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L version of the transformed Kedem—Katchalsky equations for membrane
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Abstract

Background. One of the important formalisms of non-equilibrium thermodynamics is Peusner network
thermodynamics. The description of the energy conversion in membrane processes, i.e., the conversion
of the internal energy of the system into the dissipated energy and the free energy used for the work as-
sociated with the transport of solution components, allows us to describe the relationship between these
energies and the thermodynamic forces acting in the membrane system.

Objectives. The aim of this study was to develop a procedure to transform the Kedem—Katchalsky equations
for the transport of binary electrolytic solutions across a membrane into the Kedem—Katchalsky—Peusner
equations based on Peusner network thermodynamics. The conversion of electrochemical energy to free
energy in the membrane system was also determined.

Materials and methods. The nanobiocellulose biomembranes (Biofill) were the subject of the study with
experimentally determined transport parameters for aqueous NaCl solutions. The research method is the Ke-
dem—Katchalsky—Peusner formalism for binary electrolyte solutions with introduced Peusner coefficients.

Results. The coefficients of the L version of the membrane transport equations and the Peusner coupling
coefficients were derived as functions of NaCl concentration in the membrane. Based on these coefficients,
the fluxes of internal energy of the system, energy dissipated to the surroundings and free enerqy related
to the transport of electrolyte across the membrane were calculated and presented as functions of the osmotic
and electric forces on the membrane.

Conclusions. The Peusner coefficients obtained from the transformations of the coefficients of the Ke-
dem—Katchalsky formalism for the transport of electrolyte solutions through the Biofill membrane were used
to calculate the coupling coefficients of the membrane processes and the dissipative energy flux. The dis-
sipative energy flux takes the form of a quadratic form due to the thermodynamic forces on the membrane
—second degree curves are obtained. Moreover, the dissipative energy flux as a function of thermodynamic
forces allowed us to examine the energy conversion in transport processes in the membrane system.

Key words: membrane transport, Kedem—Katchalsky—Peusner equations, bacterial cellulose membrane,
Peusner transport coefficients, internal energy conversion
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Streszczenie

Wprowadzenie. Jednym z waznych formalizmdow termodynamiki nieréwnowagowej jest termodynamika sieciowa Peusnera. Opis transformacji energii w procesach
membranowych t.J. energii wewnetrznej uktadu na energie dyssypowana w otoczeniu i swobodng wykorzystywang na prace zwigzang z transportem skfadnikéw
roztworu pozwala uchwyci¢ zwiazek tych energii z sitami termodynamicznymi dziatajacymi w uktadzie membranowym.

Cel pracy. Celem pracy byto opracowanie procedury transformacji réwnan Kedem-Katchalsky'ego dla transportu binamych roztwordw elektrolitycznych przez
membrane do réwnan Kedem-Katchalsky'ego-Peusnera w oparciu o formalizm termodynamiki sieciowej Peusnera. Ponadto, okreslono konwersje energii elektro-
chemicznej do energii swobodnej w uktadzie membranowym.

Materiat i metody. Przedmiotem badan byty biomembrany nanobiocelulozowe (Biofill) o eksperymentalnie wyznaczonych parametrach transportu dla wodnych
roztworéw NaCl. Metoda badawcza jest formalizm Kedem—Katchalsky’ego—Peusnera dla binarych roztworéw elektrolitow, z wprowadzonymi wspétczynnikami
Peusnera.

Wyniki. Wspétczynniki wersji L réwnan transportu oraz wspétczynniki sprzezenia Peusnera zostaty wyprowadzone jako zalezne od stezenia NaCl w membranie.
W oparciu o te wspdotczynniki wyliczone zostaty strumienie energii wewnetrznej uktadu, energii dyssypowanej w otoczeniu i energii swobodnej zwigzanej z trans-
portem elektrolitu przez membrane i przedstawione jako funkcje termodynamicznych bodZcéw na membranie: stezeniowego i elektrycznego.

Whnioski. Otrzymane wspétczynniki Peusnera z przeksztatcert wspotczynnikow formalizmu Kedem-Katchalsky'ego dla transportu roztwordw elektrolitowych
przez membrane Biofill postuzyty do obliczenia wspdtczynnikéw sprzezenia proceséw membranowych oraz obliczenia strumienia energii dyssypatywnej. Strumien
energii dyssypatywnej przyjmuje postac formy kwadratowej od bodZcéw termodynamicznych na membranie — krzywe drugiego stopnia. Ponadto, strumien energii
dyssypatywnej jako funkcja bodZcow termodynamicznych pozwolit zbadac konwersje energii w procesach transportowych w uktadzie membranowym.

