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Summary 

 

Mathematical model of the volume and solute flows through artificial polymeric 
membrane under occurrence of the concentration boundary layers on both sides of this 
membrane is presented. This nonlinear model, based on the Kedem-Katchalsky and Rayleigh 
equations, describes the volume flux generated by osmotic and hydrostatic forces, thicknesses 
of the concentration boundary layers, concentrations and hydrostatic pressures on the 
membrane-concentrations boundary layers’ borders. Besides, this model shows that the 
volume flows and individual forces causes the flows influences on the thickness of 
concentration boundary layers.  

The nonlinear equations for volume flux, concentration and thickness of concentration 
boundary layers can be used to numerical calculation in linear regime of the hydrodynamical 
stability. 
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Transport membranowy niejednorodnych roztworów nieelektrolitów: 
model matematyczny oparty na równaniach Kedem-Katchalsk’ygo i 

Rayleigha 
 

 
Streszczenie 

 
Przedstawiono model matematyczny przepływów objętościowych i substancji 

rozpuszczonej przez sztuczną membranę polimerową, w warunkach istnienia po obydwu jej 
stronach stęŜeniowych warstw granicznych. Ów nieliniowy model, oparty na równaniach 
Kedem-Katchalsky’ego i Rayleigha, opisuje strumień objętościowy generowany przez 
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bodziec osmotyczny i hydrauliczny, grubości stęŜeniowych warstw granicznych, stęŜenia i  
ciśnienia mechaniczne na granicach membrana-stęŜeniowe warstwy graniczne. Ponadto ten 
model pokazuje, Ŝe przepływy objętościowe i poszczególne bodźce wywołujące te przepływy 
mają wpływ na grubość stęŜeniowych warstw granicznych.  

Otrzymane nieliniowe równania nadają się do obliczeń numerycznych w liniowym 
reŜimie stabilności hydrodynamicznej.   
 
Słowa kluczowe: transport membranowy, równania Kedem-Katchalsky’ego, stęŜeniowe   
                             warstwy graniczne, stęŜeniowa liczba Rayleigha 
 
_____________________________________________________________________________ 

 
 

 
INTRODUCTION 

 

The famous Kedem-Katchalsky equations, describing the passive membranes transport 

was published in 1958 [1]. In the following years O. Kedem i A. Katchalsky presented a 

version of equations describing the membrane transport of electrolyte solutions regarding 

electrical effects [2] and active transport [3]. The active membrane transport was studied also 

by other authors [4]. In these papers the concentrations boundary layers were not regarded. 

The few first of meaning papers, in which creation of these layers were regarded and 

published by Dainty [5] and Ginsburg and Katchalsky [6]. But not till the end of last century 

papers devoted to the modification of the Kedem-Katchalsky (KK) equations were published. 

In these papers the range of KK equations’ applications to membrane systems containing the 

concentration boundary layers was expanded. Papers published by A. Ślęzak [7, 8], M. Kargol 

[9] and A. Kargol [10] had significant contribution in the study of this problem. 

A membrane is an interphase between two adjacent homogeneous phases (solutions) 

acting as a selective barrier, regulating the transport of substances between the two 

compartments. Homogeneity of these phases can be achieved e.g. by mechanical devices 

(stirrers). In case of binary homogeneous and diluted solutions the transport can be described 

by the volume (Jv) and solute (Js) fluxes. Relationships between the fluxes and the generating 

forces ( P∆  and/or π∆ ) have been described by Kedem-Katchalsky equations [11]. The 

classical version of these equations is as follows 

                                               )( πσ∆−∆= PLJ pv                                                      (1) 

                                             vs JCJ )1( σπω −+∆=                                                  (2) 

where Lp, σ and ω are the hydraulic permeability, reflection and solute permeability 

coefficients; lh PPP −=∆  is the mechanical pressure difference, )( lh CCRT −=∆π  is the 
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osmotic pressure difference, RT – product of the gas constant and thermodynamic 

temperature, hC  and lC  – solutions concentration, 11)])[ln(( −−−= lhlh CCCCC ≈ )(2
1

lh CC +  

– the average solute concentration in membrane.   

