1), where g1 and g2 are linearly homogeneous 
Cobb-Douglas marginal production functions with Hicks neutral technical progress 
for the two observed periods.

According to the methodology applied in this paper, the contribution of technical 
progress to the output growth is given by shifting the boundaries of the production 
function, as {bc}. For the company that applies the best technological solutions 
defined in g1 and g2, the difference between potential output {a’c} and the sum of the 
changes attributed to the growth of input {a’b} is equal to {bc}. BC’ represents the 
output growth provided for the marginal production function (and is equal to {bc}). 
This change is smaller than the actual change BC. The difference CC’ is the change 
in output that is attributed to the increased technology efficiency, ( ),e s t  .

The conventional measurement of total factor productivity growth does not 
distinguish between technical progress and technological efficiency, although 
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where: y – per-capita output; z – capital-labour ratio; A and C – output level of y1 and y2 for the observed 
periods 1 and 2 (in logarithmic values); AB – the projection of input contribution to changes in 
the output based on current elasticity of the output; AB is parallel to function g1, because the 
equality of elasticity of both potential and actual output with respect to inputs z is assumed; Aa 
and Cc – are e1 and e2, respectively; BC – total productivity that is measured conventionally and 
most often interpreted as the output growth attributed to technical progress; A’B – are changes 
in output without input contribution to those changes.

Fig. 1. Decomposing the growth rate of the total productivity

Source: Nishimizu and Page, 1982, p. 928.

analytically they differ significantly (Xueqing Wang, Yuan Chen, Bingsheng Liu, 
2013). Their identification can have significant implications for the decision-making 
process. According to this methodology, technical progress is defined as the result 
of innovation and adaptation to new technology by the best manufacturers. The 
total factor productivity growth represents the sum of the rates of technical progress 
and technological efficiency. High rates of technical progress may coexist with 
decreasing technological efficiency (e.g. inadequate technology mastery or short-term 
adjustment to minimum costs in terms of quasi-fixed return on capital). In addition, 
a  relatively low rate of technical progress can coexist with a  rapid improvement 
in technological efficiency. The results of the empirical analysis of each specific 
economy will enable their appropriate categorisation (Arditi and Mochtar 2000). 
Activities aimed at increasing total productivity will be incorrect if they are aimed at 
accelerating the rate of innovation in conditions when the cause of lagging growth 
in total productivity is the low rate of mastery or application of modern technology.
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4. SPECIFICATION AND EVALUATION  
OF MARGINAL PRODUCTION FUNCTION

When estimating the production boundary model, the conventional approach 
imposes very strict restrictions concerning the properties of the technology (Russell 
and Young, 1983). Empirical estimates of the production boundaries most often 
use different variants of the Cobb-Douglas form, which in addition to a number of 
attractive properties, place strict restrictions in terms of the nature and possibility 
of factor substitution, as well as the character of technical progress. The flexible 
functional form of the production function imposes relatively fewer a priori limitations 
in the structure of the production process. That flexible form, often used in recent 
empirical research, is the transcendental logarithmic form of the production function 
(Caves and Christensen, 1980), which is an approximation of the Taylor series of 
the second order to a doubly differentiable arbitrary production function. Outputs 
are defined as exponential functions of input logarithms with translog production 
functions (Heathfield and Wibe, 1987; Batiese, 1992).

The translog production function of relation (3) is2:

( ) ( ) ( ) ( )

( ) ( )

0ln , , , ln ,

1 ln ln , ln , ,
2

m m
m

mn m m n
m n

y s t s t s t z s t

z z s t z s t

 



= + +


 (11)

where

( ) ( ) ( ) 2
0 0, 0,5t tts t s s t   = + + , (12)

( ) ( ) ( ),m m mts t s s t  = + , m = 1, 2, …, N. (13)

Then, the output elasticity with respect to each of the inputs is

( )
( ) ( ) ( ) ( )ln ,

,
ln , m mt mn

mm

y s t
s s t s t

z s t


  


= + + , m = 1, 2, …, N.  (14)