Stowa kluczowe: transport membranowy, réwnania Kedem-Katchalsky'ego-Peusnera, membrana z celulozy bakteryjnej, wspétczynniki transportu Peusnera,

konwersja energii wewnetrznej

Background

Membrane transport is one of the fundamental non-
equilibrium processes that occurr at all levels of organi-
zation of all physicochemical systems, including biologi-
cal systems.! Many of these processes can be carried out
on a different scale in physicochemical systems contain-
ing artificial polymeric membranes.? The study of mem-
brane transport processes in such systems is important
in many areas of human activity of a cognitive and utilitar-
ian nature, e.g., in science, technology and biomedicine.*
The controlled drug release systems, membrane dressings
to support the healing of chronic wounds, bioreactors for
testing strategies to combat bacterial infections using lytic
phage application in combination with established and
novel antibacterial agents, etc.,%> are the main examples
of biomedical applications. In these systems, the mem-
brane is a selective barrier that ensures the separation
of the phases it separates. This role is played by polymeric
membranes of various structure and composition, made
of polyvinyl chloride, bacterial cellulose, graphene cel-
lulose acetate, etc.3~?

The physical quantity that characterizes non-equilib-
rium systems is thermodynamic entropy (S-entropy).1%!!
It plays a fundamental role in the study of non-equilibrium
processes, since it numerically characterizes the degree
of irreversibility of physico-chemical processes, including
biological processes. It is well-known that these processes
are subject to the law of entropy growth. Accordingly,

the production of S-entropy is a consequence of irreversible
processes of mass, charge, energy, and momentum transport
in various types of systems, including membrane systems.>!!

Formalisms and research tools developed in the con-
text of non-equilibrium thermodynamics and/or network
thermodynamics have been used to describe membrane
transport.!?!® These methods include the Kedem—Katch-
alsky (K-K)'2 and Kedem—Katchalsky—Peusner (K-K-P)'3
formalisms, along with modifications and entensions.!4-1?
The starting point for deriving the equations for mem-
brane transport and also energy conversion is the determi-
nation of the energy dispersion function, which is the prod-
uct of entropy production and absolute temperature.}?13
The temporal change in entropy production is reflected
in disease processes and in the aging processes of biologi-
cal organisms.}%-20

Previous studies have presented procedures for trans-
forming the classical equations into L, R, H and P ver-
sions using Peusner network thermodynamics methods
for membrane transport of homogeneous or heterogeneous
non-electrolyte solutions.!®~1%2! Chemical energy conver-
sion procedures using L, R, H and P versions of the trans-
formed K-K equations are presented. These procedures use
thermodynamic forces (hydrostatic pressure and osmotic
pressure gradients) and volume and solute fluxes. In this
study, in addition to the above forces and fluxes, the elec-
trical potential difference and the ionic flux were used.

Accordingly, the purpose of this paper is to develop
a procedure for transforming the K-K equations for
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binary electrolyte solutions into the K-K-P equations
using the formalism developed in the context of Peusner’s
network thermodynamics. Using the obtained L-version
of the K-K-P equations, a method was developed to evalu-
ate the conversion of electrochemical energy into free
energy in a membrane system containing aqueous elec-
trolyte solutions with a concentration field and an electric
field superimposed on them. The 1% part of this paper
is an introduction. The 2" part presents the procedure
for deriving L-versions of the K-K-P equations describ-
ing the membrane transport of homogeneous electro-
lyte solutions and the equations representing L-versions
of the transport parameters L;; of the coupling coefficients
l; and (Qp); and the energy conversion efficiency coef-
ficient [(e;)r]lmar, where (i, j € {1, 2, 3}). In this section,
we also present mathematical equations for the S-energy
dissipation function (®g); derived from the K—-K-P formal-
ism describing the energy dissipation function as a func-
tion of thermodynamic forces. The equations obtained
were used to calculate the characteristics: (Dg), = fI(AP
- Amy), (A, /C), E)], (@e)L)y = fIAP — Amy), (Ami/Cy), E)),
and [(@y)]; = fl(AP - Amy), (Am,/Cy), E)], based on the char-
acteristics L;; = f(Cy) and [; = f(C), for the bacterial cel-
lulose membrane Biofill. The values of the coupling pa-
rameter and the coefficient of energy conversion efficiency
[(e;)1]max Were used to evaluate electrochemical energy
conversion.

Materials and methods
Membrane system

The membrane transport measurement system is il-
lustrated schematically in Fig. 1. This system consists
of a membrane (M), located in the vertical plane and
separating 2 aqueous NaCl solutions with concentrations
at the initial moment C;, and C; = const. (C;, = C)). The den-
sity of solutions with concentrations of C;, and C; fulfilled
the condition P, < P, = constant. In this system there are 3
driving forces (AP = P, — P, Awm = RT(C, — C), E=E, - E)),
which generate 3 fluxes (J,, J;, I).

According to the K-K formalism, the transport param-
eters of a membrane are determined by 6 coefficients: hy-
draulic permeability (L,), reflection (o), diffusion perme-
ability (w;), electroosmotic permeability (f3), transference
number (z,), and conductance ().