In most cases, spontaneously occurring transport processes in the external field such as 

the electric or gravitational field, lead to creation of local and/or global non-homogeneity in 

solutions that modify the membrane transport [12-14]. One of the reasons for forming this 

non-homogeneity is the concentration polarization leading to the temporal-spatial evolution of 

and thermodynamic flows and forces [8, 15, 16]. In case of ion-exchange membranes and 

electrolyte solutions, concentration polarization is a well-known phenomenon arising at the 

interface between an ion-exchange membrane and electrolyte solution when an electric 

current passes through the system [17, 18]. In its prominent form, concentration polarization 

is observed by the fact that the transmembrane flux does not increase with increasing of 

driving force and reaches a limiting flux [19-21]. The theoretical modelling of the 

concentration polarization phenomenon is based on the Nernst-Planck, Poisson [22-24], Fick 

[15, 25, 26] and Kedem-Katchalsky [27-29] equations.  

In the case of the nonelectrolyte solutions transport through a neutral membrane, the 

concentration polarization consists in formation of the concentration boundary layers (CBL) 

at both sides of this membrane [np. 7-10, 12-16]. The layers can be treated as a liquid 

membrane with suitable transport properties [8, 14]. One of the effects of the temporal-spatial 

evolution of the concentration boundary layers is the evolution of the concentrations field. 

This evolution causes that solutions concentrations at interfaces: membrane/solution in the 

stationary state (iC , eC ), are crucially different from concentrations in the initial moment 

( hC , lC ). These concentrations fulfil conditions iC < hC  and eC > lC  [15, 30]. Usually the 

width of the CBLs is estimated by flux measurements [e.g. 7, 8, 14, 31]. Alternatively, 

microelectrodes placed near the membrane surface can be used to determine thickness from 

the time-course of near membrane concentration changes [16,20,21,32,33-35]. Concentration 

profiles may be also registered with optical methods [14, 15, 25, 36, 37]. It means that these 

layers, by reducing the concentration gradient across the membrane, limit both the osmotic 

and diffusive flows. Kinetics of these flows, on the phenomenological level, is controlled by 

the concentration Rayleigh number [14, 37]: 

                                                          14 )( −= νβα DdgR CCC                                     (3) 
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where g is the gravitational acceleration, d – the fluid depth along the gravitational (z) direction, 

ρρα /)/( CC ∂∂=  – the variation of density with concentration, zCC ∂∂= /β  – the 

concentration gradient, D – the solute diffusion coefficient and ν  – kinematic viscosity. 

Near-membrane concentrations boundary layers play role of additional kinetics barriers 

in transport processes of rapidly permeating substances through natural and artificial 

membranes [38-43]. The rate and effectiveness of chemical transformations within the CBLs 

are affected by the availability of the reactants. Near-membrane boundary layers are the 

source of an inaccurate Michaelis constant in membrane transport [42]. The size of CBLs 

seems to have regulatory functions. Variations in epithelial function or luminal stirring can for 

example readily influence the absorption of small molecules [40, 41]. In terrestrial conditions, 

the concentration boundary layers can be destroyed by natural convection and sedimentation 

[44].  

In the present paper the mathematical model of the volume and solute flows through 

artificial polymeric membrane under occurrence of the concentration boundary layers on both 

sides of this membrane is presented. This nonlinear model, based on the Kedem-Katchalsky 

and Rayleigh equations, describes the volume flux generated by osmotic and hydrostatic 

forces, thicknesses of the concentration boundary layers, concentrations and hydrostatic 

pressures on the membrane-concentrations boundary layers’ borders. Besides, this model 

shows that the volume flows and individual forces causes the flows influences on the 

thickness of concentration boundary layers. The nonlinear equations for volume flux, 

concentration and thickness of concentration boundary layers can be used to numerical 

calculation in linear regime of the hydrodynamical stability. 

The paper is organized as follows. We characterize the model of membrane system in 

section 2. In section 3 we present the mathematical model of volume and solute flows of non-

homogeneous non-electrolyte solutions based on the Kedem-Katchalsky equations. In this 

section we obtain two alternative third order equations for volume flux. The coefficients, that 

appear in these equations, depend on transport parameters of complex concentration boundary 

layers-membrane or membrane, difference of the mechanical and/or osmotic pressures and 

thicknesses of the concentration boundary layers. These thicknesses can be calculated on the 

basis on Rayleigh equation. In section 4 the mathematical model of the thicknesses of 

concentration boundary layers is presented. We obtain two fourth order equations in which 

the coefficients are dependent on transport parameters of complex membrane-concentration 

boundary layers or membrane, difference of the osmotic and/or mechanical pressures and 
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other parameters, which can be experimentally determined in series of independent 

experiments [8, 37].  

