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Optimisation of a stamping process by a design of  
experiment linked to a modal analysis of geometric defects 

Y. LEDOUX, S. SAMPER, H. FAVRELIÈRE, F. FORMOSA, E. PAIREL, R. ARRIEUX 
Laboratory of Applied Mechanics, University of Savoy, BP 806, 74016 ANNECY Cedex, France 

The aim of this work was to present a method that gives an optimized set of values for the process pa-
rameters in order to obtain stamped parts with the fewest defects. The springback, influenced by process 
parameters, is one of the sources of defects. The process is simulated by the finite element method. A de-
sign of experiments is used to compute the mathematical model and to minimize the trials number. The 
defects are characterized by a set of modal shapes. A defect criterion is calculated from this decomposi-
tion. Then an optimisation is made by minimizing of this criterion in order to obtain the best process pa-
rameters. An example is shown in order to explain the method. 

Keywords: design of experiments, modal shapes, stamping, springback 

1. Introduction 

In sheet metal forming, the springback is often the most serious defect observed. 
This problem encourages engineers to make several prototypes by using a “trial and 
errors” method. Several tool parameters influence the springback defect. Three differ-
ent types of process parameters are identified, i.e., the tool dimensions, the process 
conditions (lubricant, stamping speed, etc.) and the blank initial geometry. 

The aim was to build a mathematical model representing the process in order to 
make an optimisation that will give the values of the process parameters to obtain the 
part required. 

A Design of Experiment (DOE) [1–2] is made in order to obtain the mathematical 
model and to minimise the number of experiments. This model links the geometrical 
defects of the part to the process parameters. In a previous work [3], this method has 
been presented and applied to the other (2D) example without taking into account 
form defects. A series of experiments is carried out using the finite element method. 

The part suffers from geometrical defects which must be characterized and then 
minimized. These are size defects, position defects and form defects. We propose  
a new method in which all these defects are intrinsically included and defined in this 
modal basis. The part defects are projected in this modal basis and allow the calcula-
tion of each mode contribution. 

By using a mathematical model of the DOE, the process parameters are optimised 
to obtain the values of the three kinds of process parameters that minimize the geo-
metrical defects of the stamped part. A 3D example is presented in order to show 
different steps of the method. 
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2. The part studied and nominal tools 

The part studied is obtained from a rectangular strip of 10 millimetre width, 
strained with cylindrical punch of a spherical head, circular die and blankholder. Fig-
ure 1 shows the drawing of the part and its dimensions. This 3D shape is chosen be-
cause of its important springback. 

 
 

blank width : 10mm  
material : DC05 
thickness : 0.8mm 

Fig. 1. Part geometry 

Fig. 2. Tooling for an initial simulation 
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Fig. 3. Comparison between the target profile and the 
nominal simulated part shape 

A first simulation is run with the nominal tooling (Figure 2) close to the expected 
part shape, in order to check the elastic deflections. The finite element calculation 
software ABAQUS is used in Explicit version [4]. The material is an DC05 steel 
sheet, 0.8 mm thick. The behaviour law is determined in tensile tests by using an ex-
tensometer and an image analysis system for the high-strain levels [5]. It is introduced 
point by point into the FEM software. An elastoplastic anisotropic behaviour is as-
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sumed according to Hill’s 48 criterion with strain-rate dependence [6]. Shell elements 
with four nodes are used for modelling (called S4R in Abaqus). The contact between 
the tools and the blank is of the Coulomb type with a friction coefficient f = 0.15 de-
termined experimentally. The blankholder force is 3000 N.  

Figure 3 allows us to appreciate importance of the effects of elastic deflections on 
the virtual part shape after tool removing. 

The objective is now to reduce the differences between the simulated and the target 
parts. To that end, we propose to use the DOE method which allows us to study the in-
fluence of the forming process conditions on the part geometry. In such a way, it is 
possible to calculate polynomial equations and then to find an optimal configuration of 
the tool. 

3. The method proposed 

In Figure 4, the process is schematized. The inputs are the Process Parameters (PP) 
and the output, the Part Geometric Parameters (PGP). The DOE makes a series of tri-
als in the PP space in order to model the process (here the stamping process is a FEM 
simulation). The model is a polynomial equation (linear, then quadratic) linking PP to 
PGP. As the process has deviations, an optimisation of the PP is carried out in order to 
obtain an ideal PGP. 

Process
Parameters

Stamping
Process

Part Geometric
Parameters

 

Fig. 4. Process parameters to be optimized 

3.1. Geometrical parameters of the part  

3.1.1. Feature parametrization 

In order to allow the characterization of the geometry and to quantify and qualify 
the stamped part defects, it is necessary to define a geometrical parameter setting. 
There are several ways to define the parameterization of a surface. A traditional pa-
rameter setting consists in dimensioning the part of particular dimensions. In a CAD 
software, this way enables us to define a set of parameters associated with the features 
building as shown in Figure 5. It is possible to define the other set of feature parame-
ters by combination of the previous one (Figure 6).  

Assumptions:  
The part and its defects are symmetrical. 
There is no form defect. 
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For the geometry studied, four feature parameters are sufficient. We can propose 
two possibilities shown in Figures 5 and 6. 
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Fig. 5. The first possible set of feature 
 parameter setting 
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Fig. 6. The second possible set of feature 
 parameter setting 

This part has been analyzed with the PS2 parametrization in [1]. This method gives 
good results, but it does not take into account form defects of each feature of the part. 

3.1.2. Discrete geometry parametrization 

Discrete geometry parametrization allows us to fit the measured geometry with an 
open basis of derivative geometries. Thus size, position and form defects can be de-
composed in the following basis. Several discrete parameterizations are possible. The 
first one is the Fourier-type transformation [8–9] which is well known by metrologist 
dealing with the circularity and straightness defects (2D defects for one-parameter ge-
ometry). In the case of optic lenses (ISO 10110-5), Zernike polynomials define a set of 
possible defects for a disk geometry (3D defects for two-parameter geometry). The 
Discrete Cosinus Transformation [10] that makes it possible to define a set of defects 
for a rectangular geometry (3D defects for two-parameter geometry) is used for image 
processing. 

Those solutions are interesting because they allow the description of all the defects 
according to the parameterization. Otherwise the geometry studied is simple (segment, 
circle, disk, rectangle). We propose a model [11–12] which can be used for each ge-
ometry. This model is based on modal analysis of the target part geometry. 

Assumptions:  
The part and its defects are symmetrical. 
Form defects are taken into account. 
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The eigendecomposition modes. As we expect, to characterize the part profile, 
2D beam elements are chosen for this eigendecomposition mode. The clearance be-
tween the target profile and the simulated profile is calculated in a deviation vector 
(V ). The modal analysis is used for computing the modal basis Qi. 

Then, this basis is used for the decomposition of V and to calculate coordinates λ i . 
These coordinates represent the deviations projected in the modal basis. 

General purpose. In linear dynamics, the discretized equations of movement in  
the conservative, discrete or continuous systems can be written in the following gen-
eral form: 

Mq̈ + Kq = 0.  (1) 

In Equation (1), M is the generalized mass matrix; K, the generalized stiffness ma-
trix; q, a dynamic displacement vector. 

n is the number of degrees of freedom of the system. The solutions are the modes qi 
of a structure which can be decomposed as two functions (space and time): 

qi = Qicos (ωi t), (2) 

where Qi is the vector of amplitudes, and ωi is the corresponding pulsations in rad.s–1. 
Taking into account their definition, the modes are solutions of the equation: 

(K – ωi
2 M ) Qi = 0. (3) 

Equation (3) admits n eigensolutions, which are the structure modes. The modal 
pulsations ωi of the various modes are the roots of the characteristic polynomial: 

det(K – ωi
2M ) = 0.               (4) 

The vectors of modal deformations Qi are the eigenvectors associated with the pul-
sations ω i , which form a basis M and K orthogonal in the vector space of the structure 
movements. The scalar product is given by: 

<A.B> = At. M.B.                (5) 

The norm is then               

||A|| = At.M.A.    (6) 

The orthogonality of the eigenmodes means that the inertia and stiffness developed 
in a mode do not work in the movements of the other modes. There is mechanical in-
dependence of the modes. 

This method gives all the possible defects of the part (mode shapes) through modal 
shape decomposition. In fact, the discretization limits the number of possible defects. 
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Application of the method to the part studied. The stamped part geometry re-
sults from numerical simulation. It is discretized with 90 elements of equal length. The 
clearance vector V is calculated based on the deviation of the target geometry from the 
simulated stamped one. The eigenmodes of the geometry are identified by means of 
modal analysis (see relation (3)). 

A projection of the vector V in this base is done that allows the coordinates λ i  to be 
calculated. 

Its decomposition is carried out using the vectorial projection defined in (5): 

λi = < V. Qi > = V t . M.Qi,  (7) 

where λ i  is the coordinate associated with the mode Qi, the so-called modal coordi-
nates. Figure 7 represents three first mode shapes that can be compared to the target 
geometry. 

 
Mode 2 

Mode 1 

Mode 3 

 

Fig. 7. The shapes of the modes 1, 2 and 3 

Definition of defect criterion. The model is composed of 270 degrees of freedom 
(90 nodes and 3 degrees of freedom) and as many eigenmodes. Thus the part defect 
can be explained in this base by 270 scalars. The objective is to reduce the dimension 
of the problem by defining a particular criterion. If the geometry resulting from the 
digital simulation is the same as the target geometry, the vector V (component of the 
projection distances) is equal to zero. The corresponding modal coordinates are equal 
to zero. Then, the following criterion is defined: 

 C =  (8) .)( 2

1
i

n

i
λ

eigenmode

=
∑
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Figure 8 shows the modal decomposition of the nominal geometry. It can be 
obvious that the first modes are the most contributing to the modal description of the 
defect parts. 
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Fig. 8. Nominal modal coordinates 

3.2. Process parameters 

In our experience, the selected PP usually affect the selected PGP. Moreover, they 
must be strictly independent. This means that the variation in one of them must occur 
without modification of the other ones. 

D

L

rm

FRp

 

Fig. 9. Selected process parameters 
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The selected process parameters are as follows:  
• Rp: sphere radius,  
• rm: die radius,  
• D: punch diameter,  
• F: blankholder force,  
• L: initial blank length.  
Their variation ranges are chosen depending on the initial simulation and observa-

tions of their supposed influence. These values are given in Table 1. 

Table 1. Parameters investigated and associated variation range 
Parameters level – 1.719 level – 1 Mean level + 1.719 level + 1.719 

Rp: sphere radius (mm) 69.2 80 95 110 120.8 
rm: die radius (mm) 2.2 4 6.5 9 10.8 
D: punch diameter (mm) 95.3 96 97 98 98.7 
F: blank holder force (N) 1281 2000 3000 4000 4719 
L: initial blank lenght (mm) 134.2 136 138.5 141 142.8 

3.3. Model and DOE  

In this paper, we use a fractional factorial design because it allows a sequential 
study of the process. Indeed, based on these previous experiments, a linear mathemati-
cal model will be calculated. Then, in a second time, it will be completed with a com-
posite design that allows the quadratic modelling of the process. 

3.3.1. Linear and quadratic models 

Here, the first-degree polynomial model is selected, it assumes a linear variation in 
the output from every input:  
Y = a0 + a1X1 + a2 X2 +…+ an Xn + a12 X1X2 +…+ aij Xi Xj. 

In this model, the terms XiXj are the interactions between factors, which means that 
the effect Xi of one of them depends on the value Xj of the other one. 

A fractional factorial experiment design is used in order to decrease the number of 
numerical simulations. For five factors it is necessary to carry out 16 numerical ex-
periments, as shown in Table 2, whereas for a full factorial experiment design, 32 ex-
periments are necessary. Thus, we tested 2 levels of variable, the maximum and the 
minimum ones defined in Table 1. In Table 1, the levels –1 and +1 correspond respec-
tively to the minimum value and the maximum value of each parameter. 

This first design is completed with a composite design which allows the calculation 
of a quadratic model: 
Y = a 0 + a1X1 + a2X2 +…+ anXn + a12X1X2 +…+ aijXiXj + aiiXi

2. 
Then the parameters vary from –1.719 to +1.719 with 5 levels for each (–1.719, –1, 

0, 1, +1.719) [2]. 
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3.3.2. Experimental design 

Each experiment corresponds to a numerical simulation carried out with the corre-
sponding process parameters. As a result we obtain a file of points which are the nodes 
of the simulated mesh of the formed part, after the tools removing. This file is post-
treated in order to evaluate the geometric modal parameters and then to calculate the 
value of the criterion C. The results are shown in Table 2. 

