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We study a new class of partially coherent array beams with a non-uniform polarization, named 
radially polarized Gaussian Schell-model array (RPGSMA) beams and analyze the reliability con-
ditions for the array beams based on the unified theory of coherence and polarization, Moreover, 
the statistical properties of such beam propagating in free space are investigated in detail. It is found 
that, the propagation properties of the RPGSMA beams are closely related to initial beam param-
eters. With an appropriate choice of the beam parameters, the average intensity will evolve into 
optical lattice patterns, and the degree of coherence (DOC) from the lattice distribution on the 
original plane evolves into a Gaussian profile in the far field, and the degree of polarization (DOP) 
appears a periodical grid-like distribution on propagation. These results may be beneficial to par-
ticle trapping and free-space optical communications. 

Keywords: partially coherent, radially polarization, Gaussian Schell-model array beams, propagation 
properties. 

1. Introduction 

In recent years, due to their wide application in many fields, array beams with spatial 
periods have received more and more attention [1–4]. Compared with a single beam, 
coherent array beams with smaller source size divergence can produce higher output 
power and lattice-like intensity distribution [5]. In order to obtain array beams, research-
ers have used theoretical and experimental methods to generate various types of array 
beams [6], such as Gaussian Schell-model array beam [7], partially coherent flat-topped 
laser array [8], various partially coherent partially phase-locked laser array [9,10], par-
tially coherent Hermite–Gaussian linear array beam [11], partially coherent vortex 
beam array [12], etc. 
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Apart from such studies dedicated to scale array beams, there has been substantial 
interest in studying the stochastic electromagnetic beams attributing to their impor-
tance in optical coherence theory and in practical applications [13,14]. Since the uni-
fied theory of coherence and polarization was formulated by WOLF [15], a lot of work 
has been done on the propagation of stochastic electromagnetic beams in different op-
tical systems or media. In general, due to the difference in the correlation coefficient 
between the x and y components of the electric field vector at the two source points, 
the polarization characteristics of the beam may change during propagation, and random 
medium can also cause the polarized properties of beams to change on propagation [16]. 
Recently, a few of papers have appeared on electromagnetic twisted Gaussian Schell 
-model array beams [17]. It was demonstrated that the twist strength has significant 
influence on the degree of polarization of electromagnetic Gaussian Schell-model ar-
ray beams on propagation. 

On the other hand, the polarization properties of various laser beams also attracted 
much attention. Unlike uniformly polarized beam such linearly or elliptically polarized 
beam, radially polarized beam as a typical case of cylindrical vector beam with non-uni-
form state of polarization, exhibits many unique properties [18], and has been used in 
many fields [19–21]. 

In this paper, as extension of vector partially coherent beams, we introduce a new 
kind of partially coherent vector array beams and discuss the reliability conditions. 
Furthermore, based on the extended Huygens–Fresnel integral, we also derive the 
analytical expressions for the elements of the cross-spectral density matrix of such 
beams propagating in free space and investigate the statistical properties of a radially 
polarized CGCSM beam on propagation in detail, and some interesting results are found. 

2. Radially polarized Gaussian Schell-model array sources 

The elements of cross-spectral density (CSD) matrix that characterizes second-order 
correlation properties of a statistical source at a pair of point r1 and r2 in the source 
plane z = 0 are given by the formula [22] 

* =  r1 Eβ r2  , α, β = x, y (1)Wα β r1 r2 Eα      

where Ex and Ey are the components of the electric vector perpendicular to the direction 
of the asterisk which denotes the complex conjugate and the angular brackets which 
denote a monochromatic ensemble average. 

To be a mathematically genuine and physically realizable correlation function, the 
CSD matrix of RPHNUCA beams needs to satisfy the non-negative definiteness con-
dition. 

*Wα β r1 r2 =  pα β  v Hαr1 vHβ r2 v dv (2) 

where pαβ (v ) is a non-negative weight function, Hα (r1, ν) and Hβ (r2, ν) are two arbi-
trary kernels. They have a variety of choices and each choice is likely to lead to distinct 
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classes of CSD matrices. According to Ref. [22,23], for the beam sources to display 
radial polarization, we can set the kernel as follows: 

α  r
Hα   -- --- - Aα  2

r v = -- -- exp --------- exp –2πivr (3)
w0  w0  

here v denotes a two-dimensional vector, Ax and Ay are the amplitudes of x and y com-
ponents of the electric field, respectively, and we assume Ax = Ay = 1,  w0 is the beam 
width of the source. To obtain a Gaussian array with N×M profile in the far field, we 
select the following form of the weight function pαβ (v ) [5] 