L-version of the Kedem-Katchalsky-
Peusner equations for electrolyte solutions

The L-versions of the K-K-P equations for homogeneous
electrolyte solutions are obtained by appropriate transfor-
mation of the classical K-K equations.!?> Two alternative
sets of these equations can be used for this purpose. In this
study, the following form of these equations is used:
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Fig. 1. A. Model of a single-membrane system; M — membrane;

P, and P,— mechanical pressures; C, and C; - total solution concentrations
(C, > C); CF, J, — volume flux; J; — solute flux; / - ionic electric current;

E, and E, - electrode potentials; B. Cross-sectional image of the Biofill
membrane obtained with a scanning microscope at x10,000 magnification

(1)
()

®3)

where: L, — hydraulic permeability coefficient, o, — reflec-
tion coefficient, w; — coefficient of diffusion permeability,
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J, — volume flux, J; — solute flux, I — ionic electric current,
A= RTAC — osmotic pressure difference, RT — the product
ofthe gas constant and the absolute temperature, AC= C, — C;
(C, > C) — concentration difference on the membrane,
C,=(C, —C)(InC,C/ Y = An(RTInC,,C; ™) — average con-
centration of the solution in the membrane, A7wr; — osmotic
pressure difference generated by solute molecules that do
not penetrate the membrane, E — the potential difference
across the membrane, 8 — electroosmotic permeability
coefficient, 7, — transference number, F — Faraday constant,
and x — the conductance coefficient.

The phenomenological coefficients appearing in equa-
tions (1)—(3) are defined by the following expressions:

(4)

(9)

To obtain the L-version of the K—-K-P equations for elec-
trolyte solutions, we will transform Equations (1)—(3) using
Peusner’s network thermodynamics methods. Considering
Equations (2) and (3) in Equation (1), we get the L-version
of Equation (1):

(10)

where

In turn, considering Equations (10) and (3) in Equation (2),
we get the L-version of Equation (2):

(11)

where
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To get the L version of Equation (3), one must transform
Equation (3) with Equation (10). As a result of these opera-
tions, we get:

(12)

where

Equations (10)—(12) can also be written in a matrix form:

(13)

where: [L] is a matrix of Peusner coefficients L; (i, j € {1,2, 3})
for binary homogeneous electrolyte solutions. Equations
(11)—(13) are one of the forms of the K-K equations ob-
tained by means of the symmetrical transformation of Peu-
sner network thermodynamics. The comparison of Equa-
tions (10)—(13) shows that for nondiagonal coefficients
Ly # Ly, L3 # L3; and Ly3 # L3,. In turn, the determinant
of the matrix [L] det[L] = L4, can be written as:

(14)

Cross coefficients L;;;.; describe the relationship be-
tween different irreversible processes. The expression

, (15)

formed from these coefficients determines the degree
of coupling. This means that the coefficient /;; is a measure
of the degree of coupling. If L;; = 0, the irreversible pro-
cesses are independent, while when /;; = £1, the irreversible
processes are maximally coupled.

Using Peusner’s definition,! the energy coupling param-
eter Q can be written in the following form:

(16)

This parameter can be used to study the efficiency and
stability of physico-chemical and biological energy conver-
sion systems.

The concept of the degree of coupling was used to de-
termine the energy conversion efficiency (e;);, 0 < (e;), < 1.
The maximum value of this coefficient is determined
by the expression:

(17)
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Equation (17) illustrates the relationship between
the degree of coupling and the maximum efficiency of en-
ergy conversion. It is worth mentioning that full coupling
(l; = 1) occurs at (e;); = 1. This means that the station-
ary states of flows characterized by minimum entropy
production are identical to the state with maximum
efficiency.

Mathematical model of energy conversion
in the membrane system

The measure of S-energy dissipation is the so-called dis-
sipation function @g, which is equal to the product of ab-
solute temperature (7) and S-entropy production (d;S/dz).
To obtain mathematical expressions for S-energy dissipation
in a system in which a membrane separates 2 homogeneous
electrolytic solutions of different concentrations, we will use
the procedure described in previous papers.2?? In stationary
state, the membrane transport of homogeneous electrolytic
solutions containing 1 solute (s) and solvent (w) is caused
by thermodynamic forces, Arr (osmotic pressure difference),
AP (hydrostatic pressure difference) and E (electromotive
force); then

(18)

where: V; and V,, denote the partial molar volumes
of the s-th and w-th component of the solution, J; and J,,
— fluxes of solute and solvent respectively, I — ionic elec-
tric current C; = (C, —C)[In(C,C; D], Cyand C; (Cy, > C)
— solute concentrations, A, = RT(Cj, —C)) — osmotic pres-
sure difference, RT — the product of the gas constant and
the absolute temperature, and E = E, — E; — the potential
difference across the membrane.

Taking into consideration the expressions: JVi+ IV, =],
and J,C, ! = J, Vi, = Jp (J, — volume flux, Jp — diffusive flux)
we can write Equation (18) in the form:

(19)

Assuming for NaCl C, = 100 mol m~3and C;=0.01 mol m3,
we get C; = 10.86 mol m~3 and 1/C; = 0.092 m® mol.
On the other hand, V = 2.3 x 10~5 m3 mol~L. This means
that (1/C,) >> V/, so Equation (19) can be written as follows:

(20)

We will now calculate the (@g); of Equation (20), using
the L-versions of the K-K-P equations.