Table 2. Experimental trials and modal geometrical results 
 No. Rp rm D F L Results C 

1 –1 –1 –1 –1 –1 profil 1 1.229E–04 
2 –1 –1 –1 1 1 profil 2 3.223E–04 
3 –1 –1 1 –1 1 profil 3 2.334E–04 
4 –1 –1 1 1 –1 profil 4 1.486E–04 
5 –1 1 –1 –1 1 profil 5 1.187E–04 
6 –1 1 –1 1 –1 profil 6 1.022E–04 
7 –1 1 1 –1 –1 profil 7 2.069E–04 
8 –1 1 1 1 1 profil 8 1.501E–04 
9 1 –1 –1 –1 1 profil 9 4.297E–05 
10 1 –1 –1 1 –1 profil 10 1.767E–04 
11 1 –1 1 –1 –1 profil 11 4.089E–04 
12 1 –1 1 1 1 profil 12 6.475E–05 
13 1 1 –1 –1 –1 profil 13 4.569E–04 
14 1 1 –1 1 1 profil 14 1.051E–04 
15 1 1 1 –1 1 profil 15 2.330E–04 

Li
ne

ar
 e

xp
er

im
en

ts
 

16 1 1 1 1 –1 profil 16 7.036E–04 
17 0 0 0 0 0 profil 17 6.410E–05 
17' 0 0 0 0 0 profil 17 6.410E–05 
17'' 0 0 0 0 0 profil 17 6.410E–05 

C
en

te
r p

oi
nt

s 

17''' 0 0 0 0 0 profil 17 6.410E–05 
18 –1.719 0 0 0 0 profil 18 3.892E–04 
19 1.719 0 0 0 0 profil 19 3.662E–04 
20 0 –1.719 0 0 0 profil 20 3.187E–05 
21 0 1.719 0 0 0 profil 21 1.272E–04 
22 0 0 –1.719 0 0 profil 22 1.391E–05 
23 0 0 1.719 0 0 profil 23 1.704E–04 
24 0 0 0 –1.719 0 profil 24 7.785E–05 
25 0 0 0 1.719 0 profil 25 4.060E–05 
26 0 0 0 0 –1.719 profil 26 3.811E–04 

Q
ua

dr
at

ic
 e

xp
er

im
en

ts
 

27 0 0 0 0 1.719 profil 27 6.410E–05 
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3.4. Calculation of the coefficients of polynomial models  

From the results of the DOE, the coefficients of the polynomial model for the mo-
dal criterion are calculated. The following equations are obtained: 

From the linear DOE model (C_lin): 
 

''104.9

''103.2''101.2

''104.2''108.8''102

''109.6''108.3''103.5''106.6

'106.6'103.2'104.4'103.5'104.9102.2lin_

6

56

565

5655

565554

LF

LDFD

LrmFrmDrm

LRpFRpDRprmRp

LFDrmRpC

⋅⋅⋅+

⋅⋅⋅−⋅⋅⋅+

⋅⋅⋅−⋅⋅⋅+⋅⋅⋅+

⋅⋅⋅−⋅⋅⋅−⋅⋅⋅+⋅⋅⋅+

⋅⋅−⋅⋅−⋅⋅+⋅⋅+⋅⋅+⋅=

−

−−

−−−

−−−−

−−−−−−

 
(9) 

From the quadratic DOE model (C_quad): 
 

25

626

5626

56526

565524

565555

'105.1

''104.9'104.6

''103.2''101.2'106.5

''104.2''108.8''102'102.2

''109.6''108.3''103.5''106.6'101.0

'107.3'105.2'104.4'103.3'103.4106.8quad_

L

LFF

LDFDD

LrmFrmDrmrm

LRpFRpDRprmRpRp

LFDrmRpC

⋅⋅+

⋅⋅⋅+⋅⋅−

⋅⋅⋅−⋅⋅⋅+⋅⋅+

⋅⋅⋅−⋅⋅⋅+⋅⋅⋅+⋅⋅+

⋅⋅⋅−⋅⋅⋅−⋅⋅⋅+⋅⋅⋅+⋅⋅+

⋅⋅−⋅⋅−⋅⋅+⋅⋅+⋅⋅+⋅=

−

−−

−−−

−−−−

−−−−−

−−−−−−

 
(10) 

In Equations (9) and (11), Rp', rm', D', F ', and L' are the standardized variables 
corresponding to Rp, rm, D, F, and L, respectively. They vary from –1 to +1 when the 
corresponding variables vary from the minimum value to the maximum one. Equa-
tions (9) and (10) represent the surfaces in six dimensions which describe the process 
behaviour in the range variations of the PP. Those results are validated by analysing 
the deviation near the centre of the solution domain, because in this area the deviation 
is supposed to be the biggest. 

4. Optimization of the process parameters 

The previous mathematical relations are used to determine the values of the process 
parameters which allow us to obtain the best values for the geometrical part parameters. 

The goal is to find the process parameters which minimize the criterion C for the 
linear and the quadratic models. 

minimized C = minimized         (11)  .)( 2
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑
=

i

n
λ

eigenmode

1  i

Optimum values of the process parameters are obtained and a numerical simulation 
by finite element method is carried out.  



 
 
 

Optimisation of a stamping process by design of experiment linked to a modal analysis 
 

15 

Table 3. Comparison of result 
Linear optimum  Criterion 
Tool parameters  Target 0 

Rp' rm' D' F '  L'  DOE model 9.77E–06 
1 –1 –1 1 1  Simulation 1.71E–04 

110 4 96 4000 141  Nominal 8.60E–04 
        

Quadratic optimum  Criterion 
Tool parameters  Target 0 

Rp' rm' D' F '  L'  DOE model 2.37E–13 
0.47 –0.75 –0.99 0.44 0.61  Simulation 4.96E–05 
102.1 4.6 96 3441 140  Nominal 8.60E–04 

In Table 3, the two optimum simulated profiles are compared to the nominal profile 
(initial simulation). It can be observed that both linear and quadratic optima improve 
considerably the initial geometry tested as shown in Figure 10. 

 

zoom

Fig. 10. Comparison of simulated optima,  
nominal and target profiles 

0.54mm

6.1mm 

2.25mm 

 
Fig. 11. Zoom of Figure 10 

The linear optimum is close to the target geometry compared to the initial one. The 
linear optimum needs only 16 experiments (with 5 parameters). The accuracy is im-
proved by using a quadratic model which needs to compute 27 trials (11 simulations 
more than for linear one). 

The linear optimun is shown in the modal shape basis in Figure 12 as a set of mo-
dal coordinates. We can see that a small number of modal shapes is needed to repre-
sent the optimum.  

Figure 13 shows the modal coordinates of quadratic optimum. The set of signifi-
cant coordinates is larger because the solution is closer to the target, and greater mode 
contributions are needed. 
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Fig. 12. Modal coordinates of the linear optimum 
solution 
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Fig. 4. Modal coordinates of the quadratic 
optimum solution 

5. Conclusion 

The problem of the springback is a classic source of deviations in making stamped 
parts. Most often, engineers use a “trials an errors” method to compensate it. This can 
give results, but with lots of trials and tools modifications with no guarantee of suc-
cess. 

In order to assist the engineers, we have developed an optimization method of 
stamping process parameters by combining DOE with modal characterization of de-
fects. 

First, a trial is carried out with nominal process parameters (the part would be ideal 
without springback). The maximum difference between the target part and the nominal 
part is more than 5 mm. The defects are measured and then characterized in the basis 
of defects built on modal shapes. The engineer defines the range of variation of each 
process parameter which could compensate for the defect. With a fractional factorial 
DOE the minimum series (16 experiments) of trials is defined, therefore the linear 
mathematical model of the process is calculated. With a composite DOE the quadratic 
model (11 experiments more) is built. Each model (linear, then quadratic) is used to 
find two different optima of process parameters by minimizing the geometric criterion 
based on modal decomposition of deviations. The shape defects are well identified by 
using the modal decomposition. This method allows us to compute automatically the 
set of possible defects (of size and shape). The optima found are tested in the process, 
and the comparison of these parts to the target gives their very good accuracy. As the 
linear model is first built, the corresponding optimum is first given (maximum devia-
tion approaches 3 mm). The maximum nominal deviation is divided by two with only 
sixteen trials. Then the quadratic model is calculated with more than eleven trials and 
the maximum nominal deviation is divided by seven (0.7 mm). 

The study of more complex part with several stamping steps is under investigation. 
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Optymalizacja procesu tłoczenia metodą planowania eksperymentu i analizy modalnej 

Celem pracy jest optymalizacja procesu kształtowania wytłoczek ze względu na możliwość 
eliminacji skutków sprężystych odkształceń powrotnych. Zastosowanie planowania ekspery-
mentu (MES) jako eksperymentu wirtualnego oraz analizy modalnej w celu oceny kształtu wy-
tłoczki umożliwiają wyznaczenie parametrów tłoczenia zapewniających dużą dokładność kształ-
tu wytłoczki. 
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Maximization of stability resistance of composite shells with respect to fibers orientation is described. 
Shells are made of fibrous composite and optimum orientation of fibers reinforcing the composite is 
searched for. The author’s computer program is utilized in the analysis. The intensity of one parametric 
loading corresponding to primary critical point is obtained as a result of fully geometrically nonlinear 
analysis. Only elastic effects are taken into account, but as far as displacements are concerned they can be 
arbitrary. As an example the segment of a cylindrical shell loaded laterally to its surface is considered. 

Keywords: fibrous composites, optimization, stability, finite element method 

1. Introduction 

Fibrous composites are very extensively utilized in engineering practice. Aero-
space, airplane and ship structures, automobile industry, civil, mechanical and biome-
chanical engineering are just few examples of the domains in which composites are 
utilized as the whole structural elements or very important structural members. 

The typical fibrous composite is a two-phases material. Its main component is the 
matrix made of epoxy resin, polymer, aluminum alloy or mangan alloy [1]. The sec-
ond component responsible for the strength of the whole composite is reinorcement in 
the form of short or long fibers. The diameter of a single fiber is usually smaller than 
0.1 mm (thinner than human’s hair) and the volume proportion of this phase reaches 
even 80% of the composite volume. Glass fibers (whiskers), graphite fibers, Cevlar fi-
bers and others are used as reinforcing fibers in fibrous composites. The main advan-
tage of fibrous composites is their large relative strength defined as the tensile strength 
to the density ratio (Rm /γ expressed in  [MPa/(kg/m3)]) and very high relative module 
of elasticity defined as the Young modulus to the density ratio (E/γ expressed in 
[MPa/(kg/m3)]). Fibrous composites made of epoxy resin and graphite fibers exhibit 
the relative strength equal to 1.30 and the relative module of elasticity – 90.0. In the 
case of aluminum alloy, these parameters are 0.21 and 26, in the case of martensitic 
steel, 0.25 and 30, and in the case of titanium alloys, 0.27 and 27, respectively. Thus 
the fibrous composites are very light and very strong materials indeed. A relatively 
high manufacturing cost is the most important disadvantage of fibrous composites. 
Due to technological progress this disadvantage will not be so substantial. 
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Fig. 1. The fibrous composite as a monotropic material 

Fibrous composites reinforced with single-direction oriented fibers (see Figure 1) 
are particular case of composites considered in this paper. Such a material is anisot-
ropic in microscale, but in macroscale it can be treated as orthotropic in the plane of 
reinforcing. In this plane, two mutually perpendicular directions can be distinguished: 
the strong one corresponding to the fibers’ direction and the weak one – perpendicular 
to it. In the third direction, perpendicular to this plane, the material properties can be 
treated as isotropic. This kind of orthotropy is called monotropy or transverse isotropy 
([2], [3], [4]) and occurs in thin plates and shells made of fibrous composites rein-
forced in the planes parallel to their middle surfaces. 

Structural members made of fibrous composites are designed in two stages. In the 
first stage, the composite of required physical and mechanical properties is designed. 
As a result the most advantageous “mixture” of fibers and matrix phases is obtained. 
There exist many theoretical methods of modelling the composite properties on the 
basis of known material parameters of fibers and the matrix ([2], [3], [4]). The sim-
plest of them are based on the rule of mixture, more advanced use methods of theory 
of elasticity and possibilities offered by the finite element method ([4]). 