2πδαβ  
2 

2 2 2 2  = ------------------ exp –2πδαβ  vx + δαβ  vy pαβ  v - Bα βNM 

P 

 2 cosh 4π2δαβ  n Rxvxexp –2π2n2R x  
n = –P 

Q 
2R 2  cosh 4π2δαβ  mRyvy exp –2π2m y  (4) 

m = –Q 

where vx and vy are two components of vector v, P = (N – 1)/2,  Q = (M – 1)/2. The pa-
rameters Rx , Ry, δxx , δyy and δxy are the positive real constants, and the parameters δxx , 
δyy and δxy denote widths of auto-correlation functions of x component of the field, of 
the y component of the field, and of the mutual correlation function of x and y field 
components, respectively, and δxy = δyx . The complex correlation coefficient 

*Bxy = |Bxy |exp(iφ) and Bxy = Byx . The function cosh(ꞏ) is the hyperbolic cosine func-
tion. In addition, one can clearly see from Eq. (2) that pαβ (v) is non-negative for any 
values. Upon substituting from Eqs. (3) and (4) into Eq. (2), after some straight forward 
calculation, one can express the spectral DOC function as follows 

r2 r2 r + r 0 r r 1 α β  1 2 r r  = ------------- ---------- --------------------------- exp   0 expWαβ  1 2 NM 2 
Aα AβBαβ  

 
2 w0 

2–  y1 – y2  exp 
2δαβ  

2 

4w0  

P 

– x1 – x2
2 

2δαβ  
2 

Q 

cos Cx x1 – x2 cos Cy  y1 – y2  
n = –P m = –Q 

(5) 

where Cx = 2πnRx /δαβ , and Cy = 2πmRy /δαβ . The random sources whose CSD matrix 
is Eq. (5) may be termed as radially polarized Gaussian Schell-model array (RPGSMA) 
sources. 
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Now, let’s analyze the reliability of RPHNUCA beam source. First, to guarantee 
the physically realizable field described in Eq. (5), it is necessary to establish the re-
strictions for the source parameters 

Thus, the CSD matrix must be quasi-Hermitian [15], i.e., Wαβ (r1, r2) =  Wβα (r1, r2). 
Second, the genuine CSD matrices of the beam must satisfy the non-negative condi-
tions given in [24]. Finally, as a radially polarized beam, the beam is linearly polarized 
at any point in the source plane, indicating that the minor semi-axes of the polarization 
ellipse equal to zero, and the polarization orientation angle at any point should satisfy 
θ (x, y) = arctan( y /x). The state of polarization (SOP) of a beam can be characterized 
by a polarization ellipse. In order to satisfy the above conditions, our RPHNUCA beams 
must additionally satisfy Bxy = Byx = 1 and δxx = δyy = δyx = δ, therefore, the CSD ele-
ments of the RPGSMA sources become 

 0 1  r2 = -------------Wαβ  r1 NM 

 exp 

- α β  

w0 
2 

-----------Bα β  

r1 
2 r2 

2+ 

4w0 
2 

----------------------------
  
  
  x1 x2 – 2– 

2δ0 
2 

--------------------------------expexp 

y1 y2 – 2– 

2δ0 
2 

-------------------------------- Cx x1 x2 – cos 

n P–= 

P 

 Cy y1 y2 – cos 

m Q–= 

Q 

 
(6) 

3. Cross-spectral density of the RPGSMA beams 
propagating in free space 

Suppose that the source in Eq. (6) generates a beam-like field propagating from the 
source plane z = 0) into the half space z > 0. According to the extended Huygens 
–Fresnel principle, the elements of the cross-spectral density matrix at two positions 
r1 = (  ρ1, z ) and r2 = (  ρ2, z ) in any transverse plane are related to those in the source 
plane as [24] 

 0   z =  ζ *   z ζ ρ2 z (7)  Wαβ  ρ1 ρ2 Wαβ  r1 r2 ρ1 r1 r2 dr1 dr2 

where ζ (ρ, r, z ) is a free-space Green’s function: 

–ik exp i kz
ζ ρ  r z = -----------------------------------    exp

2πz 
i k 2-------------  ρ – r (8)

2πz 

By substituting Eqs. (6) and (8) into Eq. (7) and performing mathematical calcu-
lation, we finally obtain the following expression for each element of the cross-spectral 
density matrix of a RPGSMA beam in free space 
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π2 

W    z = ----------------------------------------- expxx ρ1 ρ2 2 216 λ2 z w0 a
2 b2 

P Q 

    
n = – P n = – Q i = ±x y

j = ± 

π2 Bxy
W    z = --------------------------------------- expxy ρ1 ρ2 2 2 2 b216 λ2 z w0 a 

P Q 

    

2–i k ρ1 – ρ2
2  

2 z 

2 22 2 + FXi 
+ FYj 

X1 i Y1 j
QXi  

exp ------------------------- + ------------------------- Yj  4 a 4 b  
  

(9) 

