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Summary

The paper presents developing Kedem-Katchalsky temsa for binary non-

homogeneous non-electrolyte solutions. The obtaewgdhtion describes the volume

flux (J,) depending on parameters of a membrane (reflecton hydraulic

permeabilityl ;, and solute permeability, coefficients), solution parameters

(concentrationC, , density, o, kinematic viscosityy and diffusion coefficientD)

and concentration Rayleigh numbd?.(). In order to verify of the elaborated equation

of J, for the single-membrane system, there were madecé#hculations of the

dependence: J, = f(AC)RC,ZS:cm, J, = f(RC)AC‘ZS —cong ! and

J, = F({s)r. ac=cons» fOr aqueous glucose solutions and the membrange nod

bacterial cellulose.
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Rozwinigcie rownan Kedem-Katchalsky’ego transportu
membranowego dla binarnych niejednorodnych roztworév

nieelektrolitow
Streszczenie

W pracy przedstawiono rozwgtie rowna Kedem-Katchalsky’ego dla binarnych

niejednorodnych roztworow nieelektrolitow. Otrzyneanbwnanie opisuje struniie
objetosciowy (J,) w zaleznosci od parametrow membrany (wspoétczynnikéw: odbicia,
o, przepuszczalroi hydraulicznej, L oraz przepuszczaldo solutu, «) oraz
stezeniowej liczby RayleighaR. ). W celu weryfikacji wyprowadzonego réwnania na

J, dla ukiadu jednomembranowego wykonano obliczeniaalezaosci

Jv = f(AC)RC,(S:const’ Jv = f(RC)AC,(S:oonst oraz Jv = f(Zs)RC,AC:oonst' dla

wodnych roztworéw glukozy i membrany wykonanej gy bakteryjnej.

Stowa Kkluczowe transport membranowy, rownania Kedem-Katchalgiy,e

stezeniowe warstwy graniczne ggeniowa liczba Rayleigha

INTRODUCTION

In years 1958-65, O. Kedem and A. Katchalsky elatsor equations describing the
transmembrane transport of homogeneous solutioritkeobasis of linear thermodynamics of
irreversible processes [1]. Homogeneity of solwican be reached by intensive mechanical
stirring of solutions. Lack of such stirring causesnation of concentration boundary layers
on both sides of the membrane, directly adjacenheéomembrane surface. Thickness of the
layers depends on concentration, density, viscaamiy temperature of used solutions, on
diffusive permeability coefficients of the membraaed layers, and Rayleigh number. It

means that thicknesses have direct influence oncéimeentration’s volume fluxj, value

passing across the membrane [2].



In order to test the obtained in the paper equdtorthe volume flux of the solution
(J), there were made the calculations of the fluxugalfor different values of the
concentration difference AC), concentration Rayleigh numbelR{) and concentration

polarisation coefficientd ).

DEVELOPING KEDEM-KATCHALSKY EQUATION

The starting point for elaborated in the paper mations and calculations are Kedem-
Katchalsky equations for the volume flud,() and solute flux {s) [1]
J, =L,[AP -RTo(C, - C))] (1)

J,=uRT(C,-C)+J,-0)C (2)
where:J, andJs are respectively volume and solute fluxes;, o and « — respectively,
hydraulic permeability, solute reflection, solutermeability coefficients AP — mechanic

pressure differenceR — gas constant] — thermodynamic temperatur€ — average

concentration of solutions placed at both sidethefmembrane@,, C,) was calculated on

the basis of the following equation
C,-C 1
#:_(Ch'*'cﬂ 3
2
Kedem-Katchalsky equation for the volume fluxj,) (of the transmembrane transport for
binary nonhomogeneous non-electrolyte solutions doosmotic-diffusive cell, with the
assumption thatAP =0, takes the following form
J, =L, 0RT(C, -C)) (4)

Taking into account Equations (1) and (2), the wedulux (J,) and solute fluxesJ,, J,, and

J. in the single-membrane system, presented in Figur@ccording to Kedem-Katchalsky

S

formalism reach the following values

‘]v = LpORT(Cl _Ce ) (5)
3y ZGRT(C, ~C) +3(C, +C)A-0,)L,0,RT(C, ~C) ©
J. = @RT(C, =C)+3(C, +C)L-0)L,0RT(C, ~C) )



3,2 C.RT(C, =)+ (€, +C) L-C.0L,LORT(C, -C)

where aw, =D, (RT3,)™, @ =D,(RT9)™", w,={w, o,={.0, {, — concentration
polarization coefficientd, and g, are thicknesses of formed concentration boundaygrs
I, andl, , respectively. In the steady state

Jo, =J, =3, (9)

If we assume thatr, =0, =0, the Equations (6) and (7) can be presenteukifidrm

D _
Jan =5 (G =C) (10)

h
D
‘]sl :?:(Ce _CI) (11)
where 9, and 9, are thicknesses of formed concentration boundamgréd, and |, , which

are derived from the equations [2]

1

o, :(Rc)4{Dh2Vhph gRTa)ZS(Z—gJ(Ch -C) } (12)

5 =(RC)4{D.2v.p. ez [ 2 ¢, -c) } 13)

where R is the concentration Rayleigh numbé&;, and D, are the diffusion coefficients in
layersl, andl,, respectivelyy, andv, are the kinematic viscosity coefficients, and p,

are the density of solutions, g is the gravity &eion, RT is the product of gas constant and
thermodynamic temperaturegp/0C change in solution density falling on change in its
concentration.