Differences in marginal factor productivity by (s, t) are expressed with αm and 
mtβ . The structure of factor substitution possibilities is expressed by βmn and is 

independent with respect to (s, t). The growth rate of the total factor productivity 
is the change in the output elasticity over time, at constant input sizes, and then it is

( ) ( ) ( ) ( ) ( )ln ,
ln ,t tt mt m

y s t
s s t s z s t

t


  


= + + .   (15)

2 The structure of the specified output of the selected functional form directly implies the properties of 
the index numbers used to measure output, input, and productivity.
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Assuming that there is a  company conducting the ‘most practical production’ 
(equal to the potential product), the translog marginal production function is

( ) ( ) ( ) ( )

( ) ( )

2
0ln , 0,5 ln ,

0,5 ln ,

ˆ ˆ

ln

ˆ ˆ ˆˆ

ˆ ,

    



= + + + + +



t tt m mt m
m

mn m n
n m

y s t t t z s t

z s t z s t
. (16)

for which conditions (14) and (15) also apply. The coefficient of technical progress 
of a marginal company is ˆtα , as the rate of technical progress at the border point 
approaches the approximation of the Taylor series. Under normal economic 
conditions, this rate is non-negative. ˆ

ttβ  is the rate of change of technical progress 
and can have a positive, negative or zero value depending on whether there is an 
increasing, decreasing or constant rate of technical progress. ˆ

mtβ  are changes in the 
output elasticity with relation to each input and can have a positive, negative or zero 
value depending on changes in the technical progress of the mth factor, which can be 
intense, slight or neutral.

The literature indicates three possible approaches to the estimation of the mar-
ginal production function: deterministic, probabilistic, and stochastic. The probabil-
istic and stochastic approaches are based on an attempt to reduce the sensitivity of 
the estimated limits to observational random errors. The deterministic assessment 
technique uses simple observation, but all observation points are spatially limited or 
are in front of the border. This technique roughly corresponds to the theoretical con-
cept of borders, as the external borders of production determination, and is sensitive 
to errors in observations. It is an assessment technique that is most often used along 
the boundaries determined by the observation points of the input-output in the spatial 
position or in front of the boundaries of production.

For more precise results, the parameters of the production boundaries are pos-
sible to evaluate with a simple method of equations, by applying the translogarith-
mic form in the joint estimation of the production function and equations of fac-
tors’ share (14). However, the use of factor share equations assumes the 
maximization of profits in the product market and all factors, with perfect competi-
tion, and requires equality between the factor income and output elasticity. The 
results show that this equality does not have to be valid for all sectors of the econ-
omy, which means that it is impossible to estimate the parameters based on an in-
correct specification of the equations on the participation of factors in the mar-
ginal production function. It is then possible to use the method of a  system of 
equations to estimate the marginal production function.

The choice of methods for estimating the parameters of the marginal production 
function depends on the critical examination of the assumptions about the distribu-
tion of errors. The procedure of maximum reliability for the evaluation of the param-
eters of the production function arises from the method which minimises the distur-
bance term or error variable. The statistical properties of this procedure are not 
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always suitable, but they are appropriate for the specification of error distribution. 
The alternative is to minimise the sum of deviation from the production possibilities, 
with the aim of limiting all observations in front of the production possibilities. Such 
a procedure for estimating the parameter values can be accomplished by applying 
linear programming.

The objective function is to linearly minimize unknown parameters

( ) ( ) ( )

( ) ( ) ( )

2
0

1 1

0,5 ln ,

0,5 ln , ln , l

ˆ ˆˆ ˆ ˆ

ˆ n ,

    



= =


+ + + + +




− 


 



T S

t tt m mt m
t s m

mn m n
m n

t t t z s t

z s t z s t y s t
,   

S =1,2, …, S; t =1,2, …, T.

(17)

 
The limitations in the model arise from restrictions of the known observations of 

input-output combinations below the production boundaries
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s =1,2, …, S;  t =1,2, …, T.

