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The intensity distributions near the focus for radially polarized Bessel–Gaussian beam with conical 
phase by a high numerical aperture objective are computed based on the vector diffraction theory. 
Results show that the circular focal spot can be changed from one to two on the focal plane by ad-
justing the truncation parameter β. By increasing the phase modulation parameter L, the focal pat-
tern appeared focal shift. According to the intensity distribution, the forces acting on a particle are 
calculated. The stability of particle trapping is analyzed. It is shown that a tightly focused radially 
polarized Bessel–Gaussian beam with conical phase is applicable to trapping, separating and trans-
porting of particles. 
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1. Introduction 

Since ASHKIN et al. demonstrated that a single focused laser beam can trap dielectric 
microspheres at the focal point in 1986 [1], optical traps and manipulations [2] have 
attracted much attention from scholars because they have become important tools 
for manipulating a variety of particles, including neutral atoms and molecules [3,4], 
miniature dielectric particles [5-9], DNA molecules [10,11], viruses [12], and living 
biological cells [13-17]. As far as we know, light has momentum and energy, and the 
light radiant force is generated by the exchange of energy and momentum between 
photons and particles. Because elementary Gaussian beams have peaks in the intensity 
distribution, generally most optical traps and manipulations use focused elementary 
Gaussian beams. By now, a variety of laser beams with Gaussian-like intensity profile 
have been studied to trap particles. For example, LIU and ZHAO numerically investigated 
the trapping effect of the focused generalized Multi-Gaussian Schell model beam at 
the focal plane [18]. NIE et al. compared the focusing properties of the radially polar-
ized Laguerre–Bessel–Gaussian beams with those of Laguerre–Gaussian and Bessel 
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–Gaussian modes and further analyzed the highly focused radially polarized Laguerre 
–Bessel–Gaussian beams which can capture two Rayleigh particles stably [19]. 
DUAN et al. [20] derived analytical expressions for the intensity and radiation forces 
of a focused partially coherent modified Bessel–Gaussian (MBG), and used them to 
study the optical trapping effect of the focused partially coherent MBG beams acting 
on dielectric sphere with different refractive indices [20]. It is shown that laser beams 
with Gaussian-like intensity profile should be used to trap particles with refractive in-
dex bigger than that of the ambient, while laser beams with a hollow-like intensity pro-
file are applicable to trap particles with refractive index smaller than the ambient. In 
addition, it is noted that some other beams such as Hermite–Gaussian beam [21,22], 
on-axis circularly symmetric Bessel beam [23], Laguerre–Gaussian beam [24], radially 
polarized beam [25,26], vortex beam [27-29], and circular Airy beams [30] also have 
been explored. These beams have great application prospects in free space information 
transmission and optical communication [31-33], optical imaging [34] and optical 
manipulation [35-37]. However, as far as we know, separating and transporting parti-
cles of tightly focused radially polarized Bessel–Gaussian beam with conical phase 
have not been reported. 

In this paper, we investigated the intensity distribution in the focal plane formed 
by a radially polarized Bessel–Gaussian beam with conical phase. By comparing the 
forces exerted on the particles under different values of the truncation parameter β and 
the phase modulation parameter L, some interesting and useful results are found. 

2. Theory 

In the focusing system, the incident beam is the radially polarized Bessel–Gaussian 
beam and the phase mask with conical phase distribution is placed in front of the ap-
erture plane of the lens; then the modulated beam with conical phase distribution is fo-
cused through an objective lens. Assuming that the radius of the optical aperture is a, 
the transmittance function of the phase mask can be written as 

exp –iφ , r a
ρ r φ =  (1)

0, otherwise 

where r and φ are the cylindrical coordinates, and phase variation in a circular phase 
mask with conical phase distribution can be written as 

r φ = 2π  L K  – ----- (2) a  

where K is between 0 and 1, and L denotes the phase modulation parameters. The Bessel 
–Gaussian beam with conical phase wavefront is focused. l (θ) is the amplitude distri-
bution of the incident beam, which can be written as 
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2β sinθ  β2sin2θ  l  θ = J1 --------------------- exp– --------------------- exp –iφ (3) sinα   sin2α  

where J1 denotes the Bessel function of first order, β denotes the truncation parameter, 
and α = arcsin(NA/n) is the maximum of the convergence angle θ. NA is the numerical 
aperture of the focusing system. According to the vector diffraction theory [38], the 
electric field E (r, z) and magnetic field H (r, z) near the focus can be written as 

