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In order to provide a novel analytically traceable free space optics (FSO) channel model for de-
scribing turbulence based irradiance fluctuations, following basic scintillation theory principles, 
we have derived closed-form expression for probability density function (PDF) of a new statis-
tical Gamma–Chi-square model. Further, capitalizing on provided model, error performances of 
FSO system over on–off keying (OOK) transmission scheme both in the presence of atmospheric 
turbulence and misalignment fading (pointing error) is investigated. For both cases, the average 
bit error rate (ABER) at the receiving side of the system is determined in an analytically closed 
form. The results are graphically presented in order to analyze the impact of different levels of tur-
bulence, as well as other relevant parameters, on the quality of the received signal in the OOK mod-
ulated FSO system. 

Keywords: free space optical (FSO), Gamma–Chi-square distribution, atmospheric turbulence, pointing 
error, on–off keying (OOK). 

1. Introduction 

One of the main issues in the process of analyzing transmission aspects of free space 
optics (FSO) is introducing analytically tractable mathematical model for probability 
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density function (PDF) of randomly variable irradiance signal fluctuating under at-
mospheric induced turbulence. Up to now many various channel distribution models 
have been proposed for modeling different levels of atmospheric turbulence influence: 
Lognormal–Rician model [1], K model [2], I-K model [3], Gamma–Gamma model [4], 
Malaga model [5], double Weibull model [6], double generalized Gamma model [7]. 
The double generalized Gamma distribution, includes important distributions such as 
Gamma–Gamma, double Nakagami, double Weibull, and double Rayleigh, and it can 
also efficiently describe the Nakagami/Rayleigh–Lognormal as well as Gamma–Gam-
ma [8]. For all these models it has been shown that they fit obtained measurement 
results in a wide range of turbulence conditions, since they are all formed by simulta-
neous influence of both independent large-scale and small-scale turbulence eddy effects. 
In [9, 10] it has been explained how Lognormal–Rician excellently matches simulated 
and experimentally obtained data. However, in [10] PDF and CDF of Lognormal 
–Rician model they are approximated, since their forms are not analytically traceable 
in closed-forms. In [11–16] it has been shown how Rician (Chi-square) model can ef-
ficiently model turbulence eddy effects in a wide range of conditions. 

Motivated by the issues stated above, in this paper we will propose a novel analyt-
ically traceable Gamma–Chi-square (Gamma–Rician) PDF model, obtained as a prod-
uct of Gamma model and Chi-square (Rician) model. Based on results and analysis 
[4, 10, 11, 17, 18], Gamma model excellently represents a small-scale, while Chi-square 
(Rician) model represents large-scale turbulence eddy effects. Further, we will gener-
alize our PDF model, by taking into account performance deteriorating effects of mis-
alignment-induced fading, through introducing a boresight pointing error model into 
newly obtained Gamma–Chi-square distribution, similarly as these effects were taken 
into account in [19–22]. Closed-form PDF expressions will be derived for such 
FSO channel model, which is another contribution of this manuscript. Finally, in order 
to carry out a comprehensive performance analysis of FSO transmission with on–off 
keying (OOK) over our newly introduced channel model, we will observe standard per-
formance criterion of average bit error rate (ABER) and will analyze it in the function 
of transmission system parameters. For both cases, in the presence of atmospheric tur-
bulence with and without misalignment fading, the ABER expressions at the receiving 
side of the system are determined in an analytically closed form. Our performance anal-
ysis can be seen as a generalization of the analysis provided in [22–24]. 

The following structure of the manuscript is organized in several sections. In Sec-
tion 2, the obtained PDF expressions for analyzed system models are given, both for 
atmospheric turbulence and pointing error case. In Section 3, initial and analytical close 
form expressions for the ABER for Gamma–Chi-square distribution in both mentioned 
cases are derived and presented. The obtained numerical results are presented and dis-
cussed in Section 4, for different levels of atmospheric turbulence and different values 
of relevant parameters. Obtained results have been analytically verified through Monte 
Carlo simulations. Section 5, summarizes the conclusions. 
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2. System and channel model 

2.1. Atmospheric turbulence model 

As previously stated, a well-known approach in the scintillation theory [4] is to express 
the irradiance of the received optical wave as the product of two irradiances occurring 
from small and large scale turbulent eddies, i.e. Ia = Ix Iy, with assumption that Ix , Iy 
are statistically independent random processes. The signal is mostly affected by ran-
dom variations in the refractive index across the different atmospheric eddies, which 
are a consequence of turbulence. During the optical signal transmission through the 
atmospheric channel, the laser beam and eddies interact, which results in phase and 
amplitude fluctuations of the received optical signal [4, 5, 25]. To develop a PDF mod-
el of the irradiance consistent with the theory, we make the assumption that small-scale 
and large-scale irradiance fluctuations are governed by Gamma and Chi-square distri-
bution models, models that both excellently represent small-scale and large-scale tur-
bulence eddy effects, respectively [4, 7, 13–16]. 

