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Summary 

 

The paper presents developing Kedem-Katchalsky equations for binary non-

homogeneous non-electrolyte solutions. The obtained equation describes the volume 

flux ( vJ ) depending on parameters of a membrane (reflection, σ , hydraulic 

permeability, pL ,  and solute permeability,ω  coefficients), solution parameters 

(concentration, kC , density, ρ , kinematic viscosity, ν  and diffusion coefficient, D ) 

and concentration Rayleigh number (CR ). In order to verify of the elaborated equation 

of  vJ  for the single-membrane system, there were made the calculations of the 

dependence: constRv SC
CfJ =∆= ζ,)( , constCCv S

RfJ =∆= ζ,)( , and 

constCRsv C
fJ =∆= ,)(ζ , for aqueous glucose solutions and the membrane made of 

bacterial cellulose. 
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Rozwinięcie równań Kedem-Katchalsky’ego transportu 

membranowego dla binarnych niejednorodnych roztworów 

nieelektrolitów 

 

Streszczenie 

 

W pracy przedstawiono rozwinięcie równań Kedem-Katchalsky’ego dla binarnych 

niejednorodnych roztworów nieelektrolitów. Otrzymane równanie opisuje strumień 

objętościowy ( vJ ) w zaleŜności od parametrów membrany (współczynników: odbicia, 

σ , przepuszczalności hydraulicznej, pL oraz przepuszczalności solutu, ω ) oraz 

stęŜeniowej liczby Rayleigha (CR ). W celu weryfikacji wyprowadzonego równania na 

vJ  dla układu jednomembranowego wykonano obliczenia zaleŜności 

constRv SC
CfJ =∆= ζ,)( , constCCv S

RfJ =∆= ζ,)(  oraz constCRsv C
fJ =∆= ,)(ζ , dla 

wodnych roztworów glukozy i membrany wykonanej z celulozy bakteryjnej. 

 

Słowa kluczowe: transport membranowy, równania Kedem-Katchalsky’ego, 

stęŜeniowe warstwy graniczne, stęŜeniowa liczba Rayleigha 

 

_____________________________________________________________________ 

 

INTRODUCTION 

 

In years 1958-65, O. Kedem and A. Katchalsky elaborated equations describing the 

transmembrane transport of homogeneous solutions on the basis of linear thermodynamics of 

irreversible processes [1]. Homogeneity of solutions can be reached by intensive mechanical 

stirring of solutions. Lack of such stirring causes formation of concentration boundary layers 

on both sides of the membrane, directly adjacent to the membrane surface. Thickness of the 

layers depends on concentration, density, viscosity and temperature of used solutions, on 

diffusive permeability coefficients of the membrane and layers, and Rayleigh number. It 

means that thicknesses have direct influence on the concentration’s volume flux vJ  value 

passing across the membrane [2].  
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In order to test the obtained in the paper equation for the volume flux of the solution 

( vJ ), there were made the calculations of the flux value for different values of the 

concentration difference (C∆ ), concentration Rayleigh number (CR ) and concentration 

polarisation coefficient ( sζ ). 

 

 

DEVELOPING KEDEM-KATCHALSKY EQUATION      

  

The starting point for elaborated in the paper considerations and calculations are Kedem-

Katchalsky equations for the volume flux ( Jv )  and  solute flux ( Js) [1] 

   )]([ lhpv CCRTPLJ −−∆= σ       ( 1 ) 

   CJCCRTJ vlhs )1()( σω −+−=               ( 2  ) 

where: Jv and Js  are respectively volume and solute fluxes; pL , σ  and ω  – respectively, 

hydraulic permeability, solute reflection, solute permeability coefficients, P∆ – mechanic 

pressure difference, R – gas constant, T – thermodynamic temperature, C   –  average 

concentration of solutions placed at both sides of the membrane ( lh CC , ) was calculated on 

the basis of the following equation    

                )(
2

1

)ln( 1 lh

lh

lh CC
CC

CC
C +≈

−
= −                                             (3) 