E r z  = A cosθ sin 2θ  l θ J1kr  sinθ  exp ikz cosθ  dθ (4) r 
0 

α 

E r z  = 2iA  cosθ sin 2θ  l θ J0kr  sinθ exp ikz cosθ  dθ (5) z 
0 

α 

α 
Hφ 

2An 
r z  = ------------- cos θ sin θ l θ J1kr  sinθ  exp ikz cosθ  dθ (6)   

μ0 c 0 

where r and z are the cylindrical coordinates, respectively. In Eqs. (4) – (6), α is the 
convergence angle of the objective, A = Eπ f n1/2/λ, E is the amplitude of electric field 
in a vacuum, which is related to the power of the incident beam, f  is the focal length 
of the lens, k = 2πn/λ is the wave number in the immersion liquid with the refractive 
index n, Jn is the n-th-order Bessel function of the first kind. 

The total light intensity in the focusing region can be written as 

2I r z   = E r z  + E r z  2 (7)r z 

The average Poynting vector can be written as 

where er is the unit vectors in the radial direction, and ez is the unit vectors in the lon-
gitudinal direction. 

In a light field, a Rayleigh particle can be considered a point dipole because its ra-
dius is much smaller than the incident wavelength. The polarizability of a point dipole 
can be expressed as follows 

ε2 – ε1α = 4 a3ε1 --------------------- (9)
ε2 + ε1 

where a represents the radius of the Rayleigh particle, ε1 is the dielectric constants of 
the particle, and ε2 is the dielectric constants of the medium surrounding the particle. 

(8)S   
1 
2 

------ Re Er r z  Hφ 
* r z  ez Re Ez r z  Hφ 

* r z  er – 
  
  
  

= 
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Based on Rayleigh scattering theory [25], the gradient, absorption and scattering forces 

c 

can be written as 

Fgrad = 
1----- Re α  ε0I r  z
4 

(10) 

Fabs = 
n S Cabs 

c 
(11) 

Fscat = 
n S Cscat (12) 

where ε0 is the permittivity in a vacuum, Cscat = k4 |α |2/6π and Cabs = kn Im(α) /ε1 is 
the absorption and scattering cross-sections, respectively. Re and Im represent real and 
imaginary parts, respectively. 

3. Numerical results 

In this section, the focusing properties of tightly focused radially polarized Bessel 
–Gaussian beam with conical phase under different truncation parameter β and phase 
modulation parameters L is examined. In the numerical simulation, the refraction index 
n = 1.332, the numerical aperture NA = 0.95n, the incident wavelength λ = 1047 nm. 

In order to investigate the effect of β on the intensity distribution of the beam, the 
intensity of Bessel–Gaussian beam with conical phase at the conditions of L = 1 is il-
lustrated and analyzed in Fig. 1. We can see that the distribution of light intensity 

Fig. 1. Focusing field intensity distributions of Bessel–Gaussian beam with conical phase wavefront 
under condition of L = 1 and (a) β = 1.3, (b) β = 1.6, (c) β = 1.9, and (d) β = 2.2, respectively. 
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changes considerably with the truncation parameter β. It can be seen that with β in-
creases, the focus pattern of the optical intensity slowly enlarges and starts to split along 
the radial direction until it splits into two. Comparing Figs. 1(a) and (d), a small focal 
pattern becomes two large ones. Figure 1 shows the truncation parameter β has a great 
influence on the optical intensity distribution in the focal region, and the focal pattern 
is wholly enlarged and splits in two at the focal plane. The results show that β value 
can effectively adjust the number of the focal pattern to achieve the purpose of particle 
separation. 

Fig. 2. Focusing field intensity distributions of Bessel–Gaussian beam with conical phase wavefront un-
der condition of β = 1.3 and (a) L = 0, (b) L = 0.5, (c) L = 1, and (d) L = 1.5. 