Chi-square distribution is given by the expression [11, 26]: 

1 + K  = ----------------- expfI Ixx ΩP 

1 + KIx–K – ---------------------------
ΩP 

 K1 + K  
I02 ------------------------- Ix  , Ix > 0 (1)

Ω P  

where Ix is the irradiance at the receiver, K is the ratio of the power of the LOS com-
ponent to the average power of the scattered component [11], ΩP is the total received 
signal power, while Iυ(·) is the υ-th-order modified Bessel function of the first kind 
[27, Eq. 8.431]. 

Gamma distribution is given by the expression [4]: 

α – 1α α I y
 y --- -- -- -- -- -- -- y (2)fI I = - -- -- -- -- -- -- - exp –α I , Iy > 0, α > 0 

y Γ α   

where Iy is the irradiance at the receiver and Г (·) represents the Gamma function [27, 
Eq. 8.310]. The parameter α is the atmospheric turbulence parameter that represents 
the effective numbers of small-scale eddies of the scattering environment. This is the 
parameter of the atmospheric turbulence which for the propagation of plane waves and 
zero inner scale can be expressed as [4, 22]: 

–1
 

0.49σR 
2 

1 1.11σR
12/5+ 7/6  

-------------------------------------------------

 
 

α = exp – 1  (3) 
  
  

where σ2 represents the Rytov variance used to determine the intensity of the opticalR 
signal due to atmospheric turbulence, and is defined as: 

2 2 k7/6  L11/6σ = 1.23C (4)R n 
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The parameter Cn 
2 denotes the index of refraction used as a measure of the turbulence 

strength. For the horizontal propagation path, the parameter Cn 
2 is considered constant 

with mean values from 10–17 to 10–13 m–2/3 for channels from weak to strong turbu-
lence, respectively. The parameter k is an optical wave number, defined as k = 2π/λ 
with wavelength λ, while L is the distance between the transmitter and the receiver, 
i.e. the length of the optical signal propagation. 

Using identity Ia = IxIy, for atmospheric turbulence model the PDF can be obtained as: 

 
fI I = fI     I Iy Iy d Iy (5)fI  a aa x y

0 

By substituting Eqs. (1) and (2) into Eq. (5) and expressing the modified Bessel 
function of the first kind Iυ(·) in Eq. (1) in the form of an infinite series [27, Eq. 8.445], 
as well as by using the solution of the resulting integral given by [27, Eq. 3.478.4], we 
obtain the closed-form expression for PDF for the Gamma–Chi-square model as follows: 

α + m + 1 
 2Km exp –K  α 1 + K   2

fI Ia = ---------------------------------------------- -------------------------
a 
    Γ α Γ m + 1m!  ΩP 


m = 0 

α + m – 1---------------------------  α 1 + K  
 2 2 ------------------------- Ia  (6)Ia Kα – m – 1  Ω P  

where Kυ(·) is the υ-th-order modified Bessel function of the second kind [27, Eq. 8.432]. 
Based on Eq. (6) mathematical expectations for observed PDF can easily be pre-

sented in a form of: 

 

E I a = Ia fI Ia dIa = ΩP (7)
0 

   
a 

 K2 
2 2 α + 1 + 4K + 2

E I  I I dI = Ω --- -- -- -- -- -- -- -- -- -- - - -- (8)  = 2 fI    -- -- -- - -- -- -- -- -- -------a a a a P a α 2
0 K + 1 

The scintillation index for the given model now can be presented as: 

2 
K2E I a α + 1 + 4K + 2

SI = ------------------- – 1 = --------------- ----------------------------
2
----- – 1 (9)

αE 2 I K + 1   a 

The instantaneous signal-to-noise ratio (SNR) can be derived as follows [26, 27]: 

μ μa 2 a 2γ = ------------------- = ----------- Ia (10)a 
   

Ia 
Ω2E2 Ia P 
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Fig. 1. PDF for the Gamma–Chi-square channel model observed for strong and weak atmospheric turbu-
lence. 

where µa represents the average electrical SNR [28, 29]: 

   2PT R 2 2PT R ΩP
2 

------------------------ E2 Iμ =   = -------------------------------- (11)a 2 a 22σ 2σN N 

while PT denotes the average transmitted optical power, R is the detector responsivity, 
and σN is the noise variance. 