In thermodynamic systems, including membrane sys-
tems, the internal energy (U-energy) can be converted
into free energy (F-energy) and the dissipated energy
(S-energy).2422 The fluxes of these energies satisfy the fol-
lowing equation:

(21)
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where: (@y); = A-'dU/dt is the flux of U-energy, (@F); =
A-1dF/dt is the flux of F-energy, (@s), = TA™ d,S/dt
— the flux of dissipated energy (S-energy), d;S/dt — the rate
of entropy creation in the membrane system by irreversible
processes (flux of cumulative entropy creation), 7' — ab-
solute temperature, and A — the membrane surface area.

If the solutions contain a solvent and 1 dissolved sub-
stance, then the L-version of the dissipated energy for
the homogeneous solution conditions denoted by (®s),
is described by the following equation:

(22)

where: (D), is the L-version of the dissipated energy, (Ds);,
— the dissipated energy produced by J,, (D)), — the dissi-
pated energy produced by J;, (Ds), — the dissipated energy
produced by 1, J, and J; — the volume and solute fluxes,
respectively;  is the ionic current.

Taking into consideration Equations (10)—(12) into Equa-
tion (22), we get:

The Equation (23) shows the L-version of the S-energy
dissipation. The (®y); is the dissipated energy flux, i.e.,
the time change of energy per unit area of the membrane
expressed in W/m?2. We can calculate the (@) and (@),
for the concentration polarization conditions using the fol-
lowing equation?!22;

Transforming Equation (24), we get:

where:[(er);]max is the energy conversion efficiency defined
by means of Kedem—Caplan—Peusner coefficients and can
be presented in the following form:

(26)

From a formal point of view, the cases of ¢(F);= 0 and
¢(U); = 0 are excluded, because in order for the denomi-
nator of Equations (25) and (26) to be different from 0,
the condition [(ef);]max # 1 must be satisfied.

The values of [(er);]max coefficients are limited by the re-
lations 0 < [(er)lmax < 1; [(€D)ilmax = O when Li5L,; = 0 or
Lol = 0 and [(eL)ij]max =1, when L5Ly = Ly1Ly,, and,
Ly,Ly = 1. Taking into account the Equation (26) in (25),
we get:
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To obtain the equation for [(D,).];;, it is necessary to take
into consideration Equation (26) in Equation (24). After
performing the necessary transformations, we get:

(28)

where

From the above procedure, based on the Equations (24)—(28),
we can calculate the amount of available F-energy that
can be converted into useful work and the total internal
U-energy.

Biomembrane characteristics

The nanobiocellulose as a main component of the Biofill
membrane (Biofill Produtos Biotecnolégicos S.A., Curitiba,
Brazil) is produced by Acetobacter xylinum.?3-26 Studies us-
ing a scanning microscope (Zeiss Supra 35; Carl Zeiss AG,
Jena, Germany) have shown that the structure of the Biofill
membrane is made up of fibers interwoven into a network
that is no more than 130-nm thick, consisting of micro-
fibers with a cross section of 0.1-0.2 um arranged in lay-
ers.2 The thickness of the membrane in its hydrated state
is about 20 pm. The Bioprocess membrane is symmetric,
isotropic and electrically neutral.

The values of transport coefficients (L,, 0, 0 f, K, t.)
of the Biofill membrane, appearing in Equations (1)—(3)
and defined by Equations (4)—(9), were taken from the pre-
vious work.?® This paper describes the methodology for
determining these coefficients in a series of independent
experiments. The values of transport coefficients L, o, and

Table 1. Dependencies = f(Cy), k = f(Cy), and t. = f(C)) for Biofill bacterial
cellulose membrane and aqueous NaCl solutions

0.06 8.5 045 04
0.1 6.0 0.5 0.5
0.6 2.0 0.9 04

1 1.2 1.3 03
3 0.5 1.5 0.22
5 04 1.7 0.18
7 0.2 20 0.15
10 0.02 24 0.12
15 0.01 70 0.1
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w; in the studied range of NaCl concentrations are constant
and amount to L,= 6.5 x 107! [m?*/Ns], g, = 0.36 x 10~ and
s = 17.1 x 107!° [mol/Ns]. In turn, the values of trans-
port coefficients 3, k and ¢, in the studied range of NaCl
concentrations are concentration-dependent. The depen-
dencies 8 = f(Cy), xk = f(Cy) and ¢, = f(C,) are summarized
in Table 1.

Bacterial cellulose membranes are used for both biomed-
ical and non-medical purposes. For biomedical purposes,
they are used as dressings in the healing process of burns
and venous leg ulcers, and in the manufacture of prosthetic
blood vessels and as a selective barrier in the controlled
release of drugs.>?3-25

Results

Characteristics of L; = f(C)) (i,j {1, 2, 3})
and Lge: = f(Cy)

Calculations of the coefficients L; = f(C) (i,j € {1, 2, 3})
and L., = f(C,) were performed for the following data:
R =8.31J/mol K, T = 295 K and F = 9.65 x10* C/mol,
and C, = 0.06 + 15 mol/m3, C; = 0.01 mol/m®and C;, = 0.2
+ 144 mol/m?. To calculate the dependencies L; = f(C)),
(47 € {1, 2, 3}) and Ly, = f(Cy), the Equations (13)-(17)
were used. The results of the calculations are presented
in Fig. 2A—F. They show that the coefficient L;; is indepen-
dent on C,. Therefore, its value is constant and amounts
to Ly; = 6.49 x 1071 m3/N.