Aiming at exploring the effect of different phase modulation parameters on the in-
tensity distribution of the focusing plane, we simulated the focused intensity distribu-
tion of the Bessel–Gaussian beam with conical phase wavefront at β = 1.3, as shown 
in Fig. 2. Under the condition of phase modulation parameter L = 0, it shows a focal 
pattern is at the center of the focal plane. As L increases, the focal pattern of light in-
tensity is shifted along the positive direction of the z-axis. It can be said that the focal 
pattern can be adjusted horizontally along the positive direction of the z-axis by intro-
ducing the conical phase, and the larger L is, the greater moving distance of the focal 
pattern. The results show that L value can effectively adjust the position of the focal 
pattern to achieve the purpose of particle transport. 

Figure 3 illustrates the evolution of intensity distributions in the focal region for 
β = 2 with changing the phase modulation parameters L, which shows that the intensity 
distribution in the focal region can be altered considerably by the phase modulation 
parameters L. The total light intensity distribution in the focal plane has two intensity 
peaks, which are symmetrically distributed along the r-axis, as shown in Fig. 3(a). Sim-
ilarly, when L increases to 1.5, the focal pattern of light intensity is shifted along the 
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Fig. 3. Focusing field intensity distributions of Bessel–Gaussian beam with conical phase wavefront un-
der condition of β = 2 and (a) L = 0, (b) L = 0.5, (c) L = 1,  and  (d)  L = 1.5.  

positive direction of the z-axis. The results show that L value can effectively adjust the 
position of the focal pattern to achieve the purpose of particle transport. 

This focusing field variation feature is of unusual consequence for the extended 
study of Bessel–Gaussian beam in biological imaging, optical focusing and other 
fields. Comparing Figs. 2 and 3, although the shapes of the focal patterns are different, 
they move in the same way with larger L. Then, we numerically calculate the forces 
acting on the particle in order to further analyze the feasibility of particle separation 
and particle transport. In the numerical calculation, we take a particle with a radius of 
19.1 nm and relative permittivity ε = –54  +  5.9i as an example to analyze the forces 
of the beam on the particle. 

When gravity and Brownian force are small enough, as long as the gradient force 
Fgrad is larger than the combined force of Fabs + Fscat , a stable trap can be achieved at 
the capture point. We plot intensity distributions of the gradient force Fgrad and the 
sum of the absorption and scattering forces Fabs + Fscat acting on a particle for the tight-
ly focused radially polarized Bessel–Gaussian beam under different L along the r and 
z directions in Fig. 4. From Fig. 4(a)–(d), it can be seen that there is an equilibrium 
position for trapping particles in both the r and z directions under different L, which 
means that this type of particle can be transported by adjusting L (see black and red 
lines). In Fig. 4(a)–(d) and Fig. 4(e)–(h), it can be clearly seen that with the increase 
of L, the gradient force Fgrad in the r direction, the sum of the absorption force and the 
scattering force Fabs + Fscat decreases, but the force in the z direction changes a little. 
It is clear that the sum of the absorption and scattering forces provides a reduction of 
factors of two orders of magnitude corresponding to the gradient force. In particular, 
it should be noted that the scattering or absorption force is essentially null along the 
beam axis, which is consistent with that in [25,39]. 
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Fig. 4. Forces of Bessel–Gaussian beam with conical phase (β = 1.3) acting on a particle. The gradient 
force of (a) L = 0,  (c)  L = 0.5, (e) L = 1,  (g)  L = 1.5, the sum of the absorption force and scattering force 
of (b) L = 0, (d) L = 0.5, (f ) L = 1,  (h)  L = 1.5 along the r direction and z direction in the focal plane. 
The radius of the particle is 19.1 nm, and the relative permittivity is ε = –54  + 5.9i. 
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Fig. 5. Forces of Bessel–Gaussian beam with conical phase ( β = 2) acting on a particle. The gradient force 
of (a) L = 0,  (c)  L = 0.5, (e) L = 1, (g) L = 1.5, the sum of the absorption force and scattering force of 
(b) L = 0, (d) L = 0.5, (f ) L = 1, (h) L = 1.5 along the r direction and z direction the focal plane. The radius 
of the particle is 19.1 nm, and the relative permittivity is ε = –54 + 5.9i. 
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Now we turn to the case of the truncation parameter β = 2. In Fig. 5(a)–(d), there 
exist two equilibrium points along the r direction, which means that such particles will 
be separated by the focused radially Bessel–Gaussian polarized beams. However, in 
contrast to Fig. 4(a)–(d), the optical cage gives rise to smaller gradient force as seen 
in Fig. 5(a)–(d). Similarly, the calculation shows that there is no energy flow along 
the beam axis and the forces in other directions all decrease with the increase of L. 
Meanwhile, the sum of the scattering and absorption forces in the two directions is much 
smaller than the corresponding gradient forces. 