 

MEMBRANE SYSTEM 

 

Let us consider the single-membrane system presented schematically in Fig.1. In this 

system the compartments (l) and (h), containing diluted and heterogeneous (not mechanically 

stirred) binary solutions of the same non-electrolyte are separated by isotropic, symmetrical, 

selective and electroneutral membrane M. In this system water and a dissolved substance 

diffused through the membrane will lead to formation of concentration boundary layers 

(CBLs) ll and lh. These layers can be treated as pseudomembranes [8,14]. The transport 

processes are isothermal and stationary and no chemical reactions occur in the solutions. We 

denote the concentrations of solutions at boundaries ll/M and M/lh by Ce and Ci respectively, 

while the concentrations of solutions outside the boundaries are denoted by Cl and Ch. The 

concentrations satisfy the conditions Ch>Cl, Ci>Ce, Ce>Cl and Ch>Ci. We denote the 

mechanical pressure at boundaries ll/M and M/lh by Pe and Pi respectively, while the 

mechanical pressures outside the boundaries are denoted by Pl and Ph. The pressures satisfy 

the conditions Ph>Pl, Pi>Pe, Pe>Pl and Ph>Pi. The membrane (M) is characterized by the 

hydraulic permeability (Lp=Lpm), reflection (σ=σm) and solute permeability (ω=ωm) 

coefficients. The layers (ll) and (lh) are characterized by the hydraulic permeability (Lpl, Lph), 

reflection (σl=0, σh=0) and solute permeability (ωl, ωh) coefficients, respectively. The 

hydraulic permeability, reflection and solute permeability coefficients of complex  ll/M/l h are 

denoted by Lps, σs and ωs, respectively. The parameters Lpl, Lph, Lpm, Lps, σl, σh, σm, σs, ωl, ωh, 

ωm and ωs are defined by the expressions listed in table 1. The volume fluxes through the 

layers ll, lh, membrane M and complex ll/M/l h are denoted by Jvl, Jvh, Jvm and Jvs, respectively.  

 

 

DESCRIPTION OF THE MEMBRANE TRANSPORT OF NON-

HOMOGENEOUS SOLUTIONS BASED ON KEDEM-KATCHALSKY 

EQUATIONS 

 

The starting point of our description are equations (1) and (2). On the basis of equation 

1 we can write: 



 6 

                                                  )( ihphhphvh PPLPLJ −=∆=                                          (4) 

                           )()( eimpmeipmmmpmmpmvm CCRTLPPLLPLJ −−−=∆−∆= σπσ        (5) 

                                                    )( lepllplvl PPLPLJ −=∆=                                         (6) 

                                                      )( πσ ∆−∆= spsvs PLJ                                            (7) 

At steady state, the following condition is fulfilled 

                                                             vsvlvmsh JJJJ ===                                         (8)                                               

Combining eqs. (4)-(6) we obtain 

                            
)(

})]([{

phplpphpl

hphplhpheilplp
i LLLLL

PLLPLCCRTPLL
P

++
++−+

=
σ

                    (9) 

                            
)(

})]([{

phplpphpl

lphpllpleihphp
e LLLLL

PLLPLCCRTPLL
P

++
++−−

=
σ

                   (10) 

Subtraction equations (9) and (10) leads to expression 

                            
)(

))((

phplpphpl

eiphplpphpl
ei LLLLL

CCLLRTLPLL
PP

++
−++∆

=−
σ

                        (11) 

For coefficients Lps, Lp, Lpl and Lph the next relation applies 

                                                  1111 −−−− ++= phplpps LLLL                                         (12) 

From above relation results that, if plL →∞ and phL →∞, we obtain psL → pL . Combining  

equations (4), (5) and (7) we obtain other versions of the equations (9) and (10)  

                                       )(1 πσ ∆−∆−= −
sphpshi PLLPP                                           (13) 

                                          lsplpse PPLLP +∆−∆= )( πσ                                           (14) 

Combining equations (9), (10) and (12) or eqs. (13) and (14), the equation (11) can be written 

as  

                                )])(([1
eipsppspei CCLLRTPLLPP −−+∆=− − σ                      (15) 

Besides, combining equations (4), (6) - (8) we can write 

                                   )()()( ihphspslepl PPLPLPPL −=∆−∆=− πσ                       (16) 

Taking into consideration equation (15) in equation (5) we obtain 

                                            )]([ eimpsvm CCRTPLJ −−∆= σ                                    (17) 

Occurrence of the concentrations iC  and eC  in above equation can be determined by 

optical methods [15,25]. These concentrations can be calculated on the basis of equation (2) 

[27-29]. In order to calculate these concentrations the following considerations will be made. 
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The solute fluxes through the layers ll, lh, membrane M and complex ll/M/l h are denoted 

by Jsl, Jsh, Jsm and Jss, respectively. Besides, permeability coefficients of solute layers ll  and 

hl  can be written as 1)( −= lll RTD δω  and 1)( −= hhh RTD δω  [6].  