The values of coefficients L; = f(C,) (i,j € {1, 2,3}) and
Lo = fICy) are dependent on C; as is illustrated in Fig. 2A—F.
Most of the calculated flux-force coupling coefficients
(L;) in general depend non-linearly on the concentration
of the substance in the membrane, except the coefficients
Ly = Ly; (showing linear dependence on concentration)
and the almost linear dependence of the coefficient Ly,
on the NaCl concentration in the membrane. The values
of these coefficients are positive except for the L3; coef-
ficient, which is negative in the entire range of considered
concentrations. Figure 2A shows that the values of coef-
ficients Ly, ~ L,y are positive and increase with increasing
value of C,. Figure 2B demonstrates that the characteris-
tics L1z # L3 = f(C,) are nonlinear. The values of coefficient
L;3 are positive and decrease with increasing value of C..
In contrast, the absolute values of coefficient Ls; decrease
with increase of C,. A positive coefficient L; means that
an increase in the corresponding thermodynamic force
j causes an increase in the corresponding flux i. The abso-
lute values of coefficients L;3 and L3; decrease as the con-
centration of the substance in the membrane increases.
In turn, the remaining coefficients (except Ly; and L3,
which show extreme values) increase with increasing con-
centration in the membrane. The linear increase of the L;
coefficient with the concentration in the membrane means
that a change in the corresponding thermodynamic force
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Fig. 2. Graphical representation of the dependencies L; = f(Cy) (i, j € {1, 2,3}) and Lger = f(C)) for aqueous NaCl solutions. A. Ly, = Ly = f(C); B. L3 # Ly = f(C);

Clyy=fC);D. Lys # L3 = f(C); E. L33 = IC); F. Lger = IC)

on the membrane (j) causes a proportional increase
in the corresponding flux (i). Non-linear changes of the L;
coefficient make the force-flux relationship more compli-
cated. The greater the slope of the L;; — concentration de-
pendence (i.e. the greater the derivative of L; with respect
to concentration), the greater an influence of given thermo-
dynamic force on the relevant flux. The most interesting
dependence on concentration is observed for the coeffi-
cients L,3 and Ls,, which, after a large increase in the nar-
row range of low concentrations (up to a concentration

of about 1 mol/m?3), show a slight reduction or even stabi-
lization of the coefficient in the concentration range from
1 mol/m? to about 10 mol/m3. Above the concentration
of 10 mol/m?, increase of the concentration in the mem-
brane causes a further non-linear increase in the L,; and
L3, coefficients, but smaller than that observed in the low
concentration range (up to 1 mol/m3). These nonlinear
dependencies of the coefficients on concentration are
related to the structure of the membrane itself and its
impact on individual transported substances, and thus
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Fig. 3. Graphical representation of the dependencies /; = f(C)) (i,j € {1, 2,3}) and (e))jlmax = IC)), for aqueous NaCl solutions. A. f; = Iy = f(C)); B. Ly = L3, = f(Cy);
C. Lz # L3 = fIC); D. (ep)12)max = €0)21)max = (CY; E. (€0)23)max = (€1)32)max = fICY) and (€1)13)max = (€1)31]max = AC)

indirectly on the interaction of substances transported
through the membrane.

Figure 2C shows that the characteristic Ly, = f{C;) is non-
linear and values of L,, are positive. Figure 2D demon-
strates that the characteristics L3 # L3, = f(C,) are non-
linear and values both Ly; and L3, are positive. The curve
shown in Fig. 2E shows that the L33 = f(C,) characteristics
are nonlinear and the L; values are positive. L., = f(C)
characteristics are also nonlinear and L, values are
positive.

Characteristics I;; = f(C;) and [(e));lmax = F(C))
(ije{1,2,3})

Taking into account the results of calculations ob-
tained for dependencies L;; = f(C)), (i, j € {1, 2, 3}) shown
in Fig. 3A-C in the Equation (15), the dependencies
l;j = fIC,) were calculated and presented in Fig. 3A—E.

