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1. Introduction 

The nonlinear Schrödinger equation (NLSE) appears in a number of areas in mathemat-
ical physics and they range from quantum optics, fluid dynamics, plasma physics, nuclear 
physics, biochemistry and various others [1]. The challenge is to find an exact solution 
for these partial differential equations containing nonlinearities by means of an efficient 
method. A wide range of integration algorithms locate exact solutions to NLSE as indi-
cated in the literature. Among them are such as Hirota’s bilinear method, Kudryashov’s 
scheme, the G' /G-expansion, auxiliary equation approach, the homotopy perturbation 
theory, the Lie group analysis, the Jacobi’s elliptic function expansion [2–5] and these 
are just a few droplets in the ocean. Additionally, the variational method is one of the 
powerful methods for securing the soliton parameter dynamics with or without pertur-
bation terms. Other methods to obtain these parameter dynamical systems are the mo-
ment method, collective variables and soliton perturbation theory. The aim of this paper 
is to apply Anderson’s method to obtain soliton parameter evolution with generalized 
anti-cubic (GAC) nonlinearity and anti-cubic (AC) nonlinearity [6, 7]. 

The soliton pulse types that will be incorporated in this work are super-Gaussian (SG) 
and super-sech (SS) types. The Gaussian and sech pulses are fundamental soliton solu-
tions of the governing model that maintains logarithmic law of nonlinearity or others. 
These models have produced a better description of coherent radiation like laser 
beams. Added nonlinear terms to the standard form of Schrödinger’s equation require 
taking into account several parameters in the trial function. AC nonlinearity first ap-
peared during 2003 and this nonlinear form gained popularity and several journals were 
flooded with a wide variety of results that obeyed such a nonlinear form [8, 9]. This 
AC nonlinearity is a generalized version of the Kerr nonlinear form [10–13]. In [14] the 
authors obtained the integration of the resonant NLSE along with perturbation terms and 
the anti-cubic nonlinear form. Three methods were implemented to extract the analyt-
ical soliton solutions. The study of the effect of nonlinearities on pulse dynamics has 
been the subject of several publications in recent years. These are the parabolic law, 
Kerr law and the logarithmic law. This Kerr law accounts for the cubic nonlinear form. 
Most optical fibers that are commercially available maintain this Kerr nonlinear form. 

The outline of the present work is as follows: in Sections 2 and 3, we use the var-
iational formulation for constructing the trial Lagrangian. Using SG and the SS trial 
functions in Section 4, we obtain the optical soliton parameter evolution. The conclu-
sive statements are written up in Section 5. 

2. NLSE with AC nonlinearity 

The NLSE is written as [8–17]: 

 b1 
iq + + ----------

4 
+ b2 q 2 + b3 q 4 q = iα qt + iλ  q 2qt + iθ  q 2t q (1)z aqtt 

 q 
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In (1), the complex-valued function q (z, t) accounts for the soliton profile. The inde-
pendent variables t and z are respectively the temporal and spatial coordinates. The first 
term accounts for linear spatial evolution of the soliton pulses where i = –1 .  The co-
efficient a is from chromatic dispersion. The last three terms are collectively referred to 
as AC nonlinearity. On the right side of (1), the perturbation terms are included. The co-
efficient of α is from inter-modal dispersion and the coefficients λ and θ are due to self 
-steepening effect and nonlinear dispersion effect, respectively. If b1 = 0, one recovers 
NLSE in parabolic law nonlinear fibers. 

2.1. Mathematical formulation 

The Lagrangian density L of this system without the perturbation terms is of the form 
[6, 7, 18–20]: 

i a 2 b1 b2 4 b3+ ---------L = -----q q* – q* q – ----- – --------------- + --------- q q 
6 

(2)qtz z 2 44 2 62 q 

Therefore, the average Lagrangian Lg is defined as 


+

Lg = L dt (3) 
– 

and the conserved quantities are 

+
E =  q 

2
dt (4) 

– 

M = ia qt q* – qt 
* qdt (5) 

–

+ 



 

+ 2 b1 b3 6
H = a + ----------- + --------- q  dt (6)qt 2 3–  q 

where M represents linear momentum while E refers to soliton power and H signifies 
Hamiltonian [16, 17]. The solution of this system is 

