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In this paper, performance analysis of free space optical (FSO) system operating in conditions of 
strong atmospheric turbulence over Gamma–Chi-square turbulence model, has been carried out. 
We have observed reception over multi-pulse pulse-position (MPPM) modulation format for the 
case of strong atmospheric turbulence conditions modeled with Gamma–Chi-square turbulence 
model and have compared it with turbulence modeling distributions such are: Gamma–Gamma dis-
tribution, K-distribution, negative exponential distribution, log–normal distribution. First, we have 
provided closed-form analytical expressions for average bit error rate (ABER) at the reception for 
each observed case and then based on them, we have obtained numerical and Monte Carlo simu-
lation results in order to observe turbulence level impact on system performance. 

Keywords: FSO – free space optical, ABER – average bit error rate, MPPM – multi-pulse pulse-position, 
novel Gamma–Chi-square distribution, channel model, strong atmospheric turbulence. 

1. Introduction 

The free space optics (FSO) represents promising technology for short-range wire-
less communications, access to the last mile and laser communication in free space. 
The FSO technology is easily available and capable of providing a low bit error rate, 
as well as high data transmission speed to several kilometers and high optical band-
width [1–4]. 
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112 J. TODOROVIC et al. 

Despite the main advantages of the FSO technology, widespread use has been dis-
rupted by the connection reliability, especially on large distances, due to fading caused 
by atmospheric turbulence and weather condition sensitivity [1,5–8]. Strong atmos-
pheric turbulence is one of the major challenges in the implementation of signal trans-
mission via the FSO system. The negative impacts of atmospheric turbulence include 
scintillations, distortions, phase change, beam spreading and displacement of the beam 
in the vertical and horizontal directions. This results in significant deterioration of sys-
tem performance, especially in long distance transmission of several kilometers, when 
the signal will come across a strong turbulence [9–11]. 

Different techniques are applied to improve the performance of the FSO links in 
different weather and turbulence conditions. A large number of different channel dis-
tribution models for modeling different levels of atmospheric turbulence have been 
proposed: Gamma–Gamma [12], log–normal [13], negative exponential [14], K-dis-
tribution [15], I–K distribution [16], Rician distribution [17], Weibull distribution [15], 
exponential Weibull distribution [18], double-generalized Gamma distribution [15], 
Málaga distribution [6] and others. 

The proposed models are often investigated for different modulation formats appli-
cable to the FSO system to get the most reliable signal transmission. In [9,19–21] the 
FSO systems performance in different conditions for different modulation schemes are 
analyzed, for BPSK-SIM, DPSK, DPSK-SIM, OOK, QPSK, PPM, MPPM, MPSK, 
M-QAM, PolSK modulation. OOK modulation format is most commonly used due to 
simple implementation and high bandwidth efficiency. However, in some cases, and 
especially when it comes to the power limitation, it is better to use modulating schemes 
such as PPM. Compared to other modulation techniques, PPM offers the highest power 
efficiency, with the increase in bandwidth and the system complexity [18]. BER per-
formance has been improved because PPM symbols are orthogonal, so the pulses are 
not overlapping [22]. Each pulse of laser can be used to represent one or more bits of 
information by its position in time relative to start of a symbol whose duration is iden-
tical to that of information bits it contains [9]. As an alternative to standard PPM and 
OOK modulation scheme, MPPM modulation was proposed. This modulation technique 
is a compromise between PPM and OOK, because it offers better bandwidth efficiency 
compared to PPM and better power efficiency compared to OOK technique [23,24]. 

Motivated by the possibilities provided by the MPPM modulation technique, in this 
paper we have analyzed the performance of a system modulated by MPPM modulation 
and operating in conditions of strong atmospheric turbulence. A performance compar-
ison is given for some existing channel distribution models and for the novel Gamma 
–Chi-square distribution, whose closed-form PDF expressions were obtained and pre-
sented in [25]. In [25] it is shown that Gamma–Chi-square distribution can efficiently 
model turbulence eddy effects in a wide range of conditions. 