The curves presented in Fig. 3A show that the charac-
teristics l1, = flC;) and ly; = f(C) are nonlinearly dependent
on concentration, besides /1, = l5;, and these curves are
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of saturation type. Figure 3B shows the characteristics
of the /13 = f(Cy) and I3; = f(C,). Figure 3B illustrates also that
the values of /5 are positive and /5, are negative. Moreover,
these characteristics are symmetrical about the axis pass-
ing through the point of zero concentration. The I3 = f{Cy)
and /3, = f(C,) characteristics shown in Fig. 3C are also
nonlinear. These characteristics are of hyperbolic type.
In addition, /53 = /3, in whole range of studied concentra-
tions. A comparison of Fig. 3A, 3B and 3C shows that /;; =
Iy1 > Iy = I35 > L3 > [51. The coupling coefficients [;; between
processes occurring in the membrane have values ranging
from 0 (no coupling) to 1 (complete coupling). Coupling
coefficients with the same indexes (the same process) /;;
are equal to 1. The coefficients /;, (characterizing coupling
of processes <<J, | Ap — Am; >> < <<J; | Amy/Cy>> suitably)
and /,; increase with increasing concentration in the mem-
brane, which indicates greater coupling of these processes
with increasing concentration. This may indicate an in-
creasing role of the membrane in the interaction be-
tween these processes as the concentration of substances
in the membrane increases. In turn, the coefficients /,3 and
I35 (coupling of processes << J; |Amzy/Cs >> < <<I | E >> re-
spectively) reach higher values at low concentrations (high
coupling) and gradually decrease with increasing concen-
tration in the membrane to a value close to 0 (no coupling)
for concentrations higher than 8 mol/m3.

Considering the /;= f{C,) dependencies shown in Fig. 3A-C,
and Equation (17), the dependencies [(er);]max = f(C,) were
calculated. The coefficients (e;);, characterize the effi-
ciency of energy conversion in the membrane. The curves
presented in Fig. 3D show that the characteristics [(e1)1]
max = fICy) and [(er)almar = f(Cy) are linear and [(e)r]
max = [(€1)21]max- These coefficients increase linearly from
0 (inefficient energy conversion) for low concentrations
to values of approx. 0.12 for a concentration in the mem-
brane of 15 mol/m3. Figure 3E shows the characteristics
[(er)23]max = AIC)) and [(e)s2]max = AICy). These character-
istics are nonlinear and are of hyperbolic type. In addi-
tion, Fig. 3E shows that [(eL)23]max = [(€L)32]max- Similarly,
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the characteristics [(eL)IS]max :f(Cs) and [(eL)Sl]mzzx :f(Cs)»
illustrated in Fig. 3F are of hyperbolic type. In addition,
Fig. 3F shows that [(e1)i3]max = [(é1)31)max- A comparison
of Fig. 3D, Fig. 3E and Fig. 3F shows that [(e.)12)ax = [(€1)21]
max > [(eL)23] max = [(eL)SZ]max > [(eL)IS] max = [(eL)Sl]max' The co-
efficients presented in Fig. 3E,F, characterize energy con-
version in the membrane decrease with increasing con-
centration, with the highest rate of coefficient reduction
being observed in the concentration range from 0 to ap-
prox. 1 mol/m3. For concentrations greater than 2 mol/m3,
the values of these coefficients are almost equal to 0 (in-
efficient energy conversion processes in the membrane).

Characteristics (®s), = f[(AP - Amy),(Am/Cy),E],
[((DF)L]U = fl(AP - Amy),(Amrs/Cy),E]
and [(®y);; = fI(AP - Am),(Am,/Cy),E]

Taking into account the results of the calculations ob-
tained for L; = flAm), (i, j € {1, 2}) (Fig. 2A—E) in Equation
(23), the dependencies (@), = fA7/Co)-const. and (Ds),.
= flE) AngiCy-const. Were calculated. The results of calculations
are presented in Fig. 4A,B. The graphs shown in Fig. 2A-E
are 2"4 degree curves.

From Fig. 4A,B, it can be seen that (@s); increases both
with the increase of Am,/C; at a fixed value of E and with
the increase of E at a fixed value of Arm,/C,. It should be
noted that AP — Az, had no effect on (®s);, as the values
of AP — A, were chosen so that AP — At = 0. The function
(@), as the flux of energy dissipated in membrane pro-
cesses allows to estimate the part of the energy required for
membrane transport that is dissipated in the environment
as heat. In the analysed cases, this function is nonlinearly
dependent on both thermodynamic forces on the membrane
and symmetrical with respect to zero value of thermody-
namic force. In the case of small concentrations (or small
electric fields), the energy dissipated is small and increases
as the thermodynamic force increases. The increase
of this function is larger for the greater thermodynamic
force. The shape of the curves resembles parabolas. For

B

Fig. 4. Graphical representation of the dependencies [D(S) J¢-const. = AAT/C) (i,j € {1, 2,3D) and [D(S) Janyc,~conse = f(E), for aqueous NaCl solutions
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Fig. 5. Graphical representation of the dependencies (@) 112)e=const. = AABM1/Co) (), (@) 112)e=const. = (BT1/CY) (B), (@R )12)any/c,=const. = FE) (C) and

(@) di2)amyc=const = f(E) (D), for aqueous NaCl solutions

the thermodynamic force Ar,/C; (Fig. 4A), large changes
in the dissipated energy flux are observed above 16 kJ/mol,
while for greater established 2"¢ thermodynamic force E,
significant changes in @(S), are observed for greater values
of Arr,/C;. The dependence @(S); = f(E) is analogous when
A,/Cy is constant, but for E values lower than 0.5V, @(S);
increases slightly and only above this value changes of @(S),,
are significant, is larger for greater osmotic pressure dif-
ference (Ar,/C). This indicates that the amount of energy
dissipated in membrane processes increases with increasing
thermodynamic force on the membrane, due to the fact that
at small forces, the influence of the membrane on the trans-
ported substances and at the same time on the energy dis-
sipated in this transport is small. Increasing thermodynamic
forces, especially osmotic force, cause a higher concentra-
tion of substances in the membrane and a greater influ-
ence of the membrane on transport of substances and cause
greater dissipation of energy in membrane.