In order to calculate iC  i eC , equation 2 can be written as 

                                     vhihihhhh JCCCCDJ )()( 2
11 ++−= −δ                                     (18) 

                             )1)(()( 2
1

meivmeimm CCJCCRTJ σω −++−=                                (19) 

                                    vllelelll JCCCCDJ )()( 2
11 ++−= −δ                                        (20) 

                                          )1( svssss CJJ σπω −+∆=                                               (21) 

At steady state, the following conditions are fulfilled 

                                                 ssslsmsh JJJJ ===                                                   (22) 

From equations (18)-(22) it appears that two expressions for both iC  and eC  can written. 

Two methods of obtaining these expressions will be presented below. The first method leads 

to equations, in which the coefficients sω  and sσ (transport coefficients refers to complex 

l l/M/l h) occur. The second method leads to equations, in which the coefficients ω  and σ  

(transport coefficients refers to membrane) occur. 

The first method is a consequence of the following considerations. Combining equations 

(18), (20)-(22) we obtain 

                      1
2
1

2
1 ))](([ −−−+∆−= hvhlshvhshhi JDCCJCDC δσδπδω                 (23) 

                      1
2
1

2
1 ))](([ −+−+∆+= lvlshlvlslle JDCCJCDC δσδπδω                    (24) 

where mss ωζω = , mss σζσ =  and 0≤ sζ ≤1. 

If we assume that lδ = hδ =0 we obtain iC = hC  and eC = lC . For  Jv=0, equations (23) and (24) 

reduced to form  

                                              πδω ∆−= −
hhshi DCC 1                                                  (23a) 

                                              πδω ∆+= −
llsle DCC 1                                                   (24a) 

Taking into consideration equations (23) and (24)  in equation (17) we obtain 

                                      043
2

2
3

1 =+++ γγγγ vmvmvm JJJ                                            (25) 

where 

                                                         hlδδγ 2
1

1 =                                                            (26) 

                            )]()[( 2
1

2
1

2 πσδδδδγ ∆+∆+−−= mlhpshllh PLDD                           (27) 
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                 )]()([ 2
1

3 lhhlsmhllhpslh DDCRTDDPLDD δδσσδδγ +−−∆+−=            (28) 

                   )]}([{4 lhhlslhmlhps DDRTDDPDDL δδωπσγ +−∆−∆=                       (29) 

 

Here are main conclusions appearing from equation (25):  

 

1. For ∆P=0 eqs. (27)-(29) reduced to the form  ])[( 2
1

2
1

2 πσδδδδγ ∆+−−= mlhpshllh LDD ,                                                   

)]}([{3 lhhlsmpslh DDCRTLDD δδσσγ +−−=  and 

)]}([{4 lhhlslhmps DDRTDDL δδωπσγ +−∆−= . 

 

2. The condition Ch=Cl≠0 reduces only equations (27) and (29) to form 

])[(2
1

2 PLDD lhpshllh ∆+−−= δδδδγ  and )]}([{4 lhhlslhlhps DDRTDDPDDL δδωγ +−∆= .                                              

 

3. For non selective membrane (σ=σs=0) we obtain: ])[(2
1

2 PLDD lhpshllh ∆+−−= δδδδγ ,                                                      

)]([2
1

3 hllhpslh DDPLDD δδγ −∆+−= , PDDL lhps ∆=4γ . 

 

4. If lD = hD = D  and lδ = hδ =δ  we obtain the following form of equations (26)-(29): 

2
2
1

1 δγ = ,  )]([ 2
12

2
1

2 πσδγ ∆+∆−= mps PL , ]}2{2
3 δσσγ DCRTPLD smps ∆+−=  and                                                  

)]2([4 δωπσγ RTDPDDL smps −∆−∆= . 