– t X2  
q XJ  t  = X1 f ---------------- exp i 

 X3   

x4----
2
---t X2

2 +  – X6 – X5 t X2 + 
 
, J = {1, 2...6} 
 

(7) 

where f signifies the shape of the pulse that is going to be the SS, f (τ )= sechm(τ ) or 
the SG, exp(–τ2m). X1, X2, X3, X4, X5, X6 are respectively the soliton amplitude, the 
center of the pulse, the width of the pulse, the chirp, the frequency, the phase of the 
pulse and are the function of z. Next, m is the parameter of the SS or SG pulse. 
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In the Lagrangian variational algorithm, the integral is defined as: 

k+  φi j  k = – 
τ i f j τ  ----

d
d
----
f 
τ 
--- dτ (8) 

The Lagrangian (2) along with (7) becomes 

q 3 p p b2 d 
L = – ------- X1

2 
X' + -------X1

2 
X5 X'2 X3 – ------- X1

2 
X'6 

 X3 + ------------- X1

4 X3g 4 X3 
 

4 2 2 4 
2 2 2

b1b X3 X1 a r + p X3
2 

X5 + q X3
4 X4  b3h 

– ----------- --------- – --
1--- -------------------------------------------------------------------------- + -----------

6 
X3 (9)

2 X1
2 2 X3 6 

X1 

Here, p = φ0,2,0, q = φ2,2,0, r = φ0,0,2, b = φ0,–2,0, d = φ0,4,0, and h= = φ0,6,0. 
The integrals of motion are: 

E = p X1
2 

X3 (10) 

M = –2a p X1
2 

X3 X5 (11) 

while the Hamiltonian is given by: 

2 2 2
X1 a r + p X3

2 
X5 + q X3

4 
X4  X3 b3h 

H = -------------------------------------------------------------------------- + bb1 --------- – ----------X1
6 

X3 (12)
X3 

2 3X1 

We now consider the perturbed system whose equation is given by: 

 b1 4iqz + aqtt + ----------
4 

+ b2 q 2 + b3 q  q = iε R f f * (13)
 q 

where R stands for the perturbation terms while ε implies to the perturbation param-
eter [4]. The Euler–Lagrange equation [19, 20] is modified to 

Lg d Lg + q* q  
------------------- – -------- -------------------- = iε R ----------- – R*----------- dt (14)
Xj  z dz X

ꞏ 
j  z –  Xj Xj  

By setting, 

+  f *  f 
ψj = iε R ------------- – R*----------- (15) 

–  Xj Xj  
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and substituting the equation (13) with f  in ψj leads to 

ꞏ a q X1
2 

X3
3 

X4 + ψ4 3 ψ6X1 = – ------------------------------------------------ + ------------------------- (16a)
3 2 p X1 X3X1 X3 q 

ꞏ 2 a p X1
2 
X3 X5 + ψ5 X2 = ---------------------------------------------------- (16b) 

p X1
2 

X3 

ꞏ 2 a p X1
2 
X3

3 
X4 + ψ4  ψ6X3 = -------------------------------------------------- – --------------- (16c)

2 2
q X1

2 
X3 p X1 

2 2 2 2 4 2
ꞏ aq X1

4 
X3

4 
X4 – hX1

8 
X3 + ap X1

4 
X3

2 
X5 – d X1

6 
X3 + arX1 – ψ1 X1

3 
X3 – b X3 

= ---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------X4 

1  
– --------------------- 2

2
q X1

2 
X3 

 

X5 = – --------------------- – -------------------------------------------------------- – ---------------------- (16e)
p X1 X3 q X1

2 
X3

3 
p X1

2 
X3 

2 2 2 2 4 2
ꞏ 3  aq X1

4 
X3

4 
X4 – hX1

8 
X3 + ap X1

4 
X3

2 
X5 – d X1

6 
X3 + arX1 – ψ1 X1

3 
X3 – b X3  

= ------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------X6 2
2 p X1

4 
X3 

2 2 2 
2 2 2 a X1 q X3

4 
X4 + p X3

2 
X5 + r1

+ -------------- a X1 2 q X3
2 

X4 + pX5  – ------------------------------------------------------------------------
2 X3

2p X1
2 

1  b d 4 h 6  
+ --------------

2  ------------- – ----- X1 – ----- X1 – ψ3 (16f)
p X1  2 X1

2 4 6  

This soliton parameter dynamics shows that the center position do not affect the 
dynamics of different parameters. Linear momentum and soliton power are obtained 
for AC nonlinearity. 