Taking into account the results of calculations obtained for
dependencies [(e1)12]max (shown in Fig. 3D) in Equations (27)
and (28), and dependencies [D(S)1,]e=consr. = f(Am/Cy),
(D) 1)angcs=const. = JIE) presented in Fig. 4A,B, the de-
pendencies ([(Pp);l12) e=const. = AT/ Cy), ([(Dus)r)12) E=const.
= fldms/C)), ((Pr)ho)angicy=const. = AE), ([(Pu)iha)anycy=const.

= f(E) were calculated. The results of calculations
are presented in Fig. 5A-D. Comparing the data for
([((DF)L]D)E:const, =f(Aﬂs/Cs) and ([((Z)U)L]H)E:const. :f(Aﬂs/Cs)
shown in Fig. 5A,B and the data for ([(Dr)1]12)an/c,=const.
:f(E) and ([(®U)L]12)An5/Cs:consL :f(E) shown in Flg SC:D:
it can be seen that [(Dg);]12 = 0.1 « [(Dy)L]i2.

As shown in Fig. 5A-D, both the internal energy flow
(@), and the free energy flow (Dr), are symmetrical with
respect to the 0 values of both thermodynamic forces
Am,/C, with a fixed E = const., and E with a fixed ther-
modynamic force Am,/C; = const. As one of the ther-
modynamic forces increases, regardless of its direction,
the values of both energy fluxes increase nonlinearly.
The larger the value of the thermodynamic force,
the larger the energy fluxes are observed. This may re-
sult, as in the previous cases, from the increased influence
of the membrane on the transport processes for larger
thermodynamic forces. As could be expected, the values
of the internal energy flux are much higher than the val-
ues of free energy flux converted into mechanical work
related to the transported substances. Taking into account
Equation (21), which combines the considered energies,
and the corresponding Fig. 4,5, it can be concluded that
the flux of released internal energy (@), in membrane
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Fig. 6. Graphical representation of the dependencies (@) 123)e=const. = f(A71/C5) and (@A J1)anyc=const. = f(E), for aqueous NaCl solutions

processes is converted into 2 fluxes: of free energy (@),
and dissipated as heat @(S);,. For the membrane processes
considered, the energy flux dissipated in the form of heat
@(S), is about 10 times larger than the free energy flux
(@p);. By comparing (Df); to (Dy);, the average efficiency
of the observed processes can be estimated and is approx.
1/11 = 9.1%.

Taking into account the results of calculations obtained for
dependencies [(e1)23),mqx (Shown in Fig. 3E) in Equations (27)
and (28), and dependencies [(Ds)1]r-const. = flAT/Cy) and
[(Ds)i)angcy-const. = fIE) presented in Fig. 3A,B, the depen-
dencies ([(PF)1]23) e=const. = flAT,/Cy) and ([(®F)L]23)An5/Cs=canst.
= f(E), were calculated. The results of calculations are pre-
sented in Fig. 6A,B.

The comparison of the data presented in Fig. 5A,
Fig. 6A, Fig. 5C, and Fig. 6B shows that ([(Pp);]12)e=const.
is 3 orders of magnitude larger than ([(@f)1]23)E=const.»
while ([(@F)1]12)anyCo=conse. is 2 orders of magnitude larger
than ([(QF)L]23)Ans/CS:const.' Therefore, ([(®U)L]12)E:const‘ =~
([(®S)L] 23)E:const, and ([(®U)L]IZ)AHS/CS:const. = [(®S)L]Ans/cszconstn

Similar reasoning can be done for ([(Pf)L]12)E-const.»
(@) 1)13) E=const.r ([(Pi)r)12)E=conse. and ([(®U)L]l3)An5/Cs=canst.-
Due to the fact that [(ep)12]max >>[(€0)13)max 50 ([(PF)L)13) E=const.
<< ((@p)1]12)E=const.- This means that ([(DPy)r]12)-const. =

[(®S)L]E=const. and ([((DLI)L]H)AHS/CS:const. = [((DS)L]Anleszconstx

Discussion

According to the Peusner network formalism, appro-
priate transformations of the classical K-K equations
for electrolyte solutions lead to L versions of the K—-K-P
equations for electrolyte solutions for 3 thermodynamic
forces (AP, Am, and E) and 3 fluxes (/,, J; and I). The re-
sulting equations include the Peusner coefficients L;
(6,7 €11, 2, 3}) and L 4., which characterize the transport
properties of any membrane. There are 9 coefficients
in these equations — that is, the 3" thermodynamic

force (E) introduces 5 additional coefficients: L3, L3,
Lys, L3y, and Lss. The Peusner coefficients are useful for
calculating the degree of coupling, which is determined
by the coefficients 15, lr1, l13, 31, lo3, and I3. It is well
known that when /;; = 0, the irreversible processes are
independent, whereas when [;; = £1, the irreversible pro-
cesses are maximally coupled.

