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Summary

We have presented the mathematical model, whichbeatme basis of determination
of a numerical algorithm for the thickness of cartcation boundary layers calculation for
ternary nonelectrolyte solutions. This model isdmh®n Rayleigh equation and second
Kedem-Katchalsky equation for ternary solutions.

In proposed model, the thickness of concentrationndary layers is controlled by
concentration Rayleigh number.
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Transport membranowy niejednorodnych roztworow ternarnych:
model matematyczny grubdci stezeniowych warstw granicznych

Streszczenie

Przedstawiono model matematyczny, ktory stanowi stgsd do opracowania
algorytmu numerycznego obliczania grébio stzeniowych warstw granicznych dla
ternarnych roztworow nieelektrolitow. Ten model dpgest na rownaniu Rayleigha i drugim
rownaniu Kedem-Katchalsky’ego dla roztworow terryaim

W zwiazku z tym, w proponowanym modelu grébskzeniowe] warstwy granicznej
jest sterowana przezegeniowa liczbe Rayleigha.

Stowa kluczowe transport membranowy,¢geniowe warstwy graniczne ggeniowa liczba
Rayleigha, dyfuzja




INTRODUCTION

Concentration polarization (CP) is a well-known pbmenon arising at the interface
between an ion-exchange membrane and an electrebjtdion when an electric current
passes through the system [1]. CP occurs also watmal membrane divides nonelectrolyte
solutions and the membrane transport is osmotfasiife [2-5]. Concentration boundary
layers (CBL), created on the both sides of the nramd#y limit the membrane transport
because of a membrane concentration gradient decrdameans that CBLs near membranes
play the role of additional kinetics barriers irarisport processes of rapidly permeating
substances through natural and artificial membrdi6eg]. If solutions divided by the
membrane mounted in a horizontal plane have lagaracters, than for Rayleigh number’s
values lesser than critical value layer configumatis stable and membrane transport has only
osmotic-diffusive character [8, 9]. On the othendhafor Rayleigh number’s values greater
than critical value the cell structure of the liduthat is the indication of self-organization,
can be observed [10].

In our papers each CBLs is treated as a quasi-namalj4, 11-14]. It means that we can
attribute transport coefficients to each CBLs thme as to real membrane. In this connection,
mathematical description of the membrane transportonditions where concentration
boundary layers are on the both sides of the memhreaay be done by classical methods like
Nernst-Planck-Poisson [15,16], Fick [8, 17, 18]kemdem-Katchalsky equations [4, 11, 13,
19-21]. The last way is the simplest one becausbeodssumption that concentration gradient
in concentration boundary layers area is linearrddeer, the Kedem-Katchalsky equations
do not describe membrane structure. Rayleigh esusmtwhich introduce definition of
concentration Rayleigh number may also contairalim®ncentration gradient [5, 9].

That is why in this paper we are presenting theharaatical model, which can be the
basis of determination of a numerical algorithm floe thickness of CBLs calculation for
ternary nonelectrolyte solutions. This model isdabsn the Rayleigh equation and the second
Kedem-Katchalsky equation for multicomponent solosi. In this connection, in the
proposed model the thickness of the concentrationnttary layer is controlled by

concentration Rayleigh number.



MATHEMATICAL MODEL OF CONCENTRATION BOUNDARY
LAYERS IN TERNARY SOLUTIONS

In previous paper [22] it was shown that for lingaadient of concentration through

CBLs, the Rayleigh equation for ternary solutioas written in two forms
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where D, and D, are the solute diffusion coefficients in layérsandl,, C, and C, are the
densities of solutions at interfaces: membranefeoination boundary layergy and p, are
the densities of solutiong, andv, are the kinematic viscosity coefficients.