The manuscript is organized as follows. In Section 2, the analyzed system model is 
given, i.e., all considered channel distribution models are presented. In Section 3, the 
initial expressions for the ABER calculation are given and analytical closed-form ex-
pressions for ABER are derived and presented for all considered distributions. The ob-
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113 Performance analysis of MPPM FSO transmission... 

tained numerical results are presented and discussed in Section 4, for different signal 
strength, link distance, turbulence level and time slots. Section 5 summarizes the con-
clusions. 

2. System model 

The PDF for the Gamma–Gamma model is given by the expression [12]: 

α β+ 
α β+2 ----- - 1--------- --- –2α β

f I  = --------------------------------- I 2 αβ I  (1)–Γ α    Γ β  
2 Kα β  

where I is irradiance at the receiver, Г(ꞏ) represents the Gamma function [26, Eq. 8.310], 
and Kυ(ꞏ) υ-th-order modified Bessel function of the second kind [26, Eq. 8.432]. The pa-
rameters α and β are the effective numbers of small-scale and large-scale eddies of the 
scattering environment, respectively. These are parameters of the atmospheric turbu-
lence that for propagation of plane waves and zero inner scale can be expressed as [12] 

 
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where σ 2 represents the Rytov variance used to determine the intensity of the opticalR 
signal due to atmospheric turbulence. It is defined as 

2 2 k7 / 6  L11 / 6σ = 1.23C (4)R n 

where k = 2π/λ is an optical wave number with wavelength λ, while L is the distance 
between the transmitter and the receiver, i.e., the length of the optical signal propaga-
tion. The parameter C 2 represents the index of refraction used as a measure of the tur-n 
bulence strength, which typically ranges from 10–17 to 10–13 m–2/3 for channels from 
weak to strong turbulence, respectively. 

The K-distribution represents a product of the exponential and Gamma distribu-
tions. The K-distribution of the irradiance at the receiver is given by [15] 

α + 1 
α – 122α

f I  I = --------------------- - I 2 Kα – 12 α I  (5)
Γ α   

where the parameter α is defined by Eq. (2). 
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The PDF for the negative exponential model is given by the expression [14,15] 

1  I f I  I = ------- exp– ------- (6)
I0  I0  

where I0 is the mean irradiance. 
The log–normal distribution of the irradiance at the receiver is given by [13] 

1 1  1
f I  I = ---------------------- ----- exp– ----------

2
---

2 I 2σ2πσ  

2
2 σln  I + ---------  (7)

2  

The parameter σ is the scintillation index defined by Eq. (4) [13]. 
The novel Gamma–Chi-square irradiance PDF model is given by [25] 

f Ia 
Ia   

α + m + 1 α + m – 1 –K ------------------------ --------------------------2 K
m 

e α 1 + K   2 2  α 1 + K   
= ----------------------------------------------- ------------------------- Ia 2 ------------------------Ia  Kα – m – 1Γ α Γ m + 1m! Ω Ω P   P  m = 0 

(8) 

where K is the ratio of the power of the LOS component to the average power of the 
scattered component [27], ΩP is total received signal power and parameter α is defined 
by Eq. (2). 

3. Average BER 

For an optical MPPM modulated signal transmitted by FSO system, the probability of 
conditional BER over the received irradiance fluctuation can be represented as [23] 

 
2 

log2 
N 
ω 
  1–

log2 
N 
ω 
   

---------------------------------

N 
ω   
  1–

2
------------------------- erfc

Rp
ηA 
λL 

-----------  
  I

2 

2ω
---------------------------------- N

σN 
2 

N------------ log2 ω 
 


 