 

5. Taking into account the condition lδ = hδ =0, we can write the eqsuations (26)-(29) in 

following forms 01 =γ , 02 =γ , lh DD−=3γ  and )(4 πσγ ∆−∆= mlhps PDDL . These 

conditions and expression (12) enable transformation of the equation (25) to equation (1). 

 

The second method is a consequence of the following considerations. Combining 

equations (18) - (20) and (22) we obtain the following forms of equations for  Ci and Ce  

  

hlvmhllhvmhllhlh

hlvmllhvmhll

hlvmhllhvmhllhlh

hlvmhlhllhvmlhlhh
i

JDDJRTDDDD

JDRTJRTDC

JDDJRTDDDD

JRTDDJRTDDDC
C

δδσδδωδδ
δδσσδωδδω

δδσδδωδδ
δσδδδωδδσδω

)21()()(

)}1(])1([{

)21()()(

])([

2

4
1

2
1

2

4
1

2
1

2

4
1

2
1

2

4
1

2
1

−+−+++
−+−+−

+
−+−+++

+++−+
=

        (30) 
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hlvmhllhvmhllhlh

hlvmhhlvmlhh

hlvmhllhvmhllhlh

hlvmhllhhlvmhllhl
e

JDDJRTDDDD

JDRTJRTDC

JDDJRTDDDD

JRTDDJRTDDDC
C

δδσδδωδδ
δδσσδωδδω

δδσδδωδδ
δσδδδωδδσδω

)21()()(

})1(])1([{

)21()()(

])([

2

4
1

2
1

2

4
1

2
1

2

4
1

2
1

2

4
1

2
1

−+−+++
−+−++

+
−+−+++

+++−+
=

            (31) 

 

A condition lδ = hδ =0 reduces equations (30) and (31), analogously as in case of 

equations (23) and (24), to forms iC = hC  and eC = lC . Next, the condition Jv=0, reduces 

equations (30) and (31) to following forms 

          1])(])([ −++++= RTDDDDRTDCRTDDDCC hllhlhhlllhlhhi ωδδδωδω          (30a) 

          1])(}[][{ −++++= RTDDDDRTDCRTDDDCC hllhlhlhhhllhle ωδδδωδω         (31a) 

Taking into consideration equations (3), (8) and (9) we obtain 

                                              043
2

2
3

1 =+++ χχχχ vmvmvm JJJ                                     (32) 

where 

                                                       hlδδσχ )21(4
1

1 −=                                                  (33) 

                  )]()21()([ 2
1

2
1

2 πσδδσδδσχ ∆+∆−−−= PLDD hlphllh                            (34)  

          
]})21([)]21([{

)()(

2
1

2
1

3

lhhlllhhlhp

hllhphllhlh

DDCDDCRTL

DDPLRTDDDD

δσδσδδσ
δδσωδδχ

−−−−−

+−∆−++=
                (35) 

           )]()([4 hllhlhp DDRTPPDDL δδωπσχ +∆+∆−∆−=                                      (36) 

Discussion of these equations leads to the following conclusions: 

 

1. If we assume that P∆ =0, in equations (12) and (13) we obtain 

                           ])21()([ 2
1

2
1

2 πσδδσδδσχ ∆−−−= hlphllh LDD                              

          
]})21([)]21([{

)()(

2
1

2
1

3

lhhlllhhlhp

hllhphllhlh

DDCDDCRTL

DDLRTDDDD

δσδσδδσ
δδσωδδχ

−−−−−

+−−++=
               

                       )]([4 hllhlhp DDRTDDL δδωπσχ +−∆=                                              

 

2. If we assume that Ch=Cl≠0, in equations (12) and (14) we obtain 

                                      ])21()([ 2
1

2
1

2 PLDD hlphllh ∆−−−= δδσδδσχ                      

                
]})21([)]21([{

)()(

2
1

2
1

3

lhhlllhhlhp

hllhphllhlh

DDCDDCRTL

DDPLRTDDDD

δσδσδδσ
δδσωδδχ

−−−−−

+−∆−++=
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                                     )}({4 hllhlhp DDRTDDPL δδωχ ++∆−=                              

 

3. For non selective membrane (σ =0),  hlδδχ 4
1

1 = , PL hlp ∆−= δδχ 4
1

2 , 

  RTDDDD hllhlh ωδδχ )(3 ++= , )]([4 hllhlhp DDRTDDPL δδωχ ++∆−= .                   