1 
– 

2
q X1

2 
X3 

ꞏ 2 ψ2 

4
q X1

4 
X3 

2 2 2
a X1 q X3

4 
X4 + p X3

2 
X5 + r 2 2 2

a X1 2 q X3
2 

X4 + p X5  – ------------------------------------------------------------------------  
2 X3

2  

 b d 4 h 6 
2  -------------

2 
– ------ X1 – ----- X1 – ψ3 (16d)

4 6 2 X1 
 

X5 aq X1
2 

X3
3 

X4 + ψ4  X5 ψ6 
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3. NLSE with GAC nonlinearity 

The NLSE is written as 

 b1 2n + b3 
2n + 2 2t qiqz + aqtt + -------------------- + b2 q q  q = iα qt + iλ  q 2qt + iθ  q

2n + 2 q 
(17) 

In (17), the notations and their physical correspondence are the same as in for Eq. (1). 
The GAC parameter is n which makes (17) condense to (1) for n = 1. The remaining 
parameters interpret the same as in (1). Likewise, the case when b1 = 0, NLSE with 
dual-power law nonlinearity falls out. 

3.1. Mathematical formulation 

The Lagrangian density L0 of this system without the perturbation terms is of the form 

i a 2 b1 b2 2n + 2 b3 2n + 4
+ -----------------L0 = -----q q* – q* q – ----- – --------------------- + ----------------- q qqtz z4 2 2n 2n + 2 2n + 42n q  

(18) 

Therefore, the average Lagrangian Lg is defined as 

=
+

L 0dt (19)Lg – 

and the conserved quantities are 

+
E = – 

q 
2
dt (20) 


+ 

qtM = ia qt q* – * qdt (21) 
– 

+ 2 b1 b3 2n + 4H =  a + ----------------- – ----------- q  dt (22)qt 2n n + 2–  n q  

where M represents linear momentum while E refers to soliton power and H signifies 
Hamiltonian [16, 17]. The solution of this system is 

– t X2  
q XJ  t  = X1 f ------------------ expi 

 X3   

x4----
2
---t X2

2
+  – X6 – X5 t X2 + 

 
, J  = {1, 2...6} 
 

(23) 
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In the Lagrangian variational algorithm, the integral is defined: 

k+ d f
φi j  k = – 

τ i f j τ  ----d
----
τ 
--- dτ (24) 

The Lagrangian (10) along with (7) becomes 

q 3 p  p b2 d 2n + 2
Lg = – ---- - X1

2 
X'4 X3 + ------- X1

2 
X5 X'2 X3 – ------- X1

2 
X'6 
 X3 + ------------------- X1 X34 2  2  2n + 2 

2 2 2
b3h 2n + 4 b1b X3 1 X1 a r + p X3

2 
X5 + q X3

4 
X4  + -------------------X1 – ------------ ------------- – ----- -------------------------------------------------------------------------

2n + 4 
X3 2n X1

2n 2 X3 

(25) 

with, p = φ0,2,0, q = φ2,2,0, r = φ0,0,2, b = φ0,–2n,0, d = φ0,2n+2,0, and h = φ0,2n+4,0. 
The integrals of motion are: 

E = p X1
2 

X3 (26) 

M = –2a p X1
2 

X3 X5 (27) 

while the Hamiltonian is given by 

2 2 2
X1 a r + p X3

2 
X5 + q X3

4 
X4  bb1 X3 b3h 2n + 4

H = -------------------------------------------------------------------------- + ------------ ------------- – ---------------- X1 (28)
X3 n 2n n + 2 

X3
X1 

We now consider the perturbed system whose equation is given by [19, 20] 

 b1 2n 
+ b3 

2n + 2
iq + aqtt + -------------------- + b2 q q  q = iε R f f * (29)z 2n + 2 q 

The Euler–Lagrange’s equation is modified to 

Lg d Lg + q* q  
------------------- – -------- -------------------- = iε R ----------- – R*----------- dt (30)
Xj  z dz X

ꞏ 
j  z –  Xj Xj  

By setting, 

+  f *  f 
ψj = iε R ------------- – R*----------- dt (31) 

–  Xj Xj  
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and substituting the Eq. (13) with f  in ψj leads to 

ꞏ a q X1
2 

X3
3 

X4 + ψ4 3 ψ6= – ------------------------------------------------ + -------------------------X1 3 2 p X1 X3X1 X3 q 

ꞏ 2 a p X1
2 
X3 X5 + ψ5 X2 = ----------------------------------------------------

p X1
2 

X3 

ꞏ 2 a p X1
2 
X3

3 
X4 + ψ4  ψ6X3 = -------------------------------------------------- – ---------------

2 2
q X1

2 
X3 p X1 

2 2 2
aX1 qX3

4 
X4 + pX3

2 
X5 + r b X3ꞏ 1 ---------------------------------------------------------------------- –X4 = -------------------

3 
- 2 n + 1X3 X1 

2 n + 1 2 n + 3 

q X1 X3 

– d X1 X3 – h X1 X3 – ψ1 

 
1  

– --------------------- 2
2

q X1
2 

X3 
 

 