P  I = ----  (9)ec 
 
2 – 1 

where R is photodetector responsivity, p is the average transmitted optical power, η is 
the quantum efficiency of the detector, A is the detector area in m2, λ is the operating 
wavelength, L is the distance between transmitter and receiver and σN is noise standard 
deviation. Parameters N and ω represent time slots. In MPPM modulation techniques, 
signal frame period T is divided into N equal slots of duration Ts = T /N. In each frame 
period, only 1 ≤ ω ≤ N slots would be active, i.e., optical power is transmitted in ω time 
slots only [23,28]. 
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Average BER can be obtained by averaging Eq. (9) over the PDF of the irradiance 
at the receiver I, according to [29] 

 

P = P  I  I dI (10)e  ec  fI 
0 

3.1. Gamma–Gamma distribution 

In order to derive a closed-form expression for the ABER, the modified Bessel func-
tion of the second kind Kυ (ꞏ) in Eq. (1) is represented by the Meijer G function as [26, 
Eq. 9.34.3]: 

1 2 0
Kv  x = ----- 

G 0 22 

– 2x 
(11)

4 v – 2 – v – 2 

and the complementary error function erfc(ꞏ) in Eq. (9) is represented by the Meijer 
G function as [30, Eq. 06.27.26.0003.01] 

1/ 2x 1 1 2erfc x = 1 – ----------- G1 2  x (12) 0 1/ 2 – 
π 

By substituting Eq. (1) and Eq. (9) into Eq. (10), and making use of the relationships 
given in Eq. (11) and Eq. (12), as well as by using the solutions of the resulting integral 
given by [26, Eq. 7.811.4] and [31, Eq. 07.34.21.0012.01], we derive the ABER closed-
form expression as follows: 

 2N log2 – 1 N  ω   – 1  R p  ---
η 
----

A 
----   

 ω  1  λL 2 N NP = ------------------------------------- ----------------------- 1 – -------------------------------------- ------------------------------- ----------- log2 
 e 2 ω 2 α β Γ α  Γ β   N    2 π  ωlog2 

σNω   2 – 1  

  
 ----

1- 1  – 2  β α – 2 2 4 2  
1 3  R p    ηA  N N  

------------------- ----------- ----------- log2 
  H3 2 2 ω2α βω  λL      σN  

 1  0 1 – ---- 1    2  
(13) 

3.2. K-distribution 

By substituting Eq. (5) and Eq. (9) into Eq. (10), by making use of the relationships 
given in Eq. (11) and Eq. (12), as well as by using the solutions of the resulting integral 

https://07.34.21.0012.01
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116 J. TODOROVIC et al. 

given by [26, Eq. 7.811.4] and [31, Eq. 07.34.21.0012.01], we derive the ABER ex-
pression as follows: 

 2N log2 – 1 N    – 1  R p  ----
η 
--
A 
-----ω   

ω  λL     12 N N = –Pe 12 α Γ  α N   2 π  ωlog2 ω   
2 – 1 

1 3 H3 2 

Pe 2N log2 ω   
2 – 1 

1 2 H2 2 

3.4. Log–normal distribution 

 
 
 

2 4 R p    ηA  N N--------------- ----------- ----------- log2 
   

2 ω 2αω    λL  σN 
   

log22 ω σN 

  
 ----

1- 1  – 2α  – 21 
2  

 1 0 1 – -  ----  1 2 

(14) 

3.3. Negative exponential distribution 

By substituting Eq. (6) and Eq. (9) into Eq. (10), using the relationship given in Eq. (12) 
and the identity [32, Eq. 8.4.3], 

 ––x 1 0
e = x (15)G0 1 0 

as well as using the solutions of the resulting integral given by [24, Eq. 3.310] and [31, 
Eq. 07.34.21.0012.01], we derive the ABER expression as follows: 

 2N log2 – 1 N    – 1  R p  ----
η 
--
A 
----- I0ω   

ω   λL  2 N N = –1 log2 2 ω  2 π  ω σN
 
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 R pI0 
2  ηA 4 

N N--------------- ----------- ----------- log2 
   
ω 2ω   λL  σ 2 

N 
   

 ---- 1  – 21  
1
2 
  

 1 0 1 – -- - ---  1 2 

 
 