 

4. For lD = hD = D  and lδ = hδ =δ , equations (33)-(36), are simplified  to forms 

2
4
1

1 )21( δσχ −= , )()21( 2
4
1

2 πσδσχ ∆+∆−−= PLps ,  )]22([ 2
3 CLRTDD pσδωχ ++=  

and ]2)([4 PRTPDDLps ∆+∆−∆−= ωδπσχ .  

 

5. For permselelective membrane (σ =1) we obtain 

                                                              hlδδχ 4
1

1 −=                                                  

                                          )]()[( 2
1

2
1

2 πδδδδχ ∆+∆+−= PLDD hlpshllh                   

          
)](

)([)( 2
1

3

lhhl

hllhpshllhlh

DDRTC

DDPLRTDDDD

δδ

δδωδδχ

++

−−∆−++=
                          

           )]()([4 hllhlhpS DDRTPPDDL δδωπχ +∆+∆−∆−=                                    

 

6. For σ =0.5, equations (33)-(36) can be written in following forms 

                                                                01 =χ                                                       (33a) 

                                                    )(4
1

2 hllh DD δδχ −=                                           (34a)  

                      
)(

)]()[(

4
1

4
1

3

hllhp

lhlhlhphllhlh

DDPL

DCDCLDDRTDD

δδ
δδωδδχ

−∆−

++++=
         (35a) 

                         )}()([ 2
1

4 hllhlhp DDRTPPDDL δδωπχ +∆+∆−∆−=                   (36a) 

Taking into account the condition 01 =χ , the equation (32) reduces to  following form 

                                                   043
2

2 =++ χχχ vmvm JJ                                        

In above equation the coefficients 1χ , 2χ , 3χ  and 4χ are illustrated by expressions (34a)-

(36a).  

 

7. The condition lδ = hδ =0 enable to write the expressions (33)-(36) in forms                                                                       

01 =χ ,  02 =χ , lh DD=3χ   and )(4 πσχ ∆−∆−= PDDL lhp . These conditions and 

expression (12) transform equation (32) to equation (1). 
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8. For 2
1=σ , lδ = hδ =δ  and lD = hD = D  equations (33a)-(36a) can be written in following 

forms 01 =χ  , 02 =χ , )]2([3 CLRTDD p++= ωδχ  and                           

]2)([ 2
1

4 PRTPDDLp ∆+∆−∆−= δωπχ . Besides, for 01 =χ  and 02 =χ , the equation (32) 

can be written in following form [29] 

1
2
1 )]2(][)2[( −++∆−∆+= CLRTDDPRTDLJ ppv ωπδω .                                      

In order to calculate the mechanical pressure difference described by equation (15) analogical 

procedure can be used. 

 

EQUATIONS FOR THICKNESSES OF CONCENTRATION BOUNDARY  

LAYERS 

 

In order to calculate lδ  and hδ  we will use the definition of concentration Rayleigh 

number, presented by equation (3) (Rayleigh equation). If we identify the thickness lδ  and hδ  

of concentration boundary layers ll  and hl  with d [14], then using the relations 

1))(( −
∂
∂ −= llleCClCl CCg δρβα ρ , 1))(( −

∂
∂ −= hhihCChCh CCg δρβα ρ  equation. 3 can be written 

in the following forms 

                                           
1

3 )(
−








 −








∂
∂= lelllCll CC
C

gDR
ρνρδ                               (37) 

                                          
1

3 )(
−








 −








∂
∂= ihhhhChh CC
C

gDR
ρνρδ                              (38) 

Taking into account equations (23) and (24) in equations (37) and (38), respectively, 

we obtain the following system of equations 

                                                        032
4

1 =−− ϑδϑδϑ ll                                          (39) 

                                                       032
4

1 =−+ κδκδκ hh                                          (40) 

where 

)]}1()1([{ 2
1

1 slshvs CCJ
C

g σσπωρϑ +−−+∆








∂
∂=                                                  (41) 

lllClv DRJ νρϑ 2
1

2 =                                                                                                     (42) 

2
3 lllCl DR νρϑ =                                                                                                        (43) 
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)]}1()1([{ 2
1

1 shslvs CCJ
C

g σσπωρκ +−−+∆








∂
∂=                                                (44) 

hhhChv DRJ νρκ 2
1

2 =                                                                                                 (45) 

2
3 hhhCh DR νρκ =                                                                                                      (46) 

If we assume that 0=vJ  in equations (41)-(46), we obtain πωρϑ ∆








∂
∂= sC

g1 , 02 =ϑ  

2
3 lllCl DR νρϑ = , πωρκ ∆









∂
∂= sC

g1 , 02 =κ  and 2
3 hhhCh DR νρκ = . Then equations (39) and 

(40) are reduced to following forms [28,29] 