The second stage of the procedure of composite designing refers to optimal utiliza-
tion of the composite material. The best choice of fibers orientation is most important 
in this stage. Because fibers are responsible for the strength of the composite, the 
problem is how to arrange fibers to obtain the strongest structural member, if this me-
chanical property is chosen as the main objective of optimization.  

Maximization of the buckling resistance with respect to the fibers orientation was 
considered by Hu and Lin [7]. In that paper, more references to this subject can be found. 

The present paper deals with thin shells of thin and moderate thickness made of fi-
brous composite material. The shape and loading manner of shells are such that the 
structural member is liable to lose its stability earlier than material failure could occur. 
For this reason the biggest critical load was chosen as the optimization criterion. It 
will be assumed that all material parameters of fibrous composite are known in ad-
vance. The angle determining the orientation of fibers in the whole domain of the 
structural member or within the selected subdomains will be the only variable pa-
rameter. The optimum value of this angle with respect to maximum value of critical 
loading will be determined in the process of inspection of the set of solutions obtained 
for the whole range of angle variation. The critical load will be calculated by means of 
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author’s program. It is possible to perform a full geometrically nonlinear analysis of 
shells with particular emphasis put on elastic stability phenomenon. The orthotropic 
material properties were taken into account in this program. It was assumed that gen-
erally within every finite element, material directions are different from directions of 
local coordinate system in which stress and strain components are calculated. 

2. Constitutive relations for shells made of fibrous composite 

The general form of constitutive relation for linearly elastic materials can be writ-
ten as follows 

,klijklij D εσ =  (1) 

where: ijσ – the components of the stress tensor (the tensor of the second order), εkl – the 
components of the strain tensor (the tensor of the second order), Dijkl – the components 
of the tensor of elasticity constants (the tensor of the fourth order). 

It is desirable sometimes to express the components of tensors in the other rotated 
coordinate system. Rules of transformation adopt the following form: 

klljkiji σαασ '''' = ,      mnopploknjmilkji DD '''''''' αααα= , (2) 

where αi'k is the cosine of the angle between the i'-axis of the rotated coordinate system 
and the k-axis of the original coordinate system. 

These general formulae simplify in the case of plates and shells due to the fact that 
the plane stress state is assumed at every surface parallel to the middle surface. One 
can assume that the plane x–y is locally tangent to the current surface. In this case, 
σx ≡ σ11, σy ≡ σ22, τxy ≡ σ12 are the only non-zero components of stress tensor. 

In the case of Reissner–Mindlin shell theory, two additional stress components, 
namely τxz ≡ σ13 and τyz ≡ σ23, are taken into account. Strain components corresponding 
to these shear stresses are γxz ≡ 2ε13, γyz ≡ 2ε23, respectively. In this particular case and 
for orthotropic material properties (within this surface), the constitutive relation can be 
written as follows [7]: 
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or in matrix notation 

}{][}{ εσ D= , (4) 

where Ex, Ey – the values of Young’s modulus in the directions x and y, respectively, 
Gxy, Gxz, Gyz – the values of Kirchhoff’s modulus in the planes x–y, x–z and y–z, 
respectively. The shear correction factor k =5/6 was introduced here due to the fact 
that within a degenerated finite element (see below) used here, transverse strains are 
constant along its thickness, while actually this distribution is parabolic ([5], [6]). 

The coefficient xyν  expresses the ratio of a linear deformation xε  to the deforma-
tion yε when the specimen of material is loaded only in the direction y. The coefficient 

xyν can be interpreted analogously. Due to the symmetry property the following rela-
tions holds true 

xyyyxx EE νν = . (5) 

This relation reduces the number of independent material parameters in the matrix 
[D]. In the case of the actual fibrous composite, all material parameters which appear 
in (3) are known. The direction x is identified with the orientation of fibers and the di-
rection y is perpendicular to it.  

The constitutive relation is represented by (3) only in the case where the material 
directions coincide with the directions x, y of local coordinate system within finite 
element (see Figure 1). In general case, these directions are different and in this case it 
is necessary to transform Dijkl components into local directions x, y according to rule 
(2). In the case of vector-matrix convention used here (compare relation (3)), the trans-
formation rule for the matrix [D] can be written as follows 

][][][][ TDTD TL = , (6) 

where: [DL] – the matrix of elastic constants in local coordinate system, [D] – the ma-
trix of elastic constants in original material coordinate system, [T ] – the transforma-
tion matrix which is defined as follows [7] 
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c = cos θ, s = sin θ, θ – the angle between the material direction xm and the local direc-
tion x (see Figure 1). 

A constitutive relation (4) assumes in this case the following form 

},{][][][}{][}{ εεσ TDTD TL ==  (8) 

where {σ} and {ε} are expressed in the local coordinate system. 

3. Finite element for fibrous composite shells exhibiting big displacements 

The finite element used here was obtained based on original Ahmad’s element [5]. 
Description of big displacements and generally geometrical nonlinearities of the very 
element were proposed by Marcinowski [6]. 

The finite element used here is a degenerated element of solid type. The degenera-
tion of 3D case into the 2D one is the result of some accepted hypotheses on the dis-
tribution of displacements across the shell thickness. It can be shown that the dis-
placement hypotheses accepted [6] lead to the shell conception being equivalent to the 
Reissner–Mindlin shell theory. Displacements of any point within the finite element 
are definied by five nodal parameters: three translations u, v, w in global coordinate 
system and two independent rotations α, β in two mutually perpendicular, properly 
chosen directions (compare [6] and see Figure 2). The stress state at any point within 
the element is described by five components σx, σy, τxy, τxz, τyz expressed in local coor-
dinate system and chosen in such a way that the plane x, y is tangent to the middle sur-
face of the shell. In general case, the stress components change across the shell thick-
ness.  
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Fig. 2. The finite element 

The following strain counterparts: εx, εy, γxy, γxz, γyz correspond to the stress compo-
nents specified above. A constitutive relation is adopted as for orthotropic material for 
the directions x, y, z, the z-axis being always perpendicular to the middle surface. This 
assumption allows neglecting the component σz normal to the middle surface [6]. 

The constitutive relation is adopted as (8) with the transformation matrix [T(θ)] 
(Equation (7)) and matrix [D] defined in material directions according to Equation (3).  
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As far as numerical procedures are concerned, they were kept in original form used 
before for the analysis of elastic, isotropic shells [6]. These procedures allow the 
nonlinear equilibrium paths to be determined within a whole range of load-deflection 
domain. And particularly, all singularities related to the stability phenomenon can be 
taken into account. Limit points, primary and secondary bifurcation points can be de-
termined during the calculation process. The state of stability in any considered con-
figuration can be established as well.  

4. Numerical example 

The segment of cylindrical shell shown in Figure 3 was chosen as an example. 
Geometrical parameters and orientations of fibers with respect to local coordinate 
system of all finite elements were shown in this figure as well. The shell is supported 
only in the corners (see Figure 3) and in these nodes all displacement parameters are 
equal to zero. One-parameter loading in the form of uniformly distributed pressure de-
fined by the intensity p is considered. For this structural member the optimum orienta-
tion of fibers reinforcing the composite, from which the shell is made of, is searched 
for. The maximum value of the critical pressure was chosen as the objective function. 
It was assumed that the shell can be fabricated also from four segments and within 
these segments the orientation of fibers is constant. Both variants of reinforcing of the 
shell considered are shown in Figure 3 and labelled as the first and the second kinds, 
respectively.  

L = 508 mm, 
R = 2540 mm,
f = 12.7 mm, 
h = 6.35  mm.

h f
R

L

x

y

z

C

A

p 1st kind 2nd kind
p p

xm xmx x
 

Fig. 3. The segment of cylindrical shell 

The angle θ  is the only variable parameter in the optimization process. Because of 
this the optimisation procedure is trivial. It is sufficient to calculate pcr for all admissi-
ble θ ’s and to choose the particular one, i.e., that corresponding to the . max

crp
The reinforced composite with epoxy matrix and graphite fibers was chosen and 

carefully considered. Material parameters in material directions (x – the orientation of 
fibers, y – the direction perpendicular to it) are as follows: Ex = 129.1 GPa,  
Ey  = 9.43 GPa, Gx y  = 5.39 GPa, Gx z  = 3.15 GPa, Gy z  = 3.15 GPa, νx y  = 0.021,  



 
 
 

Optimal orientation of reinforcing fibers in shell made of fibrous composites 
 

25 

νy x  = 0.288. The matrix [D] is defined according to relations (8), (7) and (3). θ  is the 
angle between the fibers of a given orientation and the x-axis of local coordinate 
system of all finite elements.  
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Fig. 4. Equilibrium paths for the shell of the first kind and θ  from the interval of 0–70 
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Fig. 5. Equilibrium paths for the shell of the first kind and θ  from the interval of  70–90 
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Fig. 6. Equilibrium paths for the shell of the second kind and θ  from the interval of 0–70 
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Fig. 7. Equilibrium paths for the shell of the second kind and θ  from the interval of 70–90 

Calculations were done for two variants of the shell termed above as the first and 
the second kinds (see Figure 3) and for the angles θ from the interval of <0, 90º>. In 
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every case, a complete geometrically nonlinear equilibrium path was calculated. A pri-
mary critical point (no matter what kind of a critical point it was) was determined on 
the equilibrium path as a result of calculations. The corresponding pressure level has 
defined the maximized objective function for the particular value of θ. 

The complete equilibrium paths for both kinds of shell and for different angles of 
θ were presented in Figures 4, 5, 6 and 7. It is interesting to note that the character of 
these curves changes. When θ increases, a critical value of the pressure corresponding 
to the limit point increases as well. This tendency is true only for θ”s smaller than 45º. 
For greater θ ’s this tendency is reversed. It can be observed that for θ  ≈ 70º the limit 
point which has appeared for comparatively small displacements vanishes and in its 
place the limit point appears in the remote region of relative strengthening of the shell. 

Table. Critical values of pressure for 
both kinds of shells  
and different values of θ 

 

Fig. 8. The plot pcr(θ ) 

The critical values of the pressure for both kinds of shells and different values of θ  
were presented in the Table. pcr versus θ  was depicted in Figure 8 as well. The shell 
of the 2nd kind reaches the maximum critical pressure for θ = 90º which can be felt 
intuitively. The shell of the first kind reaches the maximum load capacity (in the sense 
mentioned above) at θ = 80º and this particular value is by 30.7 % higher than the 
result for its counterpart at θ = 90º. This interesting observation is a result of the 
analysis performed. 



 
 
 

J. MARCINOWSKI 
 
28 

5. Concluding remarks 

Due to high manufacturing costs the structures and structural members made of 
reinforced composites should be optimized with respect to the best orientation of the 
most expensive phase – the fibers. It is obvious that the theoretical proposals must be 
in agreement with technological possibilities. 

In the paper, it was shown that there is the possibility of increasing the stability re-
sistance of the shells made of fibrous composites due to properly chosen directions of 
reinforcing fibers. The stability phenomenon was treated as it deserves for this means 
that fully geometrically nonlinear analysis was adopted. In some problems (the one in-
serted is an example) “snap-through” phenomenon will be decisive, in other – bifur-
cation phenomenon will decide the stability resistance.  

It is difficult to predict in advance which of the orientations of fibers should be the 
best. The optimum distribution of fibers depends on the shell geometry, on boundary 
conditions and on the external load distribution. Every case should be treated indi-
vidually and to this end the procedure presented in the paper should be adopted. The 
presented numerical procedure leading to the best distribution of reinforcing fibers is 
general, of course in limits of the assumptions adopted. 

The segment of cylindrical shell analysed in the paper was chosen as an example. It 
has confirmed the effectiveness of the procedure adopted and the ability of author’s 
software. 
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Optymalna orientacja włókien w powłoce wykonanej z kompozytów włóknistych 

Przedmiotem rozważań są powłoki wykonane z kompozytów włóknistych. Można zwięk-
szyć nośność takich powłok przez umiejętne rozmieszczenie włókien wzmacniających struk-
turę kompozytu. Kształt i obciążenie analizowanych powłok mają taki charakter, że powłoka 
jest czuła na utratę stateczności i właśnie stateczność decyduje o jej nośności. 