 
 
 
 
 

 
 
 
 
 
 
 

(16) 

By substituting Eq. (7) and Eq. (9) into Eq. (10), by making use of the variable change 

t =  ln I + σ 2/2 / 2  σ  and identity [30, Eq. 06.27.02.0001.01], 

 n 2n + 12 –1 x 
erfc x = 1 – ----------- --------------------------------- (17)

n! 2 n + 1π  
n = 0 
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as well as by using the solutions of the resulting integral given by [33, Eq. 01.03.21. 
0029.01] and [26, Eq. 3.322.2], we derive the ABER expression as follows: 

N log2 – 1 N  – 1  
2     1  –1 nω   

ω  
P = ------------------------------------ ----------------------- ----- – -----------------------------e 

N 2 2  n! 2 n + 1 log2  n = 0ω   2 – 1 
2n + 12 ηA 

R p----------- 
  N------------------
λ 
--
L 
----------- -----N----- log2 

  exp σ 2n2n + 1
2 ω 2ω σN 

 
--2 

 1 erf  – ---- ----- σ 2n + 1– 
2  

3.5. Gamma–Chi-square distribution 

In order to derive the ABER closed-form expression for atmospheric turbulence 
Gamma–Chi-square channel model, the similar procedure applies as in the previous 
cases for other distributions. 

By substituting Eq. (8) and Eq. (9) into Eq. (10), by making use of the relationships 
given in Eq. (11) and Eq. (12), as well as by using the solutions of the resulting integral 
given by [26, Eq. 7.811.4] and [31, Eq. 07.34.21.0012.01], we derive the ABER ex-
pression as follows: 

N log2 – 1 N  – 1 ω   
ω K m –K ΩP

    e 
P = ------------------------------------ ----------------------- --------------------- 1 – ----------------------------------------------------------------e  2 

2 m! α 1 + K  Γ α Γ m + 1N   log2m = 0 ω   2 – 1  
2ηA R p  ----------- λL  N N  --------------------------- - ----------- log22 ω 2 π  ω σN 

1 3 H3 2 

2 4 R pΩP 
  ηA  N N   ---------------------------------- ----------- ---------- log22 ω 2ωα 1 + K    λL  σN 

   
  

 
 
 (18)
 
 

 ----- 1  – 2 –m – 1-  α  2 
1
2 
  

 1 0 1 – -----  1 - 2 

 
 
 
 
 
 
 

(19) 
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4. Numerical results 

In this section, the ABER performances of MPPM based FSO system are investigated. 
The FSO system for atmospheric channels modeled with Gamma–Gamma distribution, 
K-distribution, negative exponential distribution, and log–normal distribution is consid-
ered for different values of strong turbulence with indexes of reflection C 2  = 1.2 × 

2 
n 

× 10–13 m–2/3 and C n = 2.5 × 10–13 m–2/3. In terms of the distance between transmitter 
and receiver, three cases were observed: L = 0.5 km, L = 1 km and L = 1.5 km. In ad-
dition, the impact of the number of active time slots ω on the ABER performance of 
FSO system with channels in strong turbulence is analyzed. Certain numerical results 
based on the analytical expressions for ABER derived in Sections 3, as a function of 
the average received optical power and atmospheric turbulence strength are graphically 
presented. 

Some important FSO system parameters and their values considered in the numer-
ical evaluations are presented in the Table. 

T a b l e. System parameter used for computation. 

Parameter Symbol Value 

Operating wavelength λ 875 nm 

Photodetector responsivity R 0.5 A/W 

Radius of circular detector aperture a 0.05 m 

Quantum efficiency η 0.8  

Noise standard deviation σN 10–7 A/Hz 

Average transmitted optical power p 10–5 W 

Time slots N 12 

Active time slots ω 5 

The ABER behavior for the FSO channel modeled with the Gamma–Gamma dis-
tribution as a function of the average received optical power is shown in Fig. 1. From 
Fig. 1, it can be seen that ABER decreases almost linearly with power increase. For 
higher values of strong atmospheric turbulence, as well as for longer distances between 
transmitter and receiver, ABER has higher values. Also, it can be observed that at the 
same link distance of L = 0.5 m, ABER is higher by several orders of magnitude only 
because of the very small increase in atmospheric turbulence. A similar conclusion can 
be drawn if the change in link distance is observed over the same value of turbulence. 