Kedem-Katchalsky equation for the volume flux  (Jv) of the transmembrane transport for 

binary nonhomogeneous non-electrolyte solutions for a osmotic-diffusive cell, with the 

assumption that  0=∆P , takes the following form 

)( lhpv CCRTLJ −= σ            (4) 

Taking into account Equations (1) and (2), the volume flux ( vJ ) and solute fluxes  lJ , hJ  and 

sJ  in the single-membrane system, presented in Figure 1, according to Kedem-Katchalsky 

formalism reach  the following values 

                               )( eipv CCRTLJ −= σ                                   (5) 

  )()1)((
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1
)( ihhphihihhhs CCRTLCCCCRTJ −−++−= σσω                (6) 
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)( lelpllelells CCRTLCCCCRTJ −−++−= σσω                   (7) 
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1
)( lhspslhlhss CCRTLCCCCRTJ −−++−= σζσζωζ          (8) 

where 1)( −= hhh RTD δω , 1)( −= lll RTD δω , ωζω ss = , σζσ ss = , sζ  – concentration 

polarization coefficient, hδ  and lδ  are thicknesses of formed concentration boundary layers 

hl  and ll , respectively. In the steady state  

          slshs JJJ ==                                                       ( 9 ) 

If we assume that hσ = hσ =0, the Equations (6) and (7) can be presented in the form 

                                   )( ih
h

h
hs CC

D
J −=

δ
                                (10) 
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D
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δ
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where hδ and hδ are thicknesses of formed concentration boundary layers hl  and ll , which 

are derived from the equations [2] 
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where CR  is the concentration Rayleigh number, hD  and lD  are the diffusion coefficients in 

layers hl  and ll , respectively, hν  and lν  are the kinematic viscosity coefficients, hρ  and lρ  

are the density of solutions, g is the gravity acceleration, RT is the product of gas constant and 

thermodynamic temperature, C∂∂ /ρ change in solution density falling on change in its 

concentration. 

In order to calculate the volume flux  vsJ , it is necessary to find  solutions 

concentrations iC  and  eC  on the boundary of the membrane and concentration boundary 

layers. From calculated solutions, and taking into account Equations (8) – (13)  we obtain 
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Including Equations (14) and (15), the final solution of the formula (5),  for the  searched in 

the paper volume flux (vsJ ) passing across complex hl /M/ ll , is described by the following 

equation    
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Discussion of this equation leads to the following conclusions: 

1. If we assume that 0))(( 1 =+ −
hlhllhs DDDD δδωζ  and σζ s =1 or hδ = lδ =0 in 

Equation (16) we obtain 

                                              )( lhpv CCRTLJ −= σ                                           (17) 

2. For sζ =0, Equation (16) can be written in following forms 
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3. For sζ =1, Equation (16) can be written in following forms   
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CALCULATION RESULTS AND DISCUSSION 

 

For calculations there were used the parameters of the membrane made of bacterial cellulose. 

Values of the membrane parameters, i.e. coefficients of: hydraulic permeability pL , reflection 

(σ ) and solute permeability (ω ) and remain values for the whole system are: respectively, 

pL =5×10-12 m3(Ns)-1, 068.0=σ , ω =8×10-10 mol(Ns)-1,  R=8.31 J(mol·K)-1, C∆ = lh CC −  

solutions concentration difference at both sides of the membrane causing the volume transport 
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of the solution across complex  hl /M/ ll , CR – concentration Rayleigh number: elementary 

dimensionless value characterizing convection of flow of viscose incompressible liquid, 

hD = lD = D =0.69×10-9 m2s-1 are diffusive coefficients describing motion of a molecular 

diffusing in layers hl  and ll , lν =1.012×10-6 m2s-1  kinematic viscosity coefficient, valueshν  

in layer hl  in the dependence on solution density are: respectively, ννν ∆+= nhnh )0()(  , 

ν∆ =4×10-11 m2s-1, )0(hν =1.012×10-6 m2s-1,  lρ =998.000 kg·m-3 and ρρρ ∆+= nhnh )0()( , 

where ρ∆ =0.006 kg·m-3, )0(hρ =998.000 kg·m-3, g=9.81 m·s-2, T=295 K, sω =0.3×10-10 

mol(Ns)-1, sζ = 1−ωωs =0.0375, C∂∂ /ρ =0.06 kg (mol)-1. Calculations were made using  

Mathcad 2001 professional software. Calculations results are presented graphically in Figures 

2, 3  and  4. 