Rozważa się powłoki zbrojone jednokierunkowo, a przedmiotem poszukiwań jest taki kie-
runek zbrojenia, który pozwala otrzymać maksymalną wartość obciążenia krytycznego. Aby 
rozwiązać tak sformułowany problem, zastosowano podejście numeryczne oparte na autorskim 
programie do geometrycznie nieliniowej analizy powłok uwzględniającej zjawiska stateczności 
sprężystej. Powłoki z kompozytów włóknistych można traktować jako powłoki ortotropowe  
o znanych parametrach materiałowych. Znając kierunki ułożenia włókien oraz kierunki lokal-
nego układu współrzędnych wewnątrz elementu skończonego, można było sformułować prawa 
transformacji macierzy stałych sprężystości i w ten sposób poprawnie sformułować związek 
konstytutywny. Obciążenia krytyczne dla danego ułożenia włókien były znajdowane w rezul-
tacie przeprowadzonej pełnej analizy numerycznej. Otrzymane wyniki dla wszystkich możli-
wych układów włókien pozwalają ustalić ich optymalny kierunek. Jako przykład zamieszczono 
rozwiązanie dla mało wyniosłej powłoki walcowej obciążonej poprzecznie. 
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The effect of crashworthiness parameters 
on the behaviour of car-body elements 

Z. GRONOSTAJSKI, P. BANDOŁA, P. KARBOWSKI 
Wrocław University of Technology, Wybrzeże Wyspiańskiego 27, 50-370 Wrocław 

In the paper, special emphasis was put on the structural stiffness of car elements described by crash-
worthiness parameters. We showed how the structure parameters described by crashworthiness indicators 
can be calculated for various structures. The effect of crashworthiness parameters of different construc-
tions and profiles on the relationship between the energy absorption and the maximum collision force is 
given. One- and multi-layer, empty and filled with different-density plastic foam elements were described. 
The behaviour of different elements and the effect of plastic foam density on the crashworthiness parame-
ters were analyzed.  

Keywords: car elements, dynamic loading, crash test 

1. Introduction 

The main goal of passive safety is to minimize a threat to life or health of persons 
involved in a road accident. The biggest danger to the passengers involved in such an 
accident comes from overloads that result from the energy conservation law. A de-
crease of overloads is obtained by such a vehicle design that enables an appropriate 
collision energy absorption and dissipation. This aim is achieved by the use of the so-
called deformation zones created from the elements of different characteristics of en-
ergy absorption. 

Improvements in automotive design are encouraged by the need to decrease the 
weight of vehicles which allows the fuel consumption and the production costs to be 
reduced. The reduction in weight decreases the strength of structure, which can be de-
fined by structural stiffness [1, 2]. If deformation takes place in regular and controlled 
manner, we deal with the most desirable mode of a dynamic collapse of structure. The 
structural stiffness of structures can be described by crashworthiness factors. The main 
aim of the paper was to derive the equations for calculating crashworthiness factors of 
various structures investigated, to determine their values, and to find the relationship 
between crashworthiness factors of different structures and the ratio of dissipation en-
ergy to maximum force. 

2. Crashworthiness parameters 

Crashworthy car elements should be characterized by efficient and controllable en-
ergy absorption and the collapse force below the maximum tolerances allowable for 
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car user. To assess the performance of different elements during car accident the fol-
lowing indicators should be taken into account [3]: 

• The maximum load Pmax. It is the force required for initiating deformation and 
energy absorption process. This load should be within the tolerance limit for user. 

• The mean load Pm defined by 

f

a
m

EP
δ

= ,                (1) 

where:   
Ea – the energy absorbed during deformation, 
δf – the plastic axial displacement. 
It is an indicator of a car’s ability to absorb energy. For a vehicle designer this 

value is important as the length of energy-absorbing car elements must be practically 
restricted. However, too high a mean load value of energy-absorbing structure leads to 
high deceleration and to the death of car users. 

Energy absorption Ea represents the stable limit of a structure and allows compar-
ing different structure designs. The stable limit is terminated when the deformation 
process becomes unstable or fully stable deformation is finished. 

• Crash efficiency e0 is a good indicator of the amount of material used within sta-
ble deformation limit, because not all of the energy-absorbing structure is utilized 
during that limit. The crash efficiency is given by [4] 

l
e fδ=0 ,                 (2) 

where l is the specimen length. 
If each element is deformed in a stable manner, the crush efficiency is very high. 

For little energy-absorbing structure the crush efficiency is poor. Plastic displacement 
used to calculate the crush efficiency is the value at which unstable deformation be-
gins or fully stable deformation is finished. 

• Structural effectiveness η. It allows the structures made of different material 
properties to be compared [5, 6] 

p

m
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P
σ

η =  ,                (3) 

where: 
A – the cross-section of structure, 
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σp – the flow stress of material used in structure. 

The above mentioned parameters describe physical properties which depend on the 
geometry of the elements investigated. It is possible to assess the effect of different 
geometry of elements on the crashworthiness, provided that the geometry is precisely 
defined. Therefore the methods of description of elements geometry shown in Figures 
1–4 were considered.  

The simple rectangular and round specimens were made from different kinds of 
steel and in the case of specimens with double walls, their outer walls were made from 
steel, and inner walls from PA38 aluminium alloy. Besides the space between the walls 
in some elements was filled up with the plastic foam [7, 8]. 

 

Fig. 1. Cross-section of a rectangular specimen with a single wall 

The elements shown in Figure 1 are characterized by the following factors: 

• Section ratio β. It can be used to compare the elements of different sections and 
is defined by 

.
24

)(2
f
ba
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tba +
=

+
==

flangeofarea
sectionboxofareaβ           (4) 

For specimens filled up with the plastic foam  

,
4
)(2 1

ft
abtba ψβ ++

=               (5) 

where: 
1ψ  – the coefficient of the ratio of compression ultimate strength of plastic foam of 

different density to ultimate strength of steel E275 used for making a box equal to 
E275ppf σσ / , 

pfσ  – the ultimate strength of plastic foam with applied density σpf , 
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E275pσ  – the ultimate strength of box material. 

If the coefficient of compressibility of foamκ is multiplied by the coefficient of the 
ratio of compression stress, it is possible to express the plastic foam by the properties 
of box material. 

• Stability ratio α. It is represented by the ratio of cross-sectional area to the length 
of element l. By using this factor, the influence of specimen length and cross-sectional 
dimension on the energy-absorbing capacity can be considered. For empty specimens 
it is given by 

l
tfba )2(2 ++

=α ,               (6) 

and for specimens filled up with the plastic foam by 

l
abtfba 1)2(2 ψα +++

= .             (7) 

• Structural density. It is given by the ratio of the material volume to the element 
volume. Using this factor, the usage of material can be assessed for different elements 
absorbing energy. For empty specimens it is given by  

ab
tfba

abl
tlfba )2(2)2(2 ++
=

++
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and for element filled up with the plastic foam by 
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Fig. 2. Cross-section of the rectangular specimen with double walls 
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In the case of the elements with double walls shown in Figure 2, the following fac-
tors were used: 

Section ratio of empty element is given by 

,
2

)()(
4

)(2)(2 1112111

ft
tbatba

ft
tbatba +++
=

+++
=

ψβ       (10) 

and of the element filled up between outer and inner boxes with the plastic foam by 
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where ψ2 is the coefficient of the ratio of ultimate strength σpPA38 of inner box from alu-
minium alloy PA38 to ultimate strength of outer box from steel E275 (σpPA38 / σpE275). 

The stability ratio of empty specimens is given by the reduced cross-sectional area 
to the length of the element. In reduced cross-sectional area, the effect of position of 
inner rectangular walls on the stability of element is taken into account. This position 
is closer to the axis of specimen than the position of outer walls. Therefore the coeffi-
cients expressed by b1 /b and a1 /a were introduced: 
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In the case of the element filled up in the same way as before with the plastic foam, 
the effect of the position of foam should be taken into account as well. Therefore the 
reverse coefficients b/b1 and a/a1 were applied 
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Structural density of an empty element with double walls is given by  
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and of the element filled up with the plastic foam by 
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Fig. 3. Cross-section of the round specimen 

In the case of the element shown in Figure 3, the above mentioned factors are ex-
pressed by the following formulas: 

Section ratio 

,
0

∞==
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and of specimens filled up with plastic foam by 

,
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where 3ψ  is the coefficient of the ratio of compression ultimate strength σpR35 of plas-
tic foam of different density to ultimate strength of the box from steel R35 σpR35(σpf / 
σpR35)  

Stability ratio of empty specimens is given by 

,
l
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and of specimens filled up with plastic foam by 
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Structural density of empty specimens 
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and of the specimens filled up with the plastic foam by 
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Fig. 4. Cross-section of the round specimen with double walls 

Round element with double wall is shown in Figure 4. 
Section ratio of empty specimens shown in Figure 4 is given by 
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and of specimens filled up with the plastic foam by 

,
0

4)( 2
1

2
3114 ∞=

−++
=

ddtddt πππ ψψβ         (23) 

where ψ4 is the coefficient of the ratio of ultimate strength σpPA38 of inner box from alu-
minium alloy PA38 to ultimate strength σpR35 of outer box from steel R35 (σpPA38/σpR35). 
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Stability ratio of empty specimens is given by 
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and of specimens filled up with the plastic foam by 
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Structural density of empty specimens 
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and of specimens filled up with the plastic foam by 
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3. Experimental procedure 

The rectangular and round tube elements with single and double walls used in ex-
periments are shown in Figures 5 and 6 [9]. The drop hammer for dynamic deforma-
tion of these elements is shown in Figure 7 [10, 11]. 

Main parts of the test stand (Figure 7) were as follows: 
• automated drop hammer with a ram of a weight from 58.5 kg up to 206 kg 

depending on the number of bobs, 
• computerized data recording system connected with appropriate sensors and de-

vices recording signals during sample deformation,  
• software visualizing the test results obtained.  
The mechanical properties of steel E275D used for rectangular element, steel R35 

for tube element and aluminium alloy PA38 used for inner square and round elements 
are given in Table 1. The density and effect of strain rate on the ultimate compression 
strength of plastic foam RR3040, named Alfapur, of different densities are shown in 
Table 2. 

In order to establish the crashworthiness factors of the elements shown in Figures 
1–6 and given by Equations (4)–(27), first of all the coefficients ,1ψ  ,2ψ  ,3ψ  4ψ  al-
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lowing transformation of the comparative effect of plastic foam with different densi-
ties and aluminium alloy PA38 into effect of outer box material should be calculated. 
To that end the data given in Tables 1 and 2 were used. The values of coefficient are 
gathered in Table 3. 

 

Fig. 5. Symmetrical rectangular elements with single and double walls  

 

Fig. 6. Round elements with single and double walls 
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Fig. 7. The test stand scheme: 1 – data acquisition system, 2 – manual control of the ram displacement, 
2a – ram release, 2b – ram position setting, 3 – specimen , 4 – ram, 4a – hammer bobs, 5 – anvil,   
6 – electromagnet, 7 – limit switch, 8 – electric motor, 9 – rolling bearings, 10 – laser transmitter,  

11 – exalted-carried receiver, 12 – rate generator, 13 – piezoelectric sensor, 
14 – piezoelectric sensor amplifier, 15 – distance release sensor 

Table 1. Mechanical properties of the steel and aluminium alloy used [12] 
Mechanical properties Kind of 

materials Yield stress 
[MPa] 

Ultimate tensile strength 
[MPa] 

Elongation 
[%] 

E275D 275 390 27 
R35 215 360 24 

PA38 140 315 21 

Table. 2. Effect of strain rate on the ultimate compression 
strength of plastic foam Alfapur [12] 

Ultimate compression strength [MPa] 
Strain rate [s–1] 

Density, 
[kg/m3] 

4×10–3 1.7×10–1 3.3×10–1

54.0 0.201 0.239 0.267 
82.7 0.419 0.487 0.489 

119.7 0.833 0.939 0.975 
156.5 1.146 1.585 1.504 
203.0 2.040 2.339 2.605 
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Table 3. Coefficients  for the densities of plastic foam, steels and aluminium alloy iψ
Density Coefficient ψ 1 Coefficient ψ 2 Coefficient ψ 3 Coefficient ψ 4

54.0 0.0007 0.0007 
82.7 0.0013 0.0014 

119.7 0.0025 0.0027 
156.5 0.0039 0.0042 
203.0 0.0068 

 
 

0.80769 

0.0072 

 
 

0.87500 

The crashworthiness factors of the elements shown in Figures 1–6 are given in Ta-
ble 4.  

From Figures 8–10 it can be seen that the effect of foam density converted into the 
properties of outer box materials on the crashworthiness factors β and φ  is minimal 
(Figures 8 and 10). The factor α is more sensitive to the foam density, especially in the 
case of double-walled elements (Figure 9). The factor β cannot be used for elements 
without flange, as in the case of round elements. In all cases, the values of the crash-
worthiness factor are much higher for the double-walled elements than for single-
walled elements. 