In order to calculate the volume fluxJ,., it is necessary to find solutions

Vs !
concentrationsC, and C, on the boundary of the membrane and concentrétoamdary

layers. From calculated solutions, and taking atoount Equations (8) — (13) we obtain

D.C +¢,8GRT(C, ~C)+7 1,5(C, +C)A-{.0)

C.= 5 (14)




1
D,,C,, - {6,aRT(C, _Cl)_Eva(Ch +C))1-{0)

C =

i D, (15)

Including Equations (14) and (15), the final salatiof the formula (5), for the searched in

the paper volume fluxJ,) passing across compldx/M/|,, is described by the following

equation

_¢.w(D,9 +D9,)

J — Dl Dh

' 1+ L,o(C, +C)A-¢0) (D,d + D9, )
2D, D,

L,oRT(C, -C, ){1
(16)

Discussion of this equation leads to the followaagclusions:
1. If we assume that¢.w(D,d +D,4,)(D,D,)™" = Oand {,o=1 or J,=4,=0 in
Equation (16) we obtain
J,=L,0oRT(C,-C, ) a7
2. For ¢ =0, Equation (16) can be written in following forms
L,oRT(C, -C,)

v 1+ L,a(C, +C)(D,g + D9, )
2D,D,,

(18)

3. For { =1, Equation (16) can be written in following forms

_ (D, + D.dh)}

J = D, D,

' 1+ L,o(C, +C))1-0)(D,d +D,9,)
2D,D,,

L,oRT(C, -C, ){1
(19)

CALCULATION RESULTS AND DISCUSSION

For calculations there were used the parametetitseainembrane made of bacterial cellulose.

Values of the membrane parameters, i.e. coeffisiehthydraulic permeability_, reflection

(o) and solute permeabilitya() and remain values for the whole system are: sy,
L,=5x10"* m*(Ns)*, o = 0.068, «=8x10"" mol(Ns)!, R=8.31 J(moK)*, AC=C, -C,

solutions concentration difference at both sidethefmembrane causing the volume transport



of the solution across complek,/M/1,, R. — concentration Rayleigh number: elementary

dimensionless value characterizing convection ofvflof viscose incompressible liquid,

D,=D,=D=0.69x10° m’s" are diffusive coefficients describing motion ofnaolecular
diffusing in layersl, andl,, v,=1.012x10° m’s* kinematic viscosity coefficient, values,
in layer I, in the dependence on solution density are: reségt v, ,, =V, +NAV
Av=4x10" m’s?, v, =1.012x10 m’s?, ,=998.000 kgm* and o, = Py + NP,
where Ap=0.006 kgm?®, p,,,=998.000 kgn®, g=9.81 ms? T=295 K, w,=0.3x10"
mol(Ns)*, ¢.=w,w™*=0.0375, 0p/dC =0.06 kg (mol). Calculations were made using
Mathcad 2001 professionabftware Calculations results are presented graphicallyiguifes
2,3 and 4.

Figure 2 presents calculations results of the aminagon dependence of the volume
flux J, = f(AC)x_ ; —ns - Calculations were made for differeRt, for the single-membrane

system, using aqueous glucose solutionf atconst. TheJ, was calculated for different

concentrations values present in compartment ‘Rlc@ations results are demonstrated by
lines in Figure 2. The lines are sloping at différangles to the axis containing independent

variableAC , in the dependence on Rayleigh number vdRde This is because convection
flows are driven by dimensionless parameter cattedcentration Rayleigh number.

Figure 3 presents graphs of the dependedge= f(R.), .o for different values
AC for the single-membrane system. The value XJf is decreasing with increasing
parameterR., because increase of this parameter leads alsoctease in thickness of
concentration boundary layers which are being farna¢ both sides of the membrane.
Concentration boundary layers thickness is propodi to ‘{/E . Increase causes that
permeability coefficient of layers is decreasirigyg J, is also decreasing.

Figure 4 presents graphs of the dependedgce f({;)c-ong. fOr different Rayleigh

numbers, each foAC =100 molm™. The dependence is demonstrated by lines which

sloppiness to the axig, depends on the numbd®. value. With increasing concentration
polarization coefficient{, the model and numbelR. the volume flux J, is decreasing
The bigger value of concentration Rayleigh numBer, the bigger decrease in the volume

flux; that confirms the destructive influence of yfRagh number value on volume fluxes



values running across the membrane in the systemsi@ering flows in the system of fluxes
J, under the constant concentrations gradient fdemiht Rayleigh numbers, the attention
was also paid that flows of the flud, in a given system are limited by the value of
concentration polarization coefficiegt,, complexl!, /M/I, and value ofR. number.