Using Eqs. (6) and (10), after some mathematical manipulations, the PDF of in-
stantaneous SNR can be obtained: 

α + m + 1 
 Km exp –K  α 1 + K   2

fγ γ = --- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -   - ---- -- -- -- -- -- -- -- -- -- - -- -- --- -- -- -- aa  Γ α Γ m + 1m!  μ am = 0 

α + m – 3  γa  γa
4 Kα – m – 1 

2 α 1 + K  -------- (12)μa  

Figure 1 shows the PDF curves for newly derived irradiance model when different 
values of the K factor are observed (strong and weak turbulence). 

2.2. Pointing error model 

Beside the atmospheric turbulence, the pointing error is another effect which can in-
fluence the attenuation of the signal in the channel of the FSO system due to the wrong 
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pointing of the transmitting laser and the receiving detector. The zero boresight model 
describes the positioning error which is considered including the optical beam radius 
at a certain distance from the transmitter, and the circular detector aperture radius and 
jitter variance [19, 21, 28, 29]: 

2ξ ξ 2 – 1
fI I = ------------ , 0  I  A0 (13)   -Ip 2 p pp 

A0 
ξ 

The parameter A0 = [erf(v)]2 represents the maximal fraction of the collected power, 
where erf(·) is the error function [27, Eq. 8.250.1], and v = π a / 2  wL with a being 
the radius of a circular detector aperture, while wL is the optical beam radius at the 
distance L from transmitter. The parameter ξ = / 2 σ  is the ratio between thewLeq s 
equivalent beam radius at the receiver , and the pointing error displacement stand-wLeq 

2 2ard deviation (jitter) at the receiver σs, where wLeq = wL π erf v / 2 v exp –v2. 
Following the same procedure as in [19], by using identity I = Ia Ip, for this pointing 

error model a novel PDF can be obtained as: 

 
 I = I I   I d I (14) a fI a afI 

I /A0 

fIp a 

By substituting Eqs. (6) and (13) into Eq. (14) and representing the modified Bessel 
function of the second kind Kυ(·) by the Meijer G function as [27, Eq. 9.34.3], as well 
as by using the solution of the resulting integral given by [30, Eq. 07.34.21.0085.01], 
we obtain the expression for PDF for pointing error for the Gamma–Chi-square model 
as follows: 

 ξ 2 α1 + KKm exp –K  3 0 I = ---------------------------------------------------------------fI  - G1 3A0 ΩP Γ α Γ m + 1m!  
m = 0 

α1 + K  2
ξ------------------------- I (15)2
ξ – 1 α – 1 mA0 ΩP 

after applying the relation [27, Eq. 9.31.5] to transform Meijer G function. 
In the Table, the number of terms to be summed in order to achieve accuracy at the 

desired significant digit is depicted. The calculation was performed for the parameters: 
Ωp = 1, ξ = 1.25, A = 0.0197921, t = 0.1. As we can see from the Table, the increase in 
the K factor increases the number of terms to be summed in order to achieve accuracy 

T a b l e. Terms need to be summed in the expression for cumulative distribution function of PDF in 
Eq. (15) to achieve accuracy at the 6th significant digit presented. 

Atmospheric K factor 
turbulence K = 1 K = 3 K = 6 

α = 4.02 (strong) 9 15 19 

α = 6.90 (moderate) 9 17 21 

α = 18.32 (weak) 14 19 28 

https://07.34.21.0085.01
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at the 6th significant digit. For higher values of atmospheric turbulence, a higher num-
ber of terms to achieve accuracy at the 6th significant digit is required. 

Based on Eq. (15) mathematical expectations of derived PDF can easily be obtained as: 

 2 

E I  = I fI  I dI = A0 Ω ------------------- (16)P 2 
ξ 

0 ξ + 1 

 2 K2 
2 ξ α + 1 + 4K + 2

E I 2 = I2 fI  I dI = A0
2 Ω ------------------- --------------- -------------------------------- (17)P 2 2 α0 ξ + 2 K + 1 

while the scintillation index for the given model can be expressed as: 

E I 2 α + 1 ξ 2 + 1
2 

K2 + 4K + 2 
-- -- -- --- 1  = -- -- -- --- -- -- -- -- -- - -- -- -- -- -- -- -- --SI = -- -- -- -- -- – ---- -- --- -- --

2
-- -- -- -- -- -- -- --- -- -- --

2
-- - – 1 (18)