2 2 2
a X1 q X3

4 
X4 + p X3

2 
X5 + r2 2 2

a X1 2 q X3
2 

X4 + p X5  – ------------------------------------------------------------------------
2 X3

2 

1 
– 

2
q X1

2 
X3 

ꞏ 2 ψ2= – --------------------- – -------------------------------------------------------- – ----------------------X5 p X1 X3 q X1
2 

X3
3 

p X1
2 

X3 

2 2 2
aX1 qX3

4 
X4 + pX3

2 
X5 + r b X3ꞏ 3X6 = – ------------------------- ----------------------------------------------------------------------- – 

2 n + 12 p X1 X3 X3 X1 

2 n + 1 2 n + 3 
– d X1 X3 – h X1 X3 – ψ1 

2 2 2
a X1 q X3

4 
X4 + p X3

2 
X5 + r1 2 2 2

+ --------------- a X1 2 q X3
2 

X4 + p X5  – ------------------------------------------------------------------------ + 
2 X3

2p X1
2 

 b d 2 n + 2 h 2 n + 4 
2  ------------------ – ------------------- X1 – ------------------- X1 – ψ32 n 2 n + 2 2 n + 4 2 n X1 

 

X5 aq X1
2 

X3
3 

X4 + ψ4  X5 ψ6 

(32a) 

(32b) 

(32c) 

 
 
 
 
 

(32d) 

(32e) 
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1  b d 2n + 2 h 2n + 4  
+ ------------- ------------------- – ------------------ X1 – ------------------ X1 – ψ3 

p X1
2  2n X1

2n 2n + 2 2n + 4  

2X5ap X1
2 

X3 X5 + ψ5 + ------------------------------------------------------------ (32f)
p X1

2 
X3 

This soliton parameter dynamics shows that the center position do not affect the dy-
namics of different parameters. Linear momentum and soliton power are obtained for 
GAC nonlinearity. 

4. SS and SG pulse dynamics 

For a pulse of SG type and SS given respectively by: f (τ) = exp(–τ2m) and f (τ) = 
sechm(τ) (here, the parameter m > 0), different integrals are given in Table 1, and 

p 
n aj

k  j = 1 k x 
F ... a ... b ; x = -- -- --

q 
-- -- -- -- -- ------- (33)p qa1  p; b1  q  -- -- -- -- -- -- -- --

  k!k = 0 bj k j = 1 

with 

 1, n = 0 
 p = (34)n  p p  ... p n+ – 1, n  0 + 1 

while B (l, m) and Γ (x) are beta and gamma functions, respectively. The domain re-
striction for gamma function prompts the constraint m > 1/4. 

Next, ψj terms are given for m = 2 in Table 2. 

5. Conclusions 

The variational method is applied to study NLSE with AC and GAC nonlinearities. This 
method transforms NLSE into a dynamical system of soliton parameters. The dynamics 
of the soliton center, amplitude, chirp, width, phase and frequency is fully revealed. 
This study reveals that the center position does not affect the dynamics of the remaining 
parameters. Linear momentum and soliton power conserved quantities are recovered 
for AC and GAC nonlinearities while Hamiltonian conserved quantity does not exist 
for these nonlinear forms since the corresponding improper integral is rendered to be 
divergent. In future, the plan is to recover soliton parameter dynamics using variational 
principle for several models that have recently been proposed [21–30]. The results of 
such research activities will be reported all across the board. 
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T a b l e 2. Values of different perturbations terms ψj for SG and SS pulses from (31). 

ψj SG SS 

ψ1 
1 1 3 

– ------- 2π α X1 X3 X5 – ------- π λ X1 X52 2 
8 64 3 

– ------- α X1 X3 X5 – ---------- λ X1 X53 35 

ψ2 
1 4 1 4-------- π λ X1 X3 X4 + -------- π θ X1 X3 X44 4 

32 32---------- λ X1 
4 

X3 X4 + ----------θ X1 
4 

X3 X435 35 

ψ3 
1 1 

– ------- 2π α X1 
2 

X5 – ------- π λ X1 
4 

X54 8 
4 2 16 4 

– ------- α X1 X5 – ---------- λ X1 X53 35 
ψ4 0 0 

ψ5 
1 2 3 4 

– ------- 2π α X1 X3 – -------- π λ X1 X32 4 
4 2 48 4 

– ------- α X1 X3 – ---------- λ X1 X33 35 
1 

– -------
2 

π θ X1 
4 

X3 
32 4 

– ----------θ X1 X335 
ψ6 0 0 
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