2–i k ρ1 – ρ2
2  

2 z 

2 22 2 X1 i + Y1 j 
FXi 

+ FYj 
 

RXi  
exp ------------------------- + ------------------------- Yj  4 a 4 b  

n = – P n = – Q i = ±   
x y

j = ± 

(10) 

π2 –i k ρ2
1 – ρ2

2 W  ρ1  ρ2  z = ----------------------------------------- exp ------------------------------------ + M  ρ1 – ρ2 
2 

yy 2 2 2 b2 2 z16 λ2 z w0 a 

P Q  2 2 2
+

2  
 X1 i Y1 j 

FXi 
FYj  QYj  

exp ------------------------- + -------------------------   Xi  4

+ 

a 4 b  
n = – P n = – Q i = ±   

x y
j = ± 

(11) 

with 

= 1, ( α , β = x , y ) (12a)Bαβ  

i  k x'1  i  k x'2  
= ------- -------------  C1  , = ------- -------------  C1  (12b)X1±  X2±2  z  2  z  

i  k y'1  i  k y'2  
= ------- -------------  C2  , = ------- -------------  C2  , (12c)Y1±  Y2±2  z  2  z  

X1±  Y1±= – --------------- , = – --------------- (12d)FX ± X2±  
a δ0

2 
FY± Y2±  

a δ0
2 
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1 1 ik 1 a = ------------- + ------------ + --------- , b = a* – ----------------- (12e)
2 2 24w0 2 δ0 2z 4a δ0 

1  FX ± Q X±  Y± 
= ---------- + FX ± X1±  + ------------- (12f)

2 2δ  2 δ 0 0 

1  FY±  = ---------- +  + ------------- (12g)Q Y±  X± 2 
FY± Y1±  2δ  2 δ 0 0 

   1 FX ± Y1±R X±  Y± 
= ----

2
--
b 
---X1±  + --------------

2
--- Y2±  – --------------

2
--- (12h)

 2bδ   2aδ 0 0 

Equations (9) – (11) can be considered as a general analytical expression of the CSD 
of the beam generated by a RPGSMA source. When N1 = N2 = 1, it would reduce to 
the propagated CSD for a RPGSMA beam. Applying Eqs. (13)–(16), one is ready to 
study the statistical properties of such a RPGSMA beam on propagation. Setting 
ρ1 = ρ2 = ρ, average intensity for a RPGSMA beam propagating in free space can be 
expressed as [18,19] 

S ρ z = Tr ρ ρ z = Wxx ρ ρ z + Wyy ρ ρ z (13)            

and the DOP of the beam can be calculated by the expression 

4 Det  W ρ ρ z  
P ρ z = 1 – -------------------------------------------- (14)

Tr W ρ ρ z    

where DetW ( ρ, ρ, z) and TrW ( ρ, ρ, z) denote the determinant and the trace, respec-
tively. And the DOC for the beam at a pair of field points ρ1 and ρ2 can be written as 

Tr W  ρ  ρ z 
μ ρ  ρ z = -- -- -- -- -- -- -- -- -- -- -- --1-- -- --2 -- -- --- -- -- -- -- -- -- (15)   -- -- -- -- -- -- --- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -1 2 

Tr W  ρ  ρ z Tr W  ρ  ρ z1 1 2 2 

4. Numerical results and discussions 

In  this section,  we will  demonstrate  the  evolution of  statistical properties of 
a RPGSMA beam on propagation in free space. If no other explanation is made, those 
parameters are invariable in the following simulation: λ = 632.8 nm, R1 = 2R2 = 3 mm,

 0N1 = N2 = 2. Figure 1 shows the evolution of the normalized spectral density S /Smax
 0  0and its components Sx /S along x direction and Sy /S along y direction forx max ymax 

a RPGSMA beam at several propagation distances in free space. It is clearly seen 
from the figure that profile of a RPGSMA beam is composed of two mutually perpen-
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Fig. 1. The normalized spectral intensity of the RPGSMA beam at several propagation distances in free 
space with beam parameters w0 = 1.5  mm  and  δ0 = 0.3 mm. 
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Fig. 2. The normalized spectral intensity of the RPGSMA beam at several propagation distances for dif-
ferent values of beam width δ0 in free space and coherence length is chosen w0 = 1.5 mm. 
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dicular beam components, which is dark hollow at the source plane, then gradually 
splits into arrays, and finally becomes a lattice-like uniform intensity distribution in 
the far zone. 

In Figure 2, we presented evolution of the normalized spectral intensity of the 
RPGSMA beam at several propagation distances for different values of coherence 
length δ0 in free space. One can see that the beam profile is dark hollow. As propagation 
distance increases, the spectral gradually evolved array beam, and the intensity distri-
bution of the array beam varies with the coherence length. Furthermore, with the increase 
of the coherence length, the array energy moves to beam lobes along main diagonal 
direction, and the beam lobes on the sub-diagonal gradually weaken until they disappear. 
Figure 3 shows evolution of the normalized spectral intensity of the RPGSMA beam 
at several propagation distances for different values of beam width w0 in free space. 
It can be found that the intensity distribution of the array beam is closely related to the 
beam width. The larger the beam width, the more uniform the intensity distribution of 
the array beam in the far field. 