Figure 2 presents calculations results of the concentration dependence of the volume 

flux constRv sC
CfJ =∆= ζ,)( . Calculations were made for different CR , for the single-membrane 

system, using aqueous glucose solution at sζ =const.  The vJ   was calculated for different 

concentrations values present in compartment ‘h’. Calculations results are demonstrated by 

lines in Figure 2. The lines are sloping at different angles to the axis containing independent 

variable C∆ , in the dependence on Rayleigh number  value CR . This is because convection 

flows are driven by dimensionless parameter called  concentration Rayleigh number.  

Figure  3 presents graphs of the dependence  0375,0)( ==
Scv RfJ ζ   for different values 

C∆  for the single-membrane system. The value of vJ  is decreasing with increasing 

parameter CR , because increase of this parameter leads also to increase in thickness of 

concentration boundary layers which are being formed at both sides of the membrane. 

Concentration boundary layers thickness is proportional to 4
CR . Increase causes that 

permeability coefficient of layers is decreasing, thus vJ  is also decreasing.  

Figure 4 presents graphs of the dependence .)( constCsv fJ =∆= ζ  for different Rayleigh 

numbers,  each for C∆ =100 mol·m-3. The dependence is demonstrated by lines which 

sloppiness to the axis sζ  depends on the number CR  value. With increasing concentration 

polarization coefficient sζ , the model and number  CR   the volume flux  vJ  is decreasing 

The bigger value of concentration Rayleigh number CR , the bigger decrease in the volume 

flux; that confirms the destructive influence of Rayleigh number value on volume fluxes 



 7 

values running across the membrane in the system. Considering flows in the system of fluxes 

vJ  under the constant concentrations gradient for different Rayleigh numbers, the attention 

was also paid that flows of the flux vJ  in a given system are limited by the value of 

concentration polarization coefficient sζ , complex hl /M/ ll  and value of CR number. 

The single-membrane system, which is considered in the paper, may be treated as an 

osmotic-diffusive cell, whose membrane separates the solution into two compartments with 

different concentrations causing particular osmotic and diffusive fluxes. The solution 

concentration in these compartments may be indicated by solutions concentrations in external 

and internal compartment of the cell under the conditions of lack of mechanical stirring of 

solutions. Therefore this system may be treated as a part of a simple model of functioning of a 

biological cell. In the event of lack of mechanical stirring, as it is known, concentration 

boundary layers are formed at both sides of the membrane. Such situation takes place in 

biological systems. The process of concentration layers forming is finished at the moment of 

reaching the stationary state by the cell. In given conditions of the cell, thickness of layers has 

a constant value. Calculations have shown that the value of modified volume flux of the 

solution passing across the membrane depends on: concentrations gradient C∆  of solutions at 

both sides of the membrane, Rayleigh number CR  which value has direct influence on 

thickness of boundary layers, and on the value of diffusive conductivity quotient of  complex   

hl /M/ ll  to diffusive conductivity ω  of the membrane, presented by particular graphs.   