In order to calculateC, -C, ,)(C,,-C,), (C,—-C;,) and (C,,—-C,, ) we will carry

out the following considerations on the basis & #econd Kedem-Katchalsky equation. In
the case of diffusive membrane transport of termanyelectrolyte solutions this equation can
be written as
2 —
‘Js = RTZ%ACk + Jv(l_ak)ck (3)
k=1

where RT is the product of the gas constant and thermodim&mperature AC, is the
concentration difference of theth substance andj, is the solute permeability coefficient.
The solute permeability coefficients of tHe and I, equal (w.), =(D,),(RTJ)™ and
(@), = (D), (RT3)™, where(D,), and (D), are the solute diffusion coefficients in the

layersl, andl,, J, is the volume flux,g, is the reflection coefficient for k-the substan€e,

\%
is the means concentration in solution in membr&e.the basis of Eq. (3) for membrane

system presented in Fig. 1, taking into considenati the condition

RTY wAC, >>J,(1-0,)C,, we can write

Jg = a—l_lz(Dks)l (Ca —Cu) (4)
Jon = RTi%(Cik -Cy) 5)



2
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k=1

In the steady state, the following condition idifigd
‘Js| = ‘Jsrn = ‘Jsh = ‘Js

(6)

(7)

In order to simplify the calculations we will taketo consideration the conclusion

resulted from experiments carried out previouslyft the diagonal coefficients are greater

than the non-diagonal coefficients by three orddrsmagnitude. Thus provides the basis of

reduction of above equations acceptifig,,), =(D,,),=(D,,), =(D,,), =0 and &,=w,, =0.

Regarding these conditions and equations (4) wé7jet
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Making suitable transformations of the above equnsti we can write
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Combining Egs. (1), (2) and (10) — (13) we obtain
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€250 Cu=C) 30 (€=C).

The (15) and (16) are fifth order equations andtaioncomponents, in whichandh

mixed indicators occur. That is why they can dogycalculated numerically by Mathematica

program. If we assume th&,=R.,=R., D,=D,,=D,,D,, =D,,=D,, g =p,=p and
v =v,=v, we obtaing=8,=9, Vi=Xi, Vo=Xos Va=Xas Va=Xas Vs=Xos Vs=Xor Vo= X7
and y;= x; . In result, Egs. (14) and (15) can be rewritteform

O+ad'-a,0°-ad0-a,= 0 (16)

where &, =[a1D, 22 (G ~C) D, 3T (Cro -G, 0, = 2RDo(@0) "

a = R.pvD, (D + D,ad)(9RTegewsé) ™, @, = ReDy"D,ov[29(RT)* wewd] ™

The formalism described above, that we proposeakoutate concentration boundary
layers, is correct with regard to way of calculgtthe concentration difference, states a little
far from stable hydrodynamic state [10]. Similalike for binary solutions, the thickness of
concentration boundary layers may be determinech Wtach-Zehnder interferometer

equipped with proper software [23].
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Fig. The membrane system: Mmembrane; | I, — concentration boundary layers (CBLS);

. — solute permeability coefficientP;, P, — the mechanical pressures outside the
boundaries;Pe, P; — the mechanical pressure at boundari@d land M/, C,, C, -
concentrations of solutions outside the boundaKigs, C,, — the concentrations of solutions
at boundaries/M and M/k; J,,, J,, i J, — volume fluxes through the layefsahd }, and
complex M/l respectively;d,,, J,, 1 J,o — fluxes of k-th substance (k=1, 2) through the

layers | and |, and complex/M/Iy, respectively.

Ryc . Uktad membranowy: M membrana; | I — stgzeniowe warstwy graniczne (CBLj,

— wspoitczynnik przepuszczalém substancji rozpuszczondj;, P, — cisnienia hydrostatyczne

za zewatrz warstw;Pe, P; — cisnienia mechaniczne na granicagMloraz M/k; C,, C,, —
stgzenia roztworow na zewtrz warstw; C,,, C,, — skzenia roztworéw na granicachiM
oraz M/k; J,, J,, 1 J, — strumienie ohjtosciowe odpowiednio przez warstwyill, oraz
kompleks IM/ly; 3, I, 1 I, — Strumieniek-tej (k=1, 2) substancji odpowiednio przez

warstwy | i |, oraz kompleks/M/ly.
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