Next, we will turn to the analysis of the DOC change for the RPGSMA beam. In 
Fig. 4, we calculated variation of modulus of the DOC for a RPGSMA beam with dif-
ferent values of w0 at several propagation distances. One can see that the DOC of the 
RPGSMA beam exhibits lattice-like distribution with circular symmetry in the original 
plane. With the increase of the beam width, the shape of the DOC evolves from dough-
nut profile into a Gaussian profile on propagation, and the larger the beam width, the 
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Fig. 3. The normalized spectral intensity of the RPGSMA beam at several propagation distances for dif-
ferent values of beam width w0 in free space, and coherence length is chosen δ0 = 0.3 mm. 
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Fig. 4. Variation of modulus of the DOC at several propagation distances for different values of beam 
width w0 in free space, and coherence length is chosen δ0 = 0.3 mm. 
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Fig. 5. Variation of modulus of the DOC at several propagation distances for different values of coherence 
length in free space, and beam width w0 = 1 mm. 
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easier it is to form the Gaussian distribution, which are quite different from those of 
a single radially polarized beam. 

Figure 5 illustrates variation of modulus of the DOC for a RPGSMA beam at sev-
eral propagation distances for different values of coherence length in free space. One 
can find from the figures that the coherence length plays an important role in the 
DOC distribution of a RPGSMA beam. In the source plane, as the coherence length 
increases, the DOC values of the RPGSMA beam gradually decreases and its scales 
gradually expand. As the propagation distance increases, the DOC distribution of the 
RPGSMA beam progressively evolves, and also tends to a Gaussian distribution in 
the far field. Finally, we discuss the polarization properties of the RPGSMA beam. In 
Fig. 6, we show evolution of the DOP of the RPGSMA beam at different values of co-
herence length δ0 in free space. It can be found that, in the source plane, that the dis-
tribution of DOP of the RPGSMA beam is the same as that of a single conventional 
radially polarized beam, and related to the value of coherence length δ0. Different co-
herence lengths result in different distributions of DOP. With an increase of the prop-
agation distance, a periodical grid-like distribution in the central area appears, and the 
periodical distribution area gradually expands on propagation. This indicates that the 
RPGSMA beam gradually evolves into an array beams on propagation, and each single 
polarized beam in the array beams affects each other, resulting in a grid-like distribu-
tion of DOP of the RPGSMA beam. 
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Fig. 6. Variation of DOP of the RPGSMA beam at different values of coherence length δ0 in free space, 
and beam width w0 = 1 mm. 
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(a) (b) 

(c) (d) 

Fig. 7. Variation of polarization properties of the RPGSMA beam at different values of beam parameters 
in free space. (a), (b) Variation of DOP with the coordinate x at propagation distance z = 20 m. (c), (d) 
On-axis behaviors of DOP along propagation distance z. (a), (c), δ0 = 0.3 mm, and (b), (d) w0 = 0.5 mm 

As shown in Fig. 7, variation of polarization properties of the RPGSMA beam at dif-
ferent values of beam parameters in free space has been further discussed. From Fig. 7(a) 
and (b), one can see that, in the cross-section, as the coordinate x increases, distribution 
of DOP of the RPGSMA beam initially fluctuates greatly, and then tends to be stable 
value. The smaller the beam width and coherence length, the larger the stable value. 
From Fig. 7(c) and (d), we also find that the on-axis behaviors of DOP show obvious 
fluctuations at first, and gradually became stable as the propagation distance increases. 
As the beam width and coherence length become larger, the on-axis DOP of the 
RPGSMA beam will get a stable value at a longer propagation distance. 

5. Conclusion 

In conclusion, we have introduced a new kind of partially coherent vector beam which 
can generate radially polarized Gaussian Schell-model array field, and discussed the 
reliability conditions. An analytical expression for the elements of the CSD matrix of 
a radially polarized Gaussian Schell-model array beam in free space is derived. With 
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the help of this formulae, the statistical properties of a RPGSMA beam on propagation 
have been studied numerically in detail. It is shown that the beam field generated by 
such a light source will produce far fields with optical lattice average intensity patterns. 
The DOC shows Gaussian profile in the far field, and the DOP appears a periodical 
grid-like distribution on propagation. In addition, It is also found that, with an appro-
priate choice of the source parameters and propagation distance, it can be a flexibly 
tuned propagation behavior of the RPGSMA beam. Our results might be beneficial for 
optical trapping, material processing, and free-space and atmospheric optical commu-
nications. 
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