 It should be mentioned that in order to calculate coefficients of permeability hω  and 

lω as well as thicknesses   hδ  and lδ of concentration boundary layers that are needed in 

order to calculate the value of the solution volume flux for the dependence )( CfJ v ∆= , 

there were used Equations (6) and (7) only for Rayleigh number CR =1.  Calculations of 

values  hω  and lω  as well as hδ and lδ for remaining numbers:CR =50, CR =500, CR =1255 

and CR =2000 were conducted on the basis of the following relations found in the paper 

                                       4

1

1,, )()()(
−

== CRlhRlh R
CC

ωω                                           (20)  

and    

                                  4

1

1,, )()()( CRlhRlh R
CC == δδ                                         (21)  

Similarly it was done while calculating the dependence )( Cv RfJ = . Calculations of values 

hω  and lω as well as hδ  and lδ  for: C∆ =10 mol·m-3,  C∆ =50 mol·m-3, C∆ =100 mol·m-3, 
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C∆ =150 mol·m-3 and C∆ =300 mol·m-3, except C∆ =1 mol·m-3,  were also  conducted from 

the following own relations  : 

                                    4

1

1,,, )()()( CCRlhRlh CC
∆= =∆ωω                                        (22) 

                                                4

1

1,,, )()()(
−

=∆ ∆= CCRlhRlh CC
δδ                                       (23) 

Finally, it should be emphasize that KK equations hold wide application in the world, 

particularly in research work concerning a substance transport across different biological 

membranes, especially cell membranes. However, application of the equations is limited to 

homogenous membranes, whereas cell membranes are non-homogenous in terms of transport, 

because pores, which they posses, have differentiated dimensions [3].  
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Fig. 1. Single-membrane system:  M – membrane, hδ  and lδ  - thicknesses of concentration 

boundary layers; hC   and   lC  – solutions concentrations in compartments separated by the 

membrane;  iC  and eC  – solutions concentrations of boundary layers; mJ , hJ , lJ  and sJ  – 

solute fluxes through: the membrane, boundary layers hl  and ll   and complex  hl /M/ ll ; vJ  – 

the solution volume flux through complex hl /M/ ll . 

 

Ryc. 1. Model układu 1-membranowego:  M – membrana, hδ  i lδ   –  grubości  warstw 

granicznych, hC   i   lC  – stęŜenia roztworów  w przedziałach rozdzielonych membraną ,  iC  

i   eC  – stęŜenia  roztworów  warstw granicznych, mJ , hJ , lJ  oraz sJ  – strumienie 

substancji  przez:  membranę, stęŜeniowe warstwy graniczne hl  i ll , kompleks  hl /M/ ll ; vJ  – 

strumień objętościowy roztworu  transportowany  przez kompleks  hl /M/ ll . 
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Fig. 2.  Concentration dependencies of the volume flux ( vJ ) in the conditions of lack of 

mechanical stirring of solutions of the single-membrane system for different  Rayleigh 

numbers at the constant value sζ . 

Ryc. 2.  StęŜeniowe zaleŜności strumienia objętościowego  ( vJ )  w warunkach braku 

mieszania mechanicznego roztworów   w układzie 1-membranowym dla  róŜnych liczb  

Rayleigha przy  stałej wartości sζ . 
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Fig. 3. Graphs of the volume flux dependence )( Cv RfJ =  in the conditions of lack of 

mechanical stirring of solutions of the single-membrane system for different  concentrations 

difference C∆ present at both sides of the membrane. 

 

Ryc. 3.  Wykresy  zaleŜności strumienia objętościowego   )( Cv RfJ =  w warunkach braku 

mieszania mechanicznego roztworów w układzie 1-membranowym dla  róŜnych gradientów 

stęŜeń C∆  występujących po obydwu  stronach membrany. 
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Fig. 4. The volume flux dependence 3100
)( −⋅=∆=

mmolcsv fJ ζ  on concentration polarization 

coefficient ( sζ ) in the conditions of lack of mechanical stirring of solutions of the single-

membrane system for different  Rayleigh numbers.  

 

Ryc. 4.  ZaleŜność  strumienia objętościowego  3100
)( −⋅=∆=

mmolcsv fJ ζ  od współczynnika 

polaryzacji stęŜeniowej  ( sζ ) w  warunkach  braku mieszania  mechanicznego  roztworów  w 

układzie 1-membranowym dla   róŜnych liczb Rayleigha. 
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