(18)

With the assumption of constant returns to scale, restrictions arise:

ˆ 1m
m

 = , 

0, 1, 2, , ,̂ = =  mn
m

n N  

ˆ 0mt
m

 = . 

 

(19)

The translog production boundary is neither monotone nor concave for a certain 
free area. Imposing the monotonicity of the minimum implies the restriction that  
ˆmα  and ˆtα  are non-negative

ˆ 0m  , ,

ˆ 0t  .  . (20)

This is a  required but not sufficient condition for concavity, therefore it is 
necessary to limit the non-negativity of technical progress and the output elasticity 
for each input
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( ) 0ˆ ˆˆ ln ,m mt mn n
n

z s t  +  ,  (21)

( ) 0ˆ ˆˆ ln ,t tt mt m
m

t z s t  + +  , m =1,2, … N. (22)

Due to monotonicity and constant returns to scale, the required and necessary 
condition of concavity can be presented as negative individual elasticity share 
expressed by the constraint

  0mm  , m = 1,2, …, N.  (23)

The estimation of gross production function by sectors is possible if the inputs 
are: capital, labour and other material inputs. Data on gross product and material 
inputs should be at constant prices. The data series for capital represent net capital 
stocks reduced by replacement costs, also at constant prices. The labour input is 
expressed as the number of employees.

Since the translog production function is an approximation of the Taylor series of 
the second order of an arbitrary production function, the choice of the normalization 
point around which the Taylor series will expand is very important, because the 
sum of the initial relations significantly determines the quality of the approximation 
at the adjacent selected normalisation point. The normalisation point represents 
also a production point, as a rough approximation of the border, and its choice is 
important given the regional and sectoral dimension of the analysis.

The rates of technical progress (for economy, sector or region) are obtained by 
combining the estimated values of the parameters with the volume of inputs, as in 
equation (15) for each year, taking a simple average of consecutive pairs. The level 
of technological efficiency, defined by relation (6), is obtained by antilogarithmising 
the variables from constraint (18) in the linear model. The rate of change in 
technological efficiency is approximated by logarithmic differences of successive 
time periods. The rate of change in total productivity represents the sum of the rate 
of technical progress and the rate of technological efficiency.

CONCLUSION

Quantitative economic analysis, as a complex and compound field, has attracted 
the special attention of economic science scholars with the occurrence of its slow 
growth, lagging behind the development of some countries since the 1990s (Mao 
Zhi, Goh Bee Hua 2002). Effective programmes for the restructuring of these 
economies, the elimination of difficulties and the return of these economies to the 
path of development require answers to questions about the causes of developmental 
delays, i.e. the identification of the factors that have contributed the most to this state 
of affairs.
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The conventional approach to the analysis of total factor productivity (with both 
parametric and non-parametric access to index numbers) equalises changes in total 
factor productivity with changes in output volume controlling the level of input, i.e. 
as a vertical shift of the production function. The results obtained in this way are 
useful in conducting economic policy, although often criticised (Chau, and Walker, 
1988). However, such a methodological procedure does not allow for a distinction 
between technical progress and efficiency, therefore the concept of total productivity 
growth is often used as a synonym for technical progress in the literature regarding 
productivity.

According to this methodology, the growth of total factor productivity is the 
sum of technical progress and technological efficiency. High rates of technical 
progress may coexist with declining technological efficiency (e.g. failure to master 
technology) or a  relatively low rate of technical progress, may coexist with rapid 
improvements in technological efficiency. The results of the empirical analysis for 
each specific economy allow for their appropriate categorisation (Ekanayake and 
Jayasuriya, 2008). Activities aimed at increasing total productivity will be misplaced 
if they are aimed at accelerating the rate of innovation when the cause of lagging 
growth in total productivity is a low level of mastery or the application of modern 
technology.

This indicates the necessity of the simultaneous qualitative analysis of functional 
solutions and the institutional structure of the economic system, in order to obtain 
documented knowledge about the causes of unsatisfactory trends in economic 
efficiency.
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