E 2 I α ξ + 2 K + 1 

The instantaneous SNR can be expressed in this case as: 

2 2μ μ ξ + 1
γ = ------------------I2 = ------------------------------ I2 (19)

E 2 2 Ω2 ξ 4 I A0 P 

where µ represents the average electrical SNR: 

2 2 22PT R 2PT R A0 ΩP ξ 
μ = ------------------------- E 2 I = ------------------------------------------------ (20)

2 2 222σN 2σ ξ + 1N 

Using Eq. (15) and Eq. (19), after some mathematical manipulations, the PDF of 
instantaneous SNR can be obtained: 

 ξ exp –K  3 0  
2 Km 

fγ γ = ------------------------------------------------ G1 3 2 Γ α Γ m + 1m!γ 
m = 0 

3. Performance analysis 

ξ 2α1 + K  γ 
2 μξ + 1 

2
ξ + 1 

(21) 
2
ξ  α m + 1 

The ABER which depends on the SNR at the receiver for an optical signal transmitted 
by FSO system with the OOK modulation scheme can be expressed as [31, 32] 

γ  1 
Pe = ------erfc---------- fγ γ dγ (22)

0 2  2  

where erfc(·) is a complementary error function [27, Eq. 8.250.4], and fγ(γ) represents 
PDF of instantaneous SNR of the received signal. 
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3.1. Atmospheric turbulence model 

Substituting Eq. (12) into Eq. (22), and then representing erfc(·) by the Meijer G func-
tion as [33, Eq. 06.27.26.0003.01] and the modified Bessel function of the second kind 
Kυ(·) by the Meijer G function as [27, Eq. 9.34.3], we get the resulting integral. By 
using the solution of the resulting integral given by [30, Eq. 07.34.21.0013.01], we de-
rive the ABER expression for atmospheric turbulence Gamma–Chi-square channel 
model as follows: 

 2α + m – 2 Km exp –K  4 2μP   = -------------------------------------------------------G2 5e a  π3/2  Γ α Γ m + 1m! m = 0 

α21 + K 2 

4 μa 

1
1 -----

2 

α α + 1 m + 1 m + 2 --- ---------------- ----------------- ---------------- 0
2 2 2 2 

(23) 

Based on the definition of the average electrical SNR in Eq. (11), the ABER can 
be represented as a function of the average optical power at the transmission PT, as: 

+ m – 2 2α Km exp –K 
P   = --------------------------------------------------------e PT  π3/2  Γ α Γ m + 1m! m = 0 

4 2 G2 5  
 
 

3.2. Pointing error model 

By substituting Eq. (21) into Eq. (22), and representing erfc(·) by the Meijer G function 
as [33, Eq. 06.27.26.0003.01], as well as by using the solution of the resulting integral 
given by [30, Eq. 07.34.21.0013.01], we derive the ABER expression for pointing error 
Gamma–Chi-square channel model as follows: 

 2α + m – 3 2 Kmξ exp –K
P  μ = --------------------------------------------------------e  π3/2  Γ α Γ m + 1m! m = 0 

5 2 G3 6 

2α21 + K2σN 
2 R 2Ω28PT P 

ξ 4α21 + K2 

2 24 μ ξ + 1 

1
1 ----

2 
(24) 

α α + 1 m + 1 m + 2 ----- --------------- ----------------- ----------------- 0
2 2 2 2 

1 ξ2 + 2
1 ---- ------------------

2 2 
(25) 

2ξ α α + 1 m + 1 m + 2--------- ---- --------------- ----------------- ----------------- 0
2 2 2 2 2 

Based on the definition of the average electrical SNR in Eq. (20), the ABER can 
be represented as a function of the average optical power at the transmission PT, as: 

https://07.34.21.0013.01
https://06.27.26.0003.01
https://07.34.21.0013.01
https://06.27.26.0003.01
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+ m – 3 2α ξ 2 Km exp –K 
= Pe PT  π3/2  Γ α Γ m + 1m! m = 0 

5 2 G3 6 

4. Numerical results 

2α21 + K2σN 
2 R2A0

2 Ω8PT P
2 

1 ξ 2 + 2
1 ------ -------------------

2 2 
(26) 

2ξ α α + 1 m + 1 m + 2-------- ------ --------------- ----------------- ----------------- 0
2 2 2 2 2 

For the numerical calculation, the FSO system was observed at the wavelength λ = 
= 1550 nm and at the distance between the transmitter and the receiver L = 1 km. Three 
types of atmospheric turbulence were considered: weak, moderate and strong, with indexes