                                        

25.01
225.0




















 ∆








∂
∂=

−

πρωρνδ
C

gDR slllCll                          (47) 

                                        

25.01
225.0




















 ∆








∂
∂=

−

πρωρνδ
C

gDR shhhChh                       (48) 

The basis of second method derivation of the equations for thicknesses of 

concentration boundary layers is regarding the equations (30) and (31) in equations (37) and 

(38), respectively. In results we obtain the following system of equations [45] 

       
0))()((

)())((

64
1

45
4

263
4

153

4
45

4
2

4
63

4
121

=−−−−++−+

−−−−+−−
−

−

βδβαδαδααδαδαδββ

αδαδααδαδαδββ

lllllh

lllll             (49) 

      
0))()((

)())((

64
1

45
4

263
4

153

4
45

4
2

4
63

4
121

=−−++−−+

−++−−+
−

−

αδαβδβδββδβδβδαβ

βδβδββδβδβδαα

hhhhhh

hhhhh              (50) 

where 

)]}1()1([{ 2
1

1 σσπωρα +−−+∆








∂
∂= lhhvmh CCDJD
C

g ,                                           (51) 

)]}31()1([{ 2
1

2
1

2 σσπωρα −−−+∆








∂
∂= lhvmvm CCJJ
C

g ,                                         (52) 

)( 2
1

3 σωνρα vmClllhl JRTRDD += , )( 2
12

4 σωνρα vmllCll JRTRD −=                            (53) 

)21(2

4
1

5 σνρα −= lllClvm DRJ , 

llCllh RDD νρα 2
6 = ,                                                                                                      (54) 

)]}1()1([{ 2
1

1 σσπωρβ −−+−∆








∂
∂= lhlvml CCDJD
C

g ,                                            (55) 
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)]}1()31([{ 2
1

2
1

2 σσπωρβ −+−−∆








∂
∂= lhvmvm CCJJ
C

g ,                                         (56) 

)( 2
1

3 σωνρβ vmChhhhl JRTRDD −= ,                                                                           (57) 

)( 2
12

4 σωνρβ vmhhChh JRTRD +=                                                                                (58) 

)21(2

4
1

5 σνρβ −= hhhChvm DRJ ,                                                                                     (59) 

hhChhl RDD νρβ 2
6 = .                                                                                                   (60) 

 

Taking the following cases into considerations: 

 

1. If we assume that vJ =0 in equations (43)-(54) we obtain 

πωρα ∆








∂
∂= hD
C

g1 , RTRDD Clllhl ωνρα =3 , RTRD llCll ωνρα 2
4 = , llCllh RDD νρα 2

6 = , 

πωρβ ∆








∂
∂= lD
C

g1 , RTRDD Chhhhl ωνρβ =3 , RTRD hhChh ωνρβ 2
4 = , hhChhl RDD νρβ 2

6 = , 

2α = 5α = 2β = 5β =0. 

 

This causes the equations (43) and (44) reduction to forms 

0))(()()( 64
1

463
4

13
4

4
4

63
4

11 =−−−++−−−−+− −− βδβααδαδαβααδαδαβ lllll       (61) 

0))(()()( 64
1

463
4

13
4

4
4

63
4

11 =−−−−−−− −− αδαββδβδββββδβδβα hhhhh             (62) 

This case was considered in previous paper [46]. 

 

2. If we assume that ClR = ChR = CR , lD = hD = D , lρ = hρ = ρ , lν = hν =ν  and lδ = hδ =δ  in 

equations (43)-(54) we obtain 

)]}1()1([{ 2
1

1 σσπωρα +−−+∆








∂
∂= lhvm CCJD
C

g , 

)]}31()1([{ 2
1

2
1

2 σσπωρα −−−+∆








∂
∂= lhvmvm CCJJ
C

g , 

)]}1()1([{ 2
1

1 σσπωρβ −−+−∆








∂
∂= lhvm CCJD
C

g , 

)]}1()31([{ 2
1

2
1

2 σσπωρβ −+−−∆








∂
∂= lhvmvm CCJJ
C

g  
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)( 2
12

3 σωρνα vmC JRTRD += , )( 2
12

4 σωρνα vmC JRTRD −=  

)( 2
12

3 σωρνβ vmC JRTRD −= , )( 2
12

4 σωρνβ vmC JRTRD +=  

)21(2

4
1

55 σρνβα −== DRJ Cvm , ρνβα CRD3
66 == . 