Then we calculate two stability criteria for manipulating particles by using tightly 
focused radially polarized Bessel–Gaussian beam with conical phase. On the one hand, 
all components of the gradient force should be larger than the sum of absorption and 
scattering forces, i.e., R = Fgrad / (Fabs + Fscat) > 1,  where  R is called the stability crite-
rion. For a conservative estimation, we can use R = (Fgrad)max / (Fabs + Fscat)max > 1  to  
estimate the stability [25,39]. By using simple computations?in the case of β = 1.3,  
when L = 0,  R = 91, ∞ along the r  and z directions, respectively; when L = 0.5,  
R = 73, ∞ along the r and z directions, respectively; when L = 1, R = 54, ∞ along the 
r and z directions, respectively; when L = 1.5, R = 34, ∞ along the r and z directions, 
respectively. In the case of β = 2,  when  L = 0,  R = 50, ∞ along the r and z directions, 
respectively; when L = 0.5, R = 39, ∞ along the r and z directions, respectively; when 
L = 1,  R = 24, ∞ along the r and z directions, respectively; when L = 1.5, R = 22,  ∞  
along the r and z directions, respectively. The results clearly show that particles can 
be stably trapped, separated and transported by using tightly focused radially polarized 
Bessel–Gaussian beam with conical phase. 

On the other hand, a stable trapping system requires that the potential well gener-
ated by the gradient forces should be sufficiently deep to overcome the kinetic energy 
of the trapping particle in Brownian motion. A widely used criterion for particle trap-
ping stability is known as the Boltzmann factor, as follows 

 U m= exp– ---------------  1 (13)R thermal 
 k B T  

where kB is the Boltzmann constant, T is the temperature of the ambient, and Um is the 
maximum depth of the potential well expressed as |Re(α )ε0 I (r, z)max /2 |.  Assuming  
temperature 300 K, R thermal for the situations considered in Fig. 2(a)–(d) is calculated 
to be 1.32 × 10–15, 1.38 × 10–15, 4.74 × 10–14 and 2.02 × 10–12 . The Rthermal for the sit-
uations considered in Fig. 3(a)–(d) is calculated to be 0.018, 0.019, 0.022 and 0.029, 
respectively. The above results show that particles can be stably trapped, separated and 
transported by using tightly focused radially polarized Bessel–Gaussian beam with 
conical phase. These results have academic significance and the optical field distribu-
tion in the focus region is complicated, which makes it possible to carry more infor-
mation in the optical information transmission field. 
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4. Conclusions 

In conclusion, we investigated the intensity distribution in the focal plane formed by 
a tightly focused radially polarized Bessel–Gaussian beam with conical phase. The ef-
fects of the truncation parameter β and the phase modulation parameter L on the nor-
malized intensity distribution are discussed in detail. The results show that the focal 
pattern can be changed from one to two on the focal plane by adjusting the truncation 
parameter β. The phase modulation parameter L can significantly adjust the position 
of the intensity peak, by increasing L, the position of the maximum intensity spot will 
move along the z-axis. According to the intensity distribution, the forces acting on 
a particle are calculated. In addition, it is indicated that the optical trap is stable. This 
unique focusing patterns are difficult to be obtained with other types of light beams, 
however, it has been achieved by using the proposed Bessel–Gaussian beam. This work 
not only deduces the optical field distribution in the focusing area of the radially po-
larized Bessel–Gaussian beam with conical phase which provides a reference value 
for related research, but also expands the potential application prospect of particle trap-
ping, particle separation and particle transport. 
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