2 –2/3 2 –2/3 and 2 –2/3of reflection Cn  = 6 × 10–15 m , Cn  = 2 × 10–14 m Cn  = 1.2 × 10–13 m , re-
spectively. Total received signal power is ΩP = 1, while detector responsivity R = 1 A/W 
and noise variance σN = 10–7 A/Hz. The radius of a circular detector aperture a = 0.05 m, 
the optical beam radius at the distance L from transmitter wL = 0.5 m, pointing error dis-
placement standard deviation (jitter) at the receiver σ = 0.2 m are considered.s 

In Figs. 2 and 3 the ABER behavior of the FSO channel modelled with the Gamma 
–Chi-square distribution is shown, as a function of the average electrical SNR in the 
case of atmospheric turbulence and a pointing error model, respectively. The ABER for 
different strength levels of atmospheric turbulence, different values of the K factor and 
OOK modulation scheme expressed by Eqs. (23) and (25) are graphically presented. 
From Fig. 2 and Fig. 3 it can be seen that the increase of the average electrical SNR leads 

Fig. 2. ABER for the Gamma–Chi-square atmospheric turbulence channel model as a function of the 
average electrical SNR. 
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    Fig. 3. ABER for the Gamma–Chi-square pointing error channel model as a function of the average elec-
trical SNR. 

to a decrease in ABER. Also, the ABER change is approximately linear in both cases. 
As expected, for stronger turbulence and lower values of the K factor, the higher ABER 
values are obtained. In both the atmospheric turbulence and the pointing error model, 
the ABER decreases significantly faster for higher values of the K factor than for those 
lower. With the increase of the SNR, the dominant ABER differences occur for cases 
where K = 1 and K = 3, while for lower values of the SNR, this difference is much 
smaller. The FSO system has better performance, i.e. ABER is lower for the same fit 
conditions, when signal attenuation is only affected by atmospheric turbulence, which 
is the case with the pointing error impact. 

In order to validate obtained results, we have carried out Monte Carlo simulations 
for observed PDF and ABER scenarios and showed that they excellently fit the values 
obtained from analytical expressions. As it can be seen in Figs. 1 and 3, PDF and ABER 
values obtained by using derived infinite-series expressions and their corresponding 
values obtained by Monte Carlo simulations excellently concede. 

Based on the closed-form analytical expression obtained for ABER for the pointing 
error model, Eq. (26), the graphs of ABER change depending on the function of the 
average optical power at the transmission PT, are presented. The results were obtained 
for the case of moderate atmospheric turbulence and for the value of K factor K = 2. 

Figure 4 shows the ABER behavior of Gamma–Chi-square channel model, with ap-
plied OOK modulation scheme as a function of the average optical power at the trans-
mission PT, for different values of the normalized standard jitter deviation at the 
receiver σs. From Fig. 4 it can be seen that the ABER decreases linearly as the PT in-
creases. Also, for higher values of the normalized standard jitter deviation σs the higher 
ABER values are obtained. Wrong transmitter and receiver positioning is manifested 
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Fig. 4. ABER for the Gamma–Chi-square pointing error channel model for different values of the nor-
malized standard jitter deviation. 

by higher values of standard jitter deviation σs, which leads to a deterioration in system 
performance. 

Figure 5 shows ABER behavior of Gamma–Chi-square channel model, with applied 
OOK modulation scheme as a function of the average optical power at the transmis-
sion PT, for different values of the normalized optical beam radius wL at the distance L 
from the transmitter. Since the optical beam radius wL depends on the distance L from 
the transmitter, it is clear that higher values of this parameter greatly affect the dete-

Fig. 5. ABER for the Gamma–Chi-square pointing error channel model for different values of the nor-
malized optical beam radius. 
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rioration of ABER, as well as the system performance. Figure 5 indicates that the 
ABER decreases linearly as the PT increases, as well as ABER taking higher values 
with increasing of the normalized optical beam radius wL. 

5. Conclusions 

In this paper, we have introduced a novel general Gamma–Chi-square FSO channel 
model for modeling irradiance fluctuations in a wide range of turbulence conditions. 
Further, boresight pointing error conditions have been taken into account, and capital-
izing on newly proposed Gamma–Chi-square model, closed-form PDF expression  
have been introduced for modeling such FSO transmission scenario. Subsequently, we 
have carried out the performance analysis over Gamma–Chi-square channels assuming 
IM/DD with OOK, and have derived closed-form ABER expressions for both trans-
mission cases, with and without pointing error effects. The obtained numerical results 
are graphically presented in order to analyse the impact of different levels of turbu-
lence, as well as other relevant parameters on the quality of signal transmission. 
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