Table 4. Crashworthiness factors of elements shown in Figures 1–6 
Rectangular elements Round elements Crashworthiness 

factors 
Density of 

plastic foam Single wall Double walls Single wall Double walls 
0 4.1667 6.2700 ∞ ∞ 

54.0 4.2122 6.3042 ∞ ∞ 
82.7 4.2513 6.3335 ∞ ∞ 

119.7 4.3294  6.3921 ∞ ∞ 
156.5 4.4206 6.4605 ∞ ∞ 

β 

203.0 4.6094 6.6021 ∞ ∞ 
0 0.992 1.1535 0.94200 1.04503 

54.0 1.00075 1.1798 0.95189 1.04750 
82.7 1.00825 1.2023 0.96178 1.04998 

119.7 1.02325 1.2473 0.98015 1.05457 
156.5 1.04075 1.2998 1.00135 1.05987 

α 

203.0 1.0770 1.4085 1.04374 1.07047 
0 0.04736 0.208950 0.066667 0.183333 

54.0 0.04806 0.209115 0.066678 0.183858 
82.7 0.04866 0.209565 0.066690 0.184383 

119.7 0.04986 0.210465 0.066712 0.185358 
156.5 0.05126 0.211515 0.066737 0.186483 

φ  

203.0 0.05416 0.213690 0.066787 0.188733 

The effect of foam density on the crashworthiness factors β, α and φ  is shown in 
Figures 8–10, respectively.  

If the greatest operational safety of the whole structure and of its elements is taken 
into account, it can be said that it needs a high value of energy dissipation during col-
lision and low value of maximum force, i.e., low value of maximum acceleration. The 
energy dissipation and the maximum force of the structures described are given in [13, 
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14]. The effect of crashworthiness factors β, α and φ on the ratio of the dissipation en-
ergy to the maximum force was calculated and presented in Figures 11–13. In the case 
of the crashworthiness factor β, only rectangular elements can be analyzed (Figure 
11). From that figure it can be seen that the elements with single walls have a better 
ratio of dissipation energy to maximum force than the elements with double walls, and 
the rectangular elements of single walls and the round elements with double walls 
have almost the same ratio. Also the relationship between the crashworthiness factors 
(α and )φ and the dissipation energy to the maximum force ratio (Figures 12 and 13) 
proves that the round elements with single walls and the foam density applied are the 
best. 

 

Fig. 8. The effect of foam density on the crashworthiness factor β 

 

Fig. 9. The effect of foam density on the crashworthiness factor α 
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During collision the rectangular elements with single walls and different density of 
plastic foam behave in the same way as round elements with double walls. Rectangu-
lar elements with double walls are characterized by the worst energy dissipation. 

4. Results and discussion 

In order to find the best structure that is characterized by an efficient and controlla-
ble energy absorption and the collapse force below the maximum tolerance allowable 
for car user, the relationship between the crashworthiness factors of the structure de-
signed was established. To obtain a valuable information the crashworthiness factors 
were altered in the wide range by changing a structure as is shown in Figures 1–4 and 
by applying plastic foam of the density ranging from 50 to about 200 kg/m3. The ef-
fect of plastic foam density on the crashworthiness factors β and φ  is minimal; only 
the factor α is more sensitive to the foam density, especially in the case of double-
walled elements. In all cases, the crashworthiness factors are much higher for the dou-
ble-walled elements than for single-walled elements.  

 

Fig. 10. The effect of foam density on the crashworthiness factor φ  

 

Fig. 11. The effect of the crashworthiness factor β on the energy to force 
 ratio of rectangular elements with single and double walls 



 
 
 

Z. GRONOSTAJSKI et al. 
 
44 

The elements with single walls are characterized by better ratio of the dissipation 
energy to the maximum force than the elements with double walls, and almost the 
same ratio is typical of the round elements with double walls and the rectangular ele-
ments with single wall. The best are round elements with single walls and the foam 
density applied, because they are deformed in a stable manner (Figures 14a and 14b). 
Therefore the crush efficiency is very high and due to application of such elements in 
a vehicle structure, the collision energy can be absorbed and dissipated making a car 
more safety. The rectangular elements with single walls and different densities of 
plastic foam behave during collision in the same way as round elements with double 
walls (Figure 14c). This means that during dynamic deformation of such elements 
very often highly undesirable mode of collapse takes place and overall buckling of the 
structure occurs. Rectangular elements with double walls are considered to have the 
worst properties of energy dissipation. 

 

Fig. 12. The effect of the crashworthiness factor α on the energy to force ratio of rectangular 
and round elements with single and double walls 

 

Fig. 13. The effect of the crashworthiness factor φ on the energy to force ratio of rectangular 
 and round elements with single and double walls 



 
 
 

The effect of crashworthiness parameters on the behaviour of car-body elements 
 

45 

 

Fig. 14. Elements after deformation: a) round with single wall, empty, b) round with single  
wall filled with the foam whose density is 119.7, c) rectangular with single wall filled with  

the foam whose density is 119.7 

The crashworthiness factors of the structures designed should reduce a significant 
increase in acceleration that is very dangerous for the safety of car users. Therefore, 
future investigations should be undertaken to find such a structure, density, and kind 
of foam that allow a low acceleration and stable manner of the structure deformation. 
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Wpływ parametrów uderzeniowych elementów karoserii 
samochodów na ich zachowanie się podczas kolizji 

Opracowano równania opisujące parametry uderzeniowe elementów karoserii pojazdów sa-
mochodowych czułych na dynamiczne obciążanie oraz wyliczono ich wartości dla elementów 
prostokątnych i kołowych o pojedynczych i podwójnych ściankach wypełnionych pianką z two-
rzywa sztucznego o różnej gęstości lub pustych. Ustalono wpływ gęstości tworzywa sztucznego 
na wartość obliczonych parametrów. Stwierdzono, że większość parametrów jest niemal nieza-
leżna od gęstości pianki z tworzywa sztucznego, a jedynie jeden z nich jest bardzo czuły na gę-
stość pianki. Natomiast wartości parametrów w bardzo dużym stopniu zależą od liczby ścianek: 
dla elementów o podwójnych ściankach są one znacznie wyższe niż dla elementów o pojedyn-
czych ściankach. Aby uzyskać wartościowe informacje o wpływie zastosowanych parametrów na 
zachowanie się badanych struktur, zmieniano ich konstrukcje w szerokim zakresie oraz zmie-
niono w dużym zakresie gęstość pianki z tworzyw sztucznych (od 50 do około 200 kg/m3).  

Elementy o pojedynczej ściance charakteryzują się lepszym wskaźnikiem stosunku energii 
dyssypowanej do maksymalnej siły występującej podczas dynamicznego spęczania niż elementy 
o podwójnej ściance. Zbliżony wpływ na ten wskaźnik mają elementy kołowe o podwójnej 
ściance i elementy prostokątne o pojedynczej ściance. Najgorszym wskaźnikiem odznaczają się 
elementy prostokątne o podwójnej ściance. Najlepszym wskaźnikiem charakteryzują się okrągłe 
elementy o pojedynczej ściance, ponieważ odkształcają się one w sposób bardzo równomierny.  

Poprawny dobór struktury opisany za pomocą parametrów czułych na dynamiczne obciążanie 
umożliwia istotne zmniejszenie przyspieszeń podczas kolizji pojazdów samochodowych bardzo 
niebezpiecznych dla ich użytkowników. Dlatego celem przyszłych prac powinno być opracowa-
nie struktur, rodzaju i gęstości tworzyw sztucznych, które zapewniałyby stabilny sposób od-
kształcania się struktur prowadzący do zmniejszenia przyśpieszeń do wartości dopuszczalnych. 
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Description of crack propagation – theoretical approach 
and fitting accuracy to measurement results 

M. SZATA 
Institute of Materials Science and Applied Mechanics, Wrocław University of Technology, ul. Smolu-
chowskiego 25, 50-370 Wrocław 

An energy criterion of fatigue crack propagation in the isotropic body has been formulated. It is based 
on the first principle of thermodynamics as a balance between energy variation rates (work of external 
forces, energy of body deformation, fracture energy, heat energy of the body) and the surface change due 
to fatigue crack under a cyclic loading. Finally, a kinetic equation of fatigue fracture as an analytical rela-
tion between the rate of fatigue crack surface propagation and the dissipation energy of plastic deforma-
tion in the precracked zone has been obtained. The method of an approximate solution of such an equa-
tion and determination of the period of precritical crack growth has been suggested. This method is based 
on the assumption that kinetics of the surface variation of the crack studied is close to the variation of 
a round crack with the same surface, but the solution for a round crack is given in a closed form. The va-
lidity of this method has been confirmed in the case of an elliptical crack. A new method of constructing 
kinetic fatigue fracture diagrams (KFFD) has been presented on the basis of measurement results of hys-
teresis loop area for the isotropic body with an internal flat crack under cyclic loading. For the experi-
mental verification, the results of fatigue crack propagation studies for 18G2A and 40H steels have been 
utilized. In contradistinction to the force factor Kmax, the energetic parameter ∆H describes synonymously 
the propagation rate of the fatigue crack independently of a cycle asymmetry R. The linear dependence of 
crack propagation rate da/dN on energy dissipation of plastic deformation before the crack tip for one 
loading cycle has been discussed with taking into consideration the consequences for fitting models in 
double logarithmic axes. 

Keywords: kinetic equation, fracture, cyclic fatigue, fracture crack rate 

1. Introduction 

This paper is treated as a part of considerations dealing with the determination of 
a lifetime for construction elements under the cyclic loading by means of fracture me-
chanics. The lifetime of mechanical construction elements is assumed to be a sum of 
initiation processes and precritical growth of fatigue cracks until the stability is lost. 
The constructional materials always contain the defects of a definite (specific) dimen-
sion that is a characteristic feature of a given material and given element technology. 
At present, this defect dimension is introduced as a construction parameter in order to 
calculate the prognostic lifetime without breakdown for the construction element. 
Such an approach makes it possible to resolve the problem of calculating the lifetime 
of construction element conditioned by the time of a precritical defect growth from the 
dimension of construction parameter to the critical defect value.  
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The force criterion [2, 3] being a local criterion is frequently applied in the de-
scription of a fatigue crack growth. The rate of a crack growth is a function of inten-
sity stress coefficients. This function based on experimental data has the exponential 
form in relation to K1, as has been shown in Paris’ law. 

The deformation criterion [1–3] based on the δK-model [2] is used in the case 
where the plastic zone before a crack tip is of the same order as a body dimension. 

The approach presented is effective in the case of a stable loading cycle without 
taking into account the “history” of material deformation and crack propagation. The 
intensity stress coefficients or the values of a crack opening become at that time the 
invariants of a fatigue damage. The energy approach makes it possible to take into 
consideration the elements mentioned earlier. Cherepanov [2] was the first who pro-
posed such an analysis. The energetic methods have been developed in many research 
laboratories, for example, in Lviv by Panasiuk and his group [5]. 

2. Formulation of energy criterion for fatigue crack growth 
and definition of basic kinetic equation for this process 

Let us consider an infinite body with an internal flat crack having the surface S0 en-
closed with a smooth contour L0  (Figure 1). 

 
Fig. 1. Scheme of tension of the infinite body with a plane crack 

The stress σ is subjected to cyclic variations and is perpendicular to the crack 
plane. The problem is how to deal with the determination of the period Ng of a precriti-
cal crack propagation. Using the first principle of thermodynamics we can write  
a global balance in the following form [2]  

A+ Q = W + Ke + Г ,  (1) 
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where: 
A – the work of an external loading P (equivalent to the stress σ ) after N cycles of 

loading, 
Q – the heat input to the body during the loading, 
W – a deformation energy after N cycles of loading,  
Ke – a kinetic energy of the body, 
Γ – a damage energy during the change of a crack surface from  to S. 0S
Differentiating Equation (1) over the number of cycles we obtain 

.
N
K

NN
W

N
Q

N
A e

∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

+
∂
∂ Γ   (2) 

Assuming that a slow growth of a crack length does not occur simultaneously with 
heat processes and neglecting small changes of a kinetic energy (for low frequencies 
of a cyclic loading) we arrive at 

.
NN

W
N
A

∂
∂

+
∂
∂

=
∂
∂ Γ   (3) 

The amount of a dissipation energy for plastic deformation before the crack tip needed 
for the appearance of a new fatigue fracture surface can be expressed in the following 
form 

N
WW

N
WA sc

∂
+∂

=
∂
−∂ )()( ,  (4) 

where: 
Wc – the energy of cyclic deformation changes, 
Ws – a static component of energy changing with the crack growth. 
After transformations  

N
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S
W

N
W sc

∂
∂

⋅
∂
−∂

=
∂
∂ )(Γ ,  (5) 

where / is the rate of crack surface growth (S )  that can be determined from (5) S∂ N∂

S
W

N
W

N
S sc

∂
−∂

∂
∂

=
∂
∂ )(Γ .              (6) 

Let us consider the quantities of Wc, Γ and Ws. The quantity ∂Wc / ∂N represents 
a dissipation energy of plastic deformation before a crack tip in one loading cycle (it is 
the area between εmin and εmax in Figure 2). 
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Fig. 2. The diagram of a cyclic tension of an elementary material volume in the precracked zone 

As is well known from the literature [2, 3, 7], before a crack tip under a cyclic 
loading the two areas of prefracture are formed: a static precracked zone of the length 
ls (area 1 in Figure 3) and a smaller cyclic precracked zone 2 of a the length lc.  