From Fig. 2 it can be seen that in the case of the atmospheric channel modeled with 
the K-distribution, small changes in the strong turbulence do not affect ABER too 
much. However, the length of the FSO link has a much greater impact on ABER here. 
ABER has higher values for the longer distance between the transmitter and the re-
ceiver. Still, this ABER increase in the K-distribution is not as significant high as in 
the atmospheric channel modeled with the Gamma–Gamma distribution. Although it 
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Fig. 1. ABER for the Gamma–Gamma distribution versus average received optical power for different 
values of the strong turbulence and link distance. 

Fig. 2. ABER for the K-distribution versus average received optical power for different values of the 
strong turbulence and link distance. 

can be observed that better ABER performance of FSO system is achieved with Gam-
ma–Gamma distribution. 

In Fig. 3, ABER changes are shown depending on the average received optical 
power in the FSO channel modeled with the Negative Exponential distribution. It is 
clearly depicted that the ABER for all the considered distribution shows an improve-
ment with increasing power. As expected, for longer link distances the higher ABER 
values are obtained. Further, the FSO system performance is better for higher values 
of the mean irradiance I0, i.e., it gives lower ABER values. 



 

  
   

 
  

  
 

  
 

    
 

 

120 J. TODOROVIC et al. 

Fig. 3. ABER for the negative exponential distribution versus average received optical power for different 
values of the mean irradiance and link distance. 

The ABER for FSO channel modeled with the log–normal distribution as a function 
of the average optical power obtained, shown in Fig. 4, gives the best results for shorter 
distances between the transmitter and the receiver. In this case, ABER has significantly 
lower values compared to the results obtained for other distributions by L = 0.5  m,  which  
leads to a significant improvement of this FSO system. On the other side, for longer 
link distances, the FSO system modeled with the log–normal distribution has very high 
ABER values, even several orders of magnitude higher than the Gamma–Gamma dis-
tribution and K-distribution for the same parameter values. From Fig. 4 it can be seen 
that even for small increases of strong turbulence and link distance ABER increases, 

Fig. 4. ABER for the log–normal distribution versus average received optical power for different values 
of the strong turbulence and link distance. 



 

    
 

   
 

 
 

   

   
 

 

   

 
 

 

  

121 Performance analysis of MPPM FSO transmission... 

Fig. 5. ABER for the Gamma–Chi-square distribution versus average received optical power for different 
values of the strong turbulence and link distance. 

i.e., it takes significantly higher values. For higher values of strong turbulence and 
longer link distances, ABER is almost constant with increasing power. 

In the case of the novel Gamma–Chi-square distribution, from Fig. 5 it can be seen 
that with the increase in received optical power ABER is almost constant for longer 
link distances. At shorter distances, a decrease in ABER can be observed when power 
takes higher values. The difference  in ABER  values for  different levels of atmos-
pheric turbulence is more pronounced at shorter distances. FSO system with Gamma 
–Chi-square distribution gives better results in this case than Gamma–Gamma distri-
bution, i.e., ABER is lower in the same observed conditions. Also, the results are sig-
nificantly better than with the K-distribution and the negative exponential distribution, 
while compared to the log–normal distribution Gamma–Chi-square distribution has 
a lower ABER only in the case of stronger atmospheric turbulence and longer link dis-
tances. 

In Figs. 6–9, the ABER behavior is shown for the Gamma–Gamma distribution, 
K-distribution, log–normal distribution and Gamma–Chi-square distribution, respec-
tively, for different values of the link distance and active time slots. From the given 
figures, it can be seen that an increase in the atmospheric turbulence strength princi-
pally leads to an increase in the ABER, with an exception that this increase has different 
effects in different distribution models. 