The data presented in Fig. 3A show that, in the concen-
tration range 0 < C, < 15 mol/m3, the coupling coeffi-
cients /;, and [, take values in the range 0 < /15 = [5; < 0.64.
This means that the irreversible processes in membrane,
measured using the fluxes J, and J;, are strongly coupled
to each other and that the coupling increases with in-
creasing C,. In contrast, the data presented in Fig. 3B
show that, in the same C, concentration range, the cou-
pling coefficients /;3 and /3; take the values in the ranges:
0.046 > I3 > 2.1 x10~* and —0.046 < ;5 < 2.1 x10~*. This
means that the irreversible processes, whose measures
are the fluxes /, and I, are weakly coupled to each other.
The data presented in Fig. 3C show that in the concentra-
tion range 0 < C; < 15 mol/m3, the coupling coefficients
l13 and I3, take values in the range 0.27 > /3 = /35 = 0.014.
This means that the irreversible processes, whose mea-
sures are the fluxes J; and 7, are coupled to each other, but
this coupling decreases nonlinearly with increasing solute
concentration.

According to the procedure proposed by Peusner,
the coefficients iy, lr1, l13, l31, lr3, and 35 can be grouped
into the coefficient (Q,); expressed by Equation (16). From
this equation, 0 < (Q;);; < 1. The concentration dependence
of (Qy);; coefficients are presented in Fig. 7.

From Fig. 7A, it can be seen that in the concentration
range 0 < C, < 15 mol/m?, (Q;),, takes the values in the range
0 < (Qp)12 £0.22. This means that the irreversible processes
associated with the fluxes /, and J; are coupled. Figure 7B
shows that in the same concentration range (Q,);3 satisfies
condition 0.106 x 1072 > (Q;)15 = 2 x 10~*and (Q;),3 satisfies
condition 3.68 x 1072 > (Q;);3 = 0.92 x 10~*. This means that

13,27,28
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Fig. 7. Graphical representation of the dependencies (Q,); = f(Cy) for aqueous NaCl solutions: (Q)), = f(C) (A), (Q)s = fIC) and (Q)»3 = A(C) (B)

the irreversible processes associated with J, and I fluxes
and J; and I fluxes are decoupled.

The conversion of electrochemical energy is a significant
natural process. Internal energy, also known as U-energy,
is not a usable form of energy.?’-3° Instead, free energy
or F-energy is the useful form.

The electrochemical energy conversion evaluation
method presented in this study uses dissipative energy
(S-energy), the measure of which is the dispersion function
(@s); and the energy conversion efficiency factor [(er);]max-
The measure of F-energy is [(Dr).];; and of U-energy is [(D,)
li- The pioneering work of Kedem, Caplan and Peusner
is one of the premises for the development of Peusner’s
network thermodynamics.!327-30

Conclusions

The L version of the K-K-P equations presented in this
study, which contains 3 fluxes (J,, J, I) and 3 thermody-
namic forces (Am, A, E), introduces 10 Peusner coef-
ficients L; (i, j € {1, 2, 3}) and L. These coefficients can
be calculated using the transport parameters L,, o; and
®,, which determine the fluxes J, and J;, and the transport
parameters 3, 7. and k determining the flux 1. Five of them
(L13, L31, Lys, L3y, and Ls3) are a consequence of considering
the additional thermodynamic force E and flux I. The co-
efficients L1y, L3, L31, L33, and L3, are necessary to define
the 3 groups of coefficients: 15, [y, l13, I31, l3, and l3p; (Qp)12,
(Quhs and (Qp)2s; [(ethalmaxs [(€0)21]maxs [(€1)23]mass [(€1)32) maxs
[(e)13]maxr and [(er)s1]mas- The coefficients L;; (i, j € {1, 2, 3})
are needed to calculate the energy dissipation (@s);.

The equations describing the energy dissipation (Ds);
take the form of equations that are the sum of quadratic
equations of 3 variables: AP, A and E. The characteristics
[D(S)1le=const. = AT/ C) (i, ] € {1, 2,3}) and [D(S) 1] angicy=const.
= f(E) are 2" degree curves located in the 1°tand 2" quad-
rants of the coordinate system. Equations for (@s); and

for [(eL)12]max1 [(eL)Zl]mam [(eL)23]mux) [(eL)32]muxr [(eL)13]max:

or [(er)s1]max are required to examine the energy conversion,
and calculate the characteristics [(PF)1]12) e-const. = I/ Cy),
[((DF)L]H)AHS/CS:consL = fIE), ((@w) )12 E=const. = flATT/Cy), and
((@w)th2)angcy=const. = fE).
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