 
Fig. 3. Static and cyclic precracked zones  

The quantities ∂Wc / N and W∂ ∂ s / ∂ S define the plastic deformation in the areas 2 
and 1, respectively. In order to define these deformations, it is necessary to use the 
intersection model (Figure 4) in accordance with the known Panasiuk–Dugdale’s  
δK-model [4, 6]. 

The stresses σ0 f  are regularly applied along the intersection model. The magnitude 
of static stresses σ0 S can be determined according to [7] by means of the static strength 
characteristics of a material. The cyclic characteristic can be written as 

σ0 f  = η σ0 S ,  (7) 

(for the materials of cyclic hardening and cyclic weakening η > 1 and η < 1, respec-
tively). 
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The coefficient η for a particular material can be determined experimentally by 
comparison of diagrams for cyclic and static tensions. 

The dimensions Lf and Ls of the areas before a crack tip are considerably smaller 
than the dimensions of the crack itself and therefore Lf << ρ,  Ls << ρ (ρ  = ρ(ϕ)) is the 
radius of a crack contour in the polar co-ordinates ρ, ϕ  (Figure 1)). 

Zi

Xi

σplf

 

Fig. 4. A modelling of the precracked zone by a cut with stresses applied to its edges 

According to [7, 8], a dissipation energy of plastic deformations before a crack tip 
falling to one loading cycle can be expressed by 

[ ] ,),(),(
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0 ∫ ∫ −=
∂
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i
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i
f

fc

fcfc dtdxxtxt
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W C

δδ
δ
εσ

  (8) 

where: 
dt – a change of the length co-ordinate along the contour L (Figure 1), 
dx – a change of the co-ordinate along the area 2 (Figure 3), 

),()(
max i

f xtδ and – maximum and minimum values of the opening for the 
intersection model along the area before a crack tip [7] (Figure 4), 

),()(
min i

f xtδ

fcδ – a critical value of the crack opening corresponding to the critical deformation 
εfc under the cyclic loading. 

The value  depends not only on the minimum value of the external load-
ing P

),()(
min i

f xtδ
min, but also on a crack surface profile and a contact between upper and lower 

surfaces 

),()(
min i

f xtδ = max{ ; }, ),()(
min i

Pf xtδ ),()(
i

Kf xtδ
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where: 
),()(

i
Kf xtδ – the crack opening resulting from a contact of rough surfaces and de-

pendent on the history, 
),()(

min i
pf xtδ – the minimum crack opening resulting from the external loading 

P = Pmin. 
According to [7], minδ has a form 

),()(
min i

Pf xtδ = ,  ),()(
min i

f xtδ ]2/)1(1[ 2R−−

where  is the asymmetry factor of a cycle. axin KKR ImIm /=
In the above formulas, generally known relationships fcfc δδεε /=  [7] between 

the magnitude of deformation before a crack tip and the opening of the intersection 
model have been used.  

Similarly, we can describe the changes in a static component of a dissipation en-
ergy for plastic deformations in the precracked zone S∆ as follows 
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The critical value of dissipation energy, i.e., the change of damage energy, can be 
expressed by  
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where *
sl is a critical length of the precracked zone S∆ . 

In order to present an evident notation of the criterion equation (6) describing the 
propagation rate of a fatigue crack zone, the integral expression should be introduced 
to Equations (8) and (10). It is necessary to use the results presented in [7] expressing 
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i ,,νξ = are material constants. 
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Inserting (11) into (8)–(10) we obtain 
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Using the results from [7] and expressing  by means of stress inten-
sity factors allows Equation (12) to be written in the following form (assuming 

that ) 
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where the asymmetry coefficient of a cycle R is assumed to be constant. 
Similarly, Equations (13) and (15) can be expressed as follows: 
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On the basis of expressions (16)–(18), the kinetic equation (6) representing the propa-
gation of surface fatigue crack can be written as 
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0=N ,       ,                                                                                                    (20) 0SS =

gNN = ,      *SS = .                                                                                                 (21) 

*S  is a critical value of a crack surface. After reaching this value the crack propaga-
tion lacks its stability and a rapid increase of the crack takes place. This surface can be 
determined from Irvin’s criterion 

fcKSK =)( *Imax .             (22) 

3. Equivalent surface method 

It can be a difficult task to arrive at a closed solution to the kinetic equation (19) 
with conditions (20)–(22) for each shape of a crack contour L. In order to simplify this 
solution, the equivalent surface method has been proposed. 

This method is based on the hypothesis that flat cracks occurring in a homogeneous 
field of tensile stresses with convex contours L and the identical surface areas S have 
the magnitudes similar to the areas S∆  before a crack tip and the similar energies 

 and . )( f
sW )( f

cW
Thus we can take circle of the radius R and the area as the representatives. 

In this case, the calculations will be considerably simplified. On the grounds of this 
assumption, the kinetics of surface area changes for each crack with a convex contour 
L will be analogous to the kinetics of a circular crack with the same surface S. 

2RS π=

For a circle we have 

4/14/3 SPK k −= π2)(
Imax .  (23) 

Hence, Equation (19) can be written as 
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Integrating (25), taking into account conditions (26) and putting 0),( =yxγ , we ob-
tain equation enabling us to determine the period Ng of the precritical crack propaga-
tion:  

0=N ,      ,                                                                                    (26) 0SS =
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According to (27), for known loading parameters: , the initial surface area of 

the crack  and its critical value  (formula (26)) as well as for the characteristics 

RP ,max

0S *S

ffcK 0,,, σβα  defined by comparing (24) with experimental data, we can obtain in 

this way the relationship representing the period of the precritical fatigue crack 
propagation.  

gN

For example, let us consider an elliptic crack. The output crack contour is an ellipse 
described by the equation 

2/12222 )sincos()( −+= ϕϕϕρ abab ,  (28) 

where a and b are the semi-axes of an ellipse. 
It is assumed that after N cycles the contour will be still an ellipse with the semi-

axes )(),( NbbNaa == . 
According to [7] the stress intensity factor is equal to 
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In accordance with the equivalent surface method 
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Fig. 5. A comparison of the results obtained for precise and approximate solutions 

in the case of an elliptical crack 

4. The fitting problems 

Let us consider the quantities Wc, Γ and Ws. The quantity ∂Wc / N∂ is the energy 
dissipation of plastic deformation before a crack tip in one loading cycle. In order to 
obtain the equation that is appropriate for constructing the diagrams of experimental 
kinetic fatigue fracture, we use its simplified form without taking account of the 
change of a function of crack-opening displacement :δ   

, and maxfplf
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where: 
plfσ  – a cyclic yield stress,  

fcε  – a critical deformation under cyclic loading.  
After inserting Equations (35) into (6) we obtain  
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The following equations are satisfied for Panasiuk–Dugdale’s Kδ - model and for 
a plane stress [2, 5]  
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Using Equation (37) we can express Equation (35) as follows: 
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Using NWW cc ∂∂=)1(  to denote the energy dissipation of cyclic plastic deforma-
tion before a crack tip in one loading cycle, we arrive at  

)/1( 22
max I

)1(

fcfcplf

c

KK
W
−

=
εσdN

dS .  (39) 

Due to the occurrence of the two crack surfaces, i.e., upper and lower ( ), 
the crack propagation formula can be written as  
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                                                                                            (40) 

where: 

fcK  – a cyclic fracture toughness,  

max IK  – a maximum value of stress intensity factor,  
5.0=α .  
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It seems that in order to estimate the influence of a loading cycle asymmetry R, it is 
proper to construct experimental kinetic fatigue fracture diagrams da/dN–∆H in 
which the energetic parameter ∆H dependent on  is equal to )1(

cW

.
)/1( 22

max I

)1(

fc

c

KKB
WH

−
=∆   (41) 

It should be noticed that the quantity NWW cc ∂∂=)1(  (energy dissipation of plastic 
deformation before a crack tip in one loading cycle) in Equations (38)–(40) has a lin-
ear influence on output quantities occurring in these equations, i.e., dS/dN, da/dN and 
∆H.  

5. Comparison of theoretical and fitting results 

A classical way of constructing the kinetic fatigue fracture diagrams (KFFD) in 
which both axes are dimensional, i.e., [ ]cycle// mdNda  and [ ]mMPaKK ⋅∆ )(max , is 
assumed. The middle part of these diagrams in double logarithmic axes is linear.  
A tangent m  of this line (i.e., a slope of a straight line) has a dimension  

.
log

/log
⎥
⎦

⎤
⎢
⎣

⎡

mMPa
mm cycle  

The verification of line factors values should keep their dimensions. Above all, the 
tangent a itself seems to be crucial. The values of line factors are shown in the Table.  

Table. The values of line coefficients in double logarithmic axes 
H∆For  m b 

12HMF 0.86 –  8.83 
18G2A 0.96 – 11.51 

40H(200) 1.30 – 13.00 
40H(450) 1.37 – 13.11 
40H(700) 1.30 – 13.07 
 

The notations in Table concern the rectilinear, middle part of kinetic fatigue frac-
ture diagrams (KFFD) of the shape bxmy += , where dNday log= , x = log∆H. 
From the theoretical basis (Equations (39) and (40)) it seems that 1=m , i.e.,  

H
dN
da

fcplf
∆=

εσ
α .                                                                                                   (42) 
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In this formula 5.0=α , then 
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1 .                                                                                                 (43) 

Logarithm of Equation (42) has a form  
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⎜
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⎛ ,                                                                       (44) 

where m ought to be “one” (from the theory) [9]. As in Miner’s law, material does not 
want to generate “one”; for the materials tested the value of this factor changes in the 
range of 0.86–1.37 (the Table). It is known from theoretical considerations that a free 
term in double logarithmic axes is smaller than zero. In the tests performed by the 
author, all the values of a free term b are smaller than zero (the Table). Consequently,  
a qualitative agreement between theoretical and fitting models can be observed.  

6. Experimental results 

The two kinds of kinetic fatigue fracture diagrams have been drawn based 
on experimental data.  
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Fig. 6. Crack propagation rate da/dN versus stress intensity factor Kmax for different 
 asymmetry R; 40H steel, heat treatment 200 ºC 
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Fig. 7. Crack propagation rate da/dN versus parameter ∆H for different 
 asymmetry R; 40H steel, heat treatment 200 ºC 
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Fig. 8. Crack propagation rate da/dN versus parameter ∆H  
for different asymmetry R; 18G2A steel 
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In the first diagram (classical), the stress intensity factor characterizing the 
intensity of deformation in the precracked zone before a crack tip was used for draw-
ing the diagram. In the second and the third diagrams (the new ones), the energetic pa-
rameter ∆H corresponding to the searched energy dissipation of deformation  was 
used.  

max IK

)1(
cW

The linear dependence of crack propagation rate da/dN on energy dissipation of 
plastic deformation before the crack tip for one loading cycle has been discussed with 
taking into consideration the consequences for fitting models in double logarithmic 
axes. 

7. Conclusions  

The energy criterion of fatigue crack propagation for the isotropic body has been 
presented. The analytical formula of a kinetic equation for fatigue crack propagation 
has been derived. The starting point is the energy balance resulting from the first prin-
ciple of thermodynamics. A simplified method of solving the kinetic equation has 
been proposed. The results of this method have been confirmed in the case of an ellip-
tic crack. 