The above conditions reduce the equations (43) and (44) to following form  

                              0)( 643
2

5
4

1
5

2 =−+−−+ αδααδαδαδα                                        (63) 

                              0)( 643
2

5
4

1
5

2 =++++− αδββδαδβδβ                                     (64) 

 

3. If we introduce the conditions from point 2, to equations (47) and (48) we can write 

111 γβα == , == 33 βα 244 γβα ==  and 366 γβα == . Reduction number of equations from 

two to one is a consequence of this conditions.  Now, this equation can be written as 

                                         02 32
4

1 =−− γδγδγ                                                              (65) 

where πωργ ∆








∂
∂= D
C

g1 , RTRD Cωρνγ 2
2 = , ρνγ CRD3

3 = . 

 

CONCLUSIONS 

 

In the paper we presented the mathematical model of the volume and solute flows 

through artificial polymeric membrane under occurrence of the concentration boundary layers 

on both sides of this membrane is presented. This nonlinear model, based on the Kedem-

Katchalsky and Rayleigh equations, describes the volume flux generated by osmotic and 

hydrostatic forces, thicknesses of the concentration boundary layers, concentrations and 

hydrostatic pressures on the membrane-concentrations boundary layers’ borders. Besides, this 

model shows that the volume flows and individual forces causes the flows influences on the 

thickness of concentration boundary layers.  

The starting point of this model is an equation (5) which contains unknown 

concentrations ( iC , eC ) and pressures (iP , )eP  in borders of concentration boundary layers-

membrane.  These concentrations and pressures can be calculated. The equation (15) which 

transforms equation (5) to equation (17) is a result of calculation.  The methods of 

calculations of iC  and  eC  proposed in the paper lead to pairs of equations: (23), (24) and 

(30), (31), alternatively. Regarding these equations in equation (17) leads to two third order 

equations for volume flux, in which coefficients occurring at Jv in the same power differ from 

each other (see eqs. 26-29 and 33-36). In equations (26)-(29) and (33)-(36) the thicknesses of 
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concentrations boundary layers occur.  The equations (25)-(29) and (39)-(46), and (32)-(36) 

and (49)-(60) make two alternative mathematical models of membrane transport of non-

homogenous solutions.  The nonlinear equations for volume flux, concentration and thickness 

of concentration boundary layers can be used to numerical calculation in linear regime of the 

hydrodynamical stability. 
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Fig. The membrane system: M − membrane; ll and lh − the concentration boundary layers 

(CBLs); ωs, ωl, ωm and ωh − the solute permeability coefficients; Pl and Ph − the mechanical 

pressures outside the boundaries; Pe and Pi − the mechanical pressure at boundaries ll/M and 

M/l h; Cl and Ch − the concentrations of solutions outside the boundaries; Ce and Ci − the 

concentrations of solutions at boundaries ll/M and M/lh;  Jvl, Jvh, Jvm and Jv, − the volume 

fluxes through the layers ll, lh, membrane M and complex ll/M/lh respectively; Jl, Jh, Jm and Js 

− the solute fluxes through the layers ll, lh, membrane M and complex ll/M/l h respectively; 

 

Rys 1.  Układ membranowy: M − membrana; ll i lh − stęŜeniowe warstwy graniczne (CBLs); 

ωs, ωl, ωm, ωh − współczynniki przepuszczalnosci substancji rozpuszczonej; Pl i Ph − cięnienia 

hydrostatyczne za zewnątrz warstw; Pe i Pi − ciśnienia mechaniczne na granicach ll/M oraz 

M/l h; Cl i Ch − stęŜenia roztworów na zewnątrz warstw; Ce i Ci − stęŜenia roztworów na 

granicach ll/M oraz M/lh, Jvl, Jvh, Jvm i Jv − strumienie objętościowe odpowiednio przez 

warstwy ll i lh, membranę M oraz kompleks ll/M/l h; Jl, Jh, Jm i Js − strumienie substancji 

rozpuszczonej odpowiednio przez warstwy ll i lh, membranę M oraz kompleks ll/M/l h. 
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Table1. Interpretation of phenomenological coefficients 
 
Tabela 1. Interpretacja współczynników fenomenologicznych 
 

definition 
stirred solution unstirred solutions 

 
coefficient 
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