In the case of the Gamma–Gamma distribution, it can be seen from Fig. 6 that for 
longer link distance ABER has higher values, but is almost constant with increasing 
atmospheric turbulence. For shorter link distances, ABER increases with increasing 
atmospheric turbulence. It can be observed that for received optical power p = 10–5 W, 
using fewer active time slots improves the FSO system performance. 

From Fig. 7, for the K-distribution it can be seen that link distance and active time 
slots have more impact on ABER than atmospheric turbulence. ABER is constant 
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Fig. 6. ABER for the Gamma–Gamma distribution versus atmospheric turbulence strength for different 
values of the link distance and active time slots. 

Fig. 7. ABER for the K-distribution versus atmospheric turbulence strength for different values of the link 
distance and active time slots. 

throughout the range of changes in atmospheric turbulence values. The impact of active 
time slots is most reflected in the fact that for fewer active time slots, ABER has lower 
values, even if the link distance is increased.  

For FSO system with the log–normal distribution, Fig. 8, for lower values of at-
mospheric turbulence, there is a large increase in ABER for longer link distances. For 
shorter link distances, ABER increases significantly with increasing atmospheric tur-
bulence. The number of active time slots has a lot of impact here too, so once again it 
can be seen that for the given parameters the FSO system has better performance for 
fewer active time slots. 
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Fig. 8. ABER for the log–normal distribution versus atmospheric turbulence strength for different values 
of the link distance and active time slots. 

Fig. 9. ABER for the Gamma–Chi-square distribution versus atmospheric turbulence strength for differ-
ent values of the link distance and active time slots. 

As in previous cases, for the Gamma–Chi-square distribution ABER behaves sim-
ilarly to changes in atmospheric turbulence, link distance and active time slots (Fig. 9). 
It can be seen that the FSO system has better performance in this case if Gamma 
–Chi-square distribution is applied, compared to Gamma–Gamma and K-distribution. 
At longer distances Gamma–Chi-square distribution gives better ABER results than 
log–normal distribution, while at shorter distances and weaker atmospheric turbulence 
it is best to use log–normal distribution for both smaller and larger number of active 
time slots. A continuous and smooth change of ABER can be seen with the change of 
the atmospheric turbulence in the Gamma–Chi-square model, while in the cases of 
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Fig. 10. ABER for different distribution versus atmospheric turbulence strength and for different values 
of the link distance. 

other models these changes are not so gradual, so this distribution is most suitable for 
modeling ABER at reception. 

From Figs. 5 and 9 it can be seen that the simulation results are approximately the 
same as the numerical results thus confirming the numerical results for novel Gamma 
–Chi-square distribution. 

In Fig. 10 the ABER behavior is shown for different distributions and different val-
ues of the link distance and for active time slots ω = 5.  

5. Conclusion 

In this paper, the signal reception in the FSO system whose channel is modeled with 
the Gamma–Gamma distribution, K-distribution, negative exponential distribution, 
log–normal distribution and Gamma–Chi-square distribution is observed. The ob-
tained ABER values for the signals modulated by the MPPM modulation scheme both 
in function of average received optical power and in function of atmospheric turbulence 
strength are presented and analyzed. The FSO system has better performance, i.e., 
ABER is lower for the same fit conditions, in case the channel is modeled with log–nor-
mal distribution for shorter distances, while when longer distances are analyzed, a nov-
el Gamma–Chi-square distribution gives better results. Thus, we have provided lower 
and higher bound approximation for FSO transmission in strong turbulence conditions. 

Based on the obtained results, the behavior of different implementations of channel 
distributions in FSO system can be predicted for different values of network parameters 
and in different propagation environments. Significant improvements open the way for 
future research in this area and use this paper as reference. This enables the designers 
of wireless optical systems to create rational systematic solutions for the desired system 
performance. 
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