A new method of constructing kinetic fatigue fracture diagrams developed based 
on the measurement results of hysteresis loop area for the isotropic body with an in-
ternal flat crack under cyclic loading has been presented. For the experimental verifi-
cation, the results of fatigue crack propagation studies for 18G2A and 40H steels have 
been utilized. The two kinds of kinetic fatigue fracture diagrams have been drawn 
based on the experimental data. The stress intensity factor KImax characterizing the 
intensity of deformation in the precracked zone before a crack tip was used for con-
structing the first (classical) diagram. In the second and the third diagrams (the new 
ones), the energetic parameter ∆H corresponding to the searched energy dissipation of 
deformation Kc

(1) was used.  
In opposition to the da/dN–Kmax diagrams, in the da/dN–∆H diagrams obtained 

for a given range of the crack propagation rate, any difference in fracture kinetics has 
not been observed. This means that in contradistinction to the force factor Kmax, the 
energetic parameter ∆H describes synonymously the propagation rate of fatigue crack 
independently of a cycle asymmetry R. The linear dependence of the crack propaga-
tion rate da/dN on the energy dissipation of plastic deformation before the crack tip for 
one loading cycle has been discussed with taking into consideration the consequences 
for fitting models in double logarithmic axes. 
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Opis propagacji szczeliny zmęczeniowej – podejście teoretyczne 
i dokładność dopasowania do wyników pomiarów 

Przedstawiono energetyczne kryterium propagacji szczeliny zmęczeniowej w ciele izotro-
powym. Wyprowadzono analityczną formułę równania kinetycznego rozwoju szczeliny zmę-
czeniowej. Aby uprościć rozwiązania, proponuje się zastosowanie metody powierzchni ekwi-
walentnych. Podstawę tej metody stanowi hipoteza, że płaskie szczeliny z jednakowymi po-
lami powierzchni, znajdujące się w jednorodnym polu naprężeń rozciągających, mają zbliżone 
wielkości obszarów ∆F przed frontem szczeliny (całej strefy plastycznej) oraz zbliżone warto-
ści energii Ws i Wc. Z przedstawionych rozważań wynika, że otrzymane równanie kinetyczne 
wzrostu pola powierzchni szczeliny zmęczeniowej można rozwiązywać albo bezpośrednio, 
obliczając trwałość elementu Ng do chwili osiągnięcia przez rosnącą szczelinę krytycznej wiel-
kości powierzchni S*, albo z wykorzystaniem metody powierzchni ekwiwalentnych. Wyniki 
uzyskane dla szczeliny eliptycznej wskazują na przydatność metody powierzchni ekwiwalent-
nych.  

Jednym z celów pracy było opracowanie metody eksperymentalnego budowania wykresów 
kinetycznych pękania zmęczeniowego. W metodzie tej wykorzystuje się pomiar wielkości pętli 
histerezy, energii odkształcenia próbki ze szczeliną w procesie cyklicznego obciążenia. Przed-
stawiono rozważania teoretyczne, w których wykorzystano podejście energetyczne, oparte na 
doświadczalnym wyznaczaniu pętli histerezy energii odkształcenia, odpowiadającej dyssypacji 
energii w jednym cyklu obciążenia. Wielkość wyznaczonej w ten sposób pochłoniętej energii 
jest bezpośrednio związana z intensywnością powrotnej plastycznej deformacji materiału przy 
wierzchołku szczeliny. Można więc oczekiwać jednoznacznej korelacji między dyssypacją 
energii a szybkością zmęczeniowego wzrostu szczeliny. 

Przedstawiono również samo doświadczalne wyznaczanie pola pętli histerezy i wykorzy-
stanie go zgodnie z rozważaniami teoretycznymi. Pokazano, że zastosowanie opisu energe-
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tycznego, w którym wykorzystano uzyskaną eksperymentalnie pętlę histerezy energii odkształ-
cenia materiału przy wierzchołku szczeliny, umożliwia jednoznaczną charakterystykę odpor-
ności na zmęczeniowy rozwój szczeliny niezależnie od asymetrii cyklu obciążania. W przeci-
wieństwie do wykresów da/dN – ∆K, na wykresach da/dN – ∆S, zbudowanych dla danego za-
kresu prędkości rozwoju pęknięcia szczeliny, nie zaobserwowano różnić w kinetyce pękania. 
Oznacza to, że – w odróżnieniu od siłowego parametru ∆K – parametr energetyczny ∆S jed-
noznacznie opisuje prędkość zmęczeniowego rozwoju szczeliny niezależnie od współczynnika 
asymetrii cyklu R. 
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Effects of connection flexibility  
in steel-concrete composite beams due to live loads 
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The paper describes the girders of bridges made of steel beams connected in a flexible way with  
a concrete deck slab. There are analyzed internal forces and displacements versus the changes in the con-
nection degree that are due to variable cyclic loads occurring in bridges. The analysis of the problem is 
based on a classical parameter characterizing the connection flexibility Cz and supplied with the coeffi-
cients µ and β defined by authors. They allow the connection degree of a combined girder to be esti-
mated. There are analyzed two solutions to the problem of partial interaction in composite steel and con-
crete girder: a linear one based on the solution of analytical form (differential equations) and a non-linear 
one based on mechanics of clearances. The latter solution accurately shows the work of connectors in 
bridge spans. The analysis is illustrated by numerical examples of a real composite bridge. The attention 
is focused on the diagrams showing various shapes of curves representing the coefficients µ and β.  

Keywords: composite beam, flexible connection, cyclic loads, clearances 

1. Introduction 

A combined construction consists of elements made from various materials and of 
various physical properties cooperating with each other due to specially designed con-
nectors. The elements of a composite construction were selected in such a way that 
their strength characteristics could be efficiently used, adequately to their position in 
the bridge construction [1]. A classical composite system, whose material properties 
are effectively used, is a girder made of a steel beam combined with a concrete (rein-
forced) slab in a single-span bridge. A girder made in this way has several advantages, 
e.g., structurally small height, economical use of steel, greater rigidity considering 
vertical and horizontal loads. Steel-concrete composite girders are also used in con-
tinuous multi-span bridges. In this case, the rigidity reduction associated with concrete 
cracking in the zone of negative moments [2] meaningfully influences the load carry-
ing ability of the composite beams. 

The joined elements made from the same materials, e.g., entirely made as concrete 
or timber ones but in various production cycles, form a composite girder, too. In this 
case, the different durability and physical properties of the elements being joined are 
important. Also in the case where the system is made of the same material but the 
elements are not joined in the way assuring accordance of deformations, we deal with 
a composite system, but the connection of the elements we treat as flexible one. In 
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Figure 1, there are given the examples of structures used in bridge engineering made 
from: 

a) steel and reinforced concrete; 
b) timber (glued) and reinforced concrete; 
c) prestressed concrete (or reinforced concrete) and reinforced concrete; 
d) steel I-bar profiles covered with concrete; 
e) concrete filled steel tubes (CFST). 

 

Fig. 1. The types of composite sections 

The most often used in bridge structures are steel beams combined with concrete 
slab. Such girders have been used since the mid 1950’s. Originally there had not been 
taken into account any kind of cooperation of both components of the section (the 
beam and the slab) as well as no elements assuring connection had been used either. 
Thus, a concrete deck slab had been used as a platform transferring the load to girders 
and the steel part was responsible for the load carrying ability. However, as the tests 
show [3], even if there are no special connectors joining both parts of the section, to  
a certain extent they worked with each other when bending. This occurs due to adhe-
sive forces. After their destruction, the friction of the concrete against the steel favours 
mutual cooperation. Both effects may be treated as the ones which assure an additional 
margin of safety of the composite girder. However, they are not taken into account in 
bridge structures because of the difficulty in defining their values and random charac-
ter of occurrence.  

In the case of composite girders, the mechanical connectors are the elements being 
responsible for an effective cooperation of both parts (the steel beam and the concrete 
slab). They are characterized by a considerable deformability, especially meaningful 
in the case of welded stud shear connectors, at present commonly used in bridge con-
structions. A rather small flexural rigidity of the connectors and the lack of compati-
bility between the materials in the connection will cause clearances and will influence 
the beam and slab cooperation.  
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2. Flexibility of connection 

♦ Parameters defining the flexibility of connection 
The basic parameter defining flexibility of connection is the stiffness of a single 

connector cz being defined as the ratio of the shear force T for the connector to the 
bridge plate displacement in relation to the steel beam flange δ (shear slip) caused by 
that force. It is expressed by the following equation 

δ
Tcz =    ⎥⎦

⎤
⎢⎣
⎡

mm
kN .                                                                                                          (1) 

Stiffness of the connector cz changes along with the load T. At the force up to 50 –
70% of the ultimate load breaking the connector, cz can be treated as a constant (load-
slip behaviour of stud shear connection is nearly linear). At increase in the load, yield-
ing of the stud begins and the value of the slip grows. Thus, the temporary (tangential) 
stiffness of the connection cz defined as the tangent of angle of inclination (at the con-
sidered moment) of the tangent to the curve δ (Τ ) quickly decreases. Also the secant 
value of cz decreases. This value is defined as a ratio of a force carried by the connec-
tor to the total plate displacement in relation to the beam. The displacement is meas-
ured at a given moment.  

Because the total connection stiffness of the girder on length b results from n con-
nectors of a stiffness cz, we can use the following equation 

b
cn

C z
z

⋅
= .                                                                                                                  (2) 

In steel-concrete bridge girders the value of Cz usually changes along the beam, suita-
bly to the value of vertical force. The shear force along the girder is described by 

dx
Tdt = ,                                                                                                                      (3) 

thus, it is convenient to use the following equation 

δ
tC z =  ⎥⎦

⎤
⎢⎣
⎡ = 2m

MN
mm

1
m
kN .             (4) 

The value Cz is difficult to define accurately and, as it has been mentioned earlier, 
is influenced by several factors of a random character.  

In analyses, a simplified bilinear model describing the function δ(t) is often consid-
ered (Figure 2). In this model it is assumed that the connectors work in a linear-elastic 
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range till the moment of a full yielding, and the value of the parameter Cz is constant, 
and the tangential stiffness is equal to the secant one. In the plastic range, the tempo-
rary stiffness equals zero (there is a slip increase at a constant load value) and the se-
cant Cz changes. Below there is given an analysis in the linear-elastic range, i.e., if we 
assume a constant stiffness of the connection (force and shear slip change proportion-
ally). 

 

Fig. 2. Relation δ(t) for a flexible connection 

The coefficient describing flexibility of the connection, which may be convenient 
in the analysis of the phenomenon considered, is expressed by 

g

ca

ε
ε

β =                  (5) 

and defined on the basis of the strain difference along the steel-concrete interface εca 
related to the strain εg on the top flange of the steel girder [4]. In the case of a flexible 
connection, the principle of plane sections does not apply to the entire composite sec-
tion and can be used only for the concrete and the steel parts separately. Along the in-
terface there is a difference of strains εca as an effect of the mutual shear slip of both 
parts of the girder. 

The flexibility of connection essentially influences the distribution of internal 
forces in the beam as well as in the concrete slab. The coefficient defining the ratio of 
internal forces in a steel girder (axial force Na and bending moment Ma) in the section 
can be defined as follows 

a

a

M
aN

=µ .                                                                                                                     (6) 

To receive an undimensional quantity of that parameter, the force Na was multiplied 
by a constant value a, which is the distance between the centroids of both components 
of the composite section. 
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♦ Linear model 

For the calculation of internal forces in the girder, the following general assump-
tions are accepted: 

• the Bernoulli’s plane sections principle is valid; 
• there occurs a partial interaction resulting in a shear slip along the steel-concrete 

interface;  
• there is no cracking of concrete bridge deck. 
Strains, stresses and internal forces (bending moments and longitudinal forces) are 

identified according to the time at which the construction is subjected to a constant 
load. They can be: 

• temporary at the moment of the load occurrence (τ = 0);  
• long term (final), when the rheological processes became stabilized. 
Stresses and deformations due to those loads are considered to be independent and 

their effects sum up. 
Geometrical characteristics of a cross-section. The geometry of the cross-section 

of the girder: section area (Ac and Aa), moments of inertia (Ic and Ia) are referred to the 
centroids of both components (the steel beam and the concrete slab) (Figure 3). In the 
values of section area Ac and the moment of inertia Ic, longitudinal reinforcement of 
the deck slab can be taken into account. 