The single-membrane system, which is considerdtignpaper, may be treated as an
osmotic-diffusive cell, whose membrane separatesstilution into two compartments with
different concentrations causing particular osmadied diffusive fluxes. The solution
concentration in these compartments may be indidayesolutions concentrations in external
and internal compartment of the cell under the d¢antds of lack of mechanical stirring of
solutions. Therefore this system may be treateal @t of a simple model of functioning of a
biological cell. In the event of lack of mechaniadirring, as it is known, concentration
boundary layers are formed at both sides of the lmane. Such situation takes place in
biological systems. The process of concentratigariaforming is finished at the moment of
reaching the stationary state by the cell. In givenditions of the cell, thickness of layers has
a constant value. Calculations have shown thatvilee of modified volume flux of the
solution passing across the membrane depends peemivations gradiemdC of solutions at
both sides of the membrane, Rayleigh numiRer which value has direct influence on
thickness of boundary layers, and on the valuefaisive conductivity quotient of complex

[,/M/1, to diffusive conductivitye. of the membrane, presented by particular graphs.

It should be mentioned that in order to calculatefficients of permeabilityy, and
«) as well as thicknessesd, and J, of concentration boundary layers that are needed in
order to calculate the value of the solution voluftux for the dependencd, = f (AC )
there were used Equations (6) and (7) only for &gl numberR.=1. Calculations of
values w, and @y as well a®,andd, for remaining number&. =50, R. =500, R. =1255

and R, =2000 were conducted on the basis of the followelations found in the paper

(@h)g. = (@ )ra(Re) (20)

and

1
(Jh,I)RC = (5h,I)RC:1(RC)4 (21)
Similarly it was done while calculating the depemceJ, = f (R. ). Calculations of values

@, anda as well asd, and d, for: AC =10 motm™, AC =50 motm>, AC =100 molm?,



AC =150 molm™ and AC =300 molm™®, exceptAC =1 motm™, were also conducted from

the following own relations :

(@h))g = (@h) g aca(AC)* (22)

1

(3u)r = (On) g aca(BC) * (23)
Finally, it should be emphasize that KK equatiorddhwide application in the world,
particularly in research work concerning a substatransport across different biological
membranes, especially cell membranes. Howeverjcapipin of the equations is limited to
homogenous membranes, whereas cell membranesrateonmgenous in terms of transport,

because pores, which they posses, have differedtdinensions [3].
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Fig. 1.Single-membrane system: M — membradg,and J, - thicknesses of concentration
boundary layersC, and C, — solutions concentrations in compartments separay the
membrane; C, and C, — solutions concentrations of boundary layels; J,, J, and J, —
solute fluxes through: the membrane, boundary faleand|, and complex!,/M/I,; J, —

the solution volume flux through compléx/M/1, .

Ryc. 1. Model ukfadu 1-membranowego: M — membrada,i 9, — grubdci warstw
granicznych,C, i C, — stzenia roztworow w przedziatach rozdzielonych memipraC,
i C, — stzenia roztworow warstw granicznych,, J,, J, oraz J, — strumienie

substancji przez: membrgrstzeniowe warstwy granicznk, i |,, kompleks |, /M/l,; J, —

strumieh objgtosciowy roztworu transportowany przez kompleksM/1, .
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Fig. 2. Concentration dependencies of the volume(fJ, ) in the conditions of lack of
mechanical stirring of solutions of the single-meante system for different Rayleigh
numbers at the constant valge.

Ryc. 2. Stzeniowe zalénosci strumienia olgjtosciowego (J,) w warunkach braku

mieszania mechanicznego roztworow w uktadzie labranowym dla rénych liczb

Rayleigha przy statej waroi {..



2500

ACc=300
"o
£ ]
o
N Ac=150
_)>
B Ac=100
Ac=50
. Ac=10

0 1000 2000 3000 4000 5000 6000 7000

Fig. 3. Graphs of the volume flux dependente= f (R. in)the conditions of lack of

mechanical stirring of solutions of the single-meamte system for different concentrations

differenceAC present at both sides of the membrane.

Ryc. 3. Wykresy zalmosci strumienia olgjtosciowego J, = f (R. )w warunkach braku

mieszania mechanicznego roztworow w uktadzie 1-mamdwym dla rénych gradientéw

stezen AC wyskpujacych po obydwu stronach membrany.
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Fig. 4. The volume flux dependencg, = f({,), _.oomms ©ON CONCentration polarization

coefficient ({,) in the conditions of lack of mechanical stirring solutions of the single-

membrane system for different Rayleigh numbers.

Ryc. 4. Zalenos¢ strumienia oljtosciowego J, = f({,) . 0d wspotczynnika

Ac=100mol ™
polaryzacji stzeniowej () w warunkach braku mieszania mechanicznegawmdpw w

uktadzie 1-membranowym dla ardych liczb Rayleigha.
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