 

Fig. 3. Notations of the internal forces, geometrical and material characteristics in the composite cross-
section. Unit strains and displacements in the cross-section of the girder 

Location of centroids of those elements is defined by the vertical dimensions: rg and rd 
for the beam and eg and ed for the slab. The distance between the centroids 

dg era +=                 (7) 

is a constant value, unchangeable with time and independent of the connection flexi-
bility and the external forces. Geometrical characteristics of the composite section are 
usually related to the beam parameters (in steel bridges it is a rule) by using a coefficient 
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c

a

E
E

n = .                                                                                                                        (8) 

In the case of short-term loads, the value of n is constant.  
The variable parameter of the composite beam that changes with time is the creep 

coefficient of concrete of the slab ϕc. In the case of long-term loads, the geometrical 
characteristics of the cross-section are changeable with time (in the function of the 
load time and the moment of observation). For the long-term loads, in terms of the 
modified theory of ageing of the concrete according to Trost [5], the value of the 
modulus of elasticity is reduced according to the principle given by the equation 

.  
1 c

c
c

EE
ϕρϕ ⋅+

=                                                                                                          (9) 

The coefficient nϕ that reduces characteristics of both materials of the structure to one 
material (steel) is expressed by 

)1( c
c

a

E
En ρϕϕ += ,                                                                              (10) 

where ρ  is Trost’s coefficient [5]. 
The position of the centroid of the reduced cross-section (Figure 3) can be calcu-

lated from the equations 

a
AA

A
a

ca

c
d

ϕ

ϕ

+
= ,                                                                                                        (11) 

a
AA

Aa
A
Aa

ca

a
d

c

a
g

ϕϕ +
== ,                                                                                        (12) 

where 

ϕ
ϕ n

A
A c

c = .                                                                              (13) 

The process of changing the centroid position is a function of time, or strictly speak-
ing, it results from the creeping process. The influence of the creeping on the centroid 
position of the composite girder is significant [6]. 
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Internal forces and strain relations. In the case analyzed, it is convenient to sepa-
rate the section force resultants into two systems, i.e., the slab and the beam. Such  
a division is justified by a time-invariable position of the centroids of the subsystems 
of a composite section. Internal forces related to the components of the cross-section 
shown in Figure 3 are statically equivalent to the moment M, since they satisfy the 
conditions of the statical balance of: 

• the sum of the force projections on a horizontal axis 

,0=+ ca NN               (14) 

• the sum of the moments in relation to the centroid of the composite cross-section O  

.MaNMaNM daagcc =⋅++⋅−                                                                            (15) 

The internal forces in the slab and the beam cause unit strains along the steel-
concrete interface (for short-term loads or at an initial moment) on the top flange of 
the beam 

aa

ga

aa

ag

IE
rM

AE
N

−=ε                                                                 (16) 

and on the bottom edge of the slab 

.  
IE
eM

AE
N

cc

dc

cc

c
d +=ε                                                                          (17) 

The strain difference along the steel–concrete interface (described as in Figure 3) 
combines the change of the shear forces in the connectors t along the beam length with 
the stiffness of the connection by the equation 

 
dx
dt

Cz
d

g
ca

1
=−= εεε .                                                                                    (18) 

The consistency condition of the curvatures of the girder elements (for a long-term 
load) is given by 

( c
cc

c

aa

a

xa IE
M

IE
M

IE
M

ρϕ+== 1 )                                                               (19) 

and after the elasticity modulus of the concrete has been corrected according to (10) 
we have 
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ϕc

c

a

a

x I
M

I
M

I
M

== ,                                                                       (20) 

where the moment of inertia of the slab is expressed by 

ϕ
ϕ n

I
I c

c = .                                                                               (21) 

The moment of inertia of the girder, considering the connection coefficients, can be 
expressed by 

d

g
adcax aa

ra
AaaIII

⋅−

⋅−
++=

β
β

ϕ                                                      (22) 

or 

ϕµ cax III ++= )1( .                                                                              (23) 

The relationship between Cz and β is defined by the following equation used for 
calculating the strain discontinuity along the steel–concrete interface 

.1
xd

dt
CIE

rM
AE

N

zaa

ga

aa

ag
ca =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−== ββεε                                       (24) 

The relationships between β and µ depend exclusively on the geometrical parame-
ters of the combined elements 

µ = 
ad

agd

Iaa
Aaraa

)(
)(

⋅−
⋅⋅−

β
β

.                                                                      (25) 

The relationships between Cz and the connection coefficients β  and µ are unclear [4].  

Equations of equilibrium of internal forces. The shear force t generated due to 
the changes of an axial force in the beam Na (and in the slab Nc) is expressed by 

dx
dN

t a= .                                                                                                 (26) 

When the stiffness of the connection Cz(x) changes along the beam, we have 
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Nd
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a 1
2

2

−= .                                                                     (27) 

Thus the relationship between the axial force Na and the bending moment M [4]  

.01
2

2
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−⎟⎟
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⎞
⎜⎜
⎝
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+
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I
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II

C
E

a
ad

xza

z

aca

z

a ϕ             (28) 

Equation (28) is the basis of the solution of the composite girder with flexible con-
nectors that is subjected to the bending moment M(x). Based on Na we can calculate 
Ma using (15) and then the forces applied to the slab (given in Figure 4) using Equa-
tions (20) and (14). 

 

Fig. 4. Internal forces in a differential element of a composite girder 

The division of the vertical force Q into the forces Qc and Qa is proportional to the 
division of M into Mc and Ma, which results from relation (20) and the differential 
equation 

Qi = 
xd

dMi .                                                                               (29) 

Displacements. The internal forces calculated above can be used to define the dis-
placements u, v and w of the beam and slab given in Figure 3. Taking into considera-
tion unit strains being a result of the axial forces, we obtain 

aa

a

AE
N

xd
du

=                                                                          (30) 
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and 

ϕca

c

AE
N

xd
vd
=                                                                          (31) 

and from the equation of curvature (20) we have 

aa

a

IE
M

xd
wd

−=2

2

.                                                                (32) 

The shear force along the steel–concrete interface t (Figure 4) combines all the dis-
placement constituents and the connection stiffness 

⎟
⎠
⎞

⎜
⎝
⎛ −−==

dx
dwavuCCt zzδ                                                       (33) 

and can be used for defining the boundary conditions of displacements. 

3. Multiple loads 

♦ Shear slip changes 

The behaviour of the connection depends on the kind of load imposed on the con-
struction. In bridges, it often happens that variable loads of a cyclic character are pre-
dominant loads carried by connectors. That is why their action seems to be especially 
important and essential in the analysis of the rigidity and fatigue life of a connection. 

Some of the first fatigue tests on stud shear connectors were done in the 1960’s in 
the USA [7]. The attention had been focused on the shear strength of the connectors, 
and relations between the number of the load cycles and the values of the slip incre-
ments in connection were not properly considered. First relationships between the 
number of load cycles, the slip growth and the range of the force were established in 
the 1970’s [8] and since then an intense development of researches focused on that 
problem [9, 10, 11] has taken place. Parallelly fatigue tests have been carried out on 
composite girders made in natural size [12]. The most essential conclusions, from the 
point of view of the analysis of the partial interaction of girders, based on the re-
searches, are as follows: 

• load carrying capacity of the connection subjected to cyclic loads is smaller than 
the load carrying capacity under static load; 

• the stiffness of the connection reduces with succeeding cycles of the load; 
• the range of the force changes influences the stiffness decrease; 
• along with the succeeding load cycles the slip increases; 
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• a decrease in the stiffness of the connection occurs even at relatively small loads 
which do not exceed 40% of the load carrying capacity of connectors. 

In the case of steel-concrete composite beams, the attention should be paid to the 
slackening in the connection caused by the cyclic loads. For the long-span bridge gird-
ers, the values of slip along the interface of both components forming a composite 
section may be considerable and may lead to local inelastic deformations and stiffness 
reduction of the connection. When in the succeeding cycles of loading the slip in-
crements are reduced, the slip is stabilized and the beam can be considered to shaken 
down to a stable condition. But if the slip increments are constant or increase with 
each cycle of loading, the beam rigidity reduces and the deflection increases which 
may lead to the construction failure.  

The phenomenon of a cyclic slip increment in the connection of steel-concrete 
composite girders was the subject of many works [8, 13, 14, 15]. Often the phenome-
non occurred under relatively small loads [16], not exceeding the exploitation values. 
The experiments were carried out both for unidirectional loads and for alternating 
loads, the latter being much more disadvantageous for the connection durability [17]. 
Under typical loads the connectors are not affected in this way. Alternating loads oc-
cur during earthquake excitations. In the case of long girders, the most efforted con-
nectors (in the vicinity of the supports) may be subjected to plastic deformations. After 
the load removal, the structure working elastically will tend to the initial geometrical 
configuration with no slip along the steel–concrete interface. Due to this effect the 
shear forces of the opposite sign to that normally occurring will be generated in those 
connectors [17]. 

The influence of cyclic loads on the interface shear slip value is established on the 
basis of the empirical dependencies obtained from experimental research. Most often 
they describe the slip growth δ  per cycle as a function of the range of the load, which 
is defined as a ratio of the cyclic force T acting on the connector to its static shear 
strength Tu. The relation obtained based on the research described in [15] is in the ex-
ample presented below 

mm/cycle].[10
)71.491.3( −⋅

= uT
T

δ                                                     (34) 

Another relation takes into account the influence of the connector’s diameter d ex-
pressed in equation [14] 

][107.1
55.4

5 mm/cycle⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅= −

uT
T

d
δ .          (35) 

In Figure 5, there are presented the results of research reported in [18] as well as the 
diagrams of empirical relationships characterizing analyzed phenomenon. It can be 
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seen that in most cases the slopes of the curves describing the relationship between the 
slip increment and the effort of the stud are similar. Also the values of the slip growth 
per cycle are similar. Considerably different results given in [15] are described by re-
lation (34). The cause is that the results have been obtained from the tests on the con-
nectors of various geometrical parameters (length, diameter) for various classes of 
concrete and ranges of load change in cycles. Therefore it is difficult to compare them 
directly. Till now there have not been given unique relationships describing the phe-
nomenon discussed. 

 

Fig. 5. Relationships between the range of the forces in the connector 
 and rate of slip growth per load cycle [18] 

♦ Nonlinear models of elastic connection with the clearance 

The phenomenon of the connection slackening in a composite bridge girder caused 
by the changes in the slip value can be described by mechanics of the systems with 
clearances. Clearances appear in the connection of construction elements most often as 
a result of cyclic exploitation loads. This process may considerably influence the me-
chanics of bridge construction. Another type of clearances are inaccuracies in element 
connections (among others seen in bolt connections). They may occur in new bridges 
and often with time they may get filled because of the influence of loads. This is 
caused by the adjustment of a new construction to working conditions. Such a phe-
nomenon can be clearly observed in soil-steel bridges [19].  

The clearance formation means the displacement increase and simultaneously no 
force is overtaken by the connection or this force value is small compared to its 
maximum value. Only when the clearance was filled, did it begin to work effectively 
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and in a linear-elastic range. The displacement increment is proportional to the force 
increment. In a bilinear model of the system with the clearance of one degree of free-
dom, it is assumed that the force has a zero value in the connection P0 until the filling 
of the clearance (at the displacement equal to δ0) (Figure 6a). Then the system works 
as a linear-elastic one (the displacement δk complies with the force Pk). This model is 
to some extent a simplification of the problem, because in real conditions such a situa-
tion may not appear because of the friction occurring in the connection. Then when 
describing the phenomenon, we can use a model where there is a considerable dis-
placement increase with an initially small increase of the force (Figure 6b). Only when 
the boundary value δ0 of the displacement was exceeded (at the load P0) did the 
connection fully overtake the force. In Figure 6c, there is shown a clearance model 
considering rheological effects. In such a case, after the load Pk is achieved, the de-
layed deformation δr succeeds [20].  

 

Fig. 6. The models of structures with clearances 

These models describe the behaviour of the construction of one degree of freedom, 
while real structures are discrete systems (with several clearances). Therefore filling of 
each of them causes a gradual change in the way of working of the whole construc-
tion. The load level is also important as it decides which of the clearances may be 
filled or stay unfilled.  

♦ Clearances in composite girders 

The connectors in bridge composite construction are repeatedly subjected to cyclic 
forces during exploitation (the vehicle traffic or railway stock loads). Each succeeding 
cycle of loading may cause the appearance of the zones with damages in the connec-
tion (local reaction between the connector and the concrete becomes the source of the 
connection degradation). Thereby some clearances appear, so there occurs a local de-
velopment of the zones of reduced stiffness Cz which decrease a total rigidity of the 
composite system. There takes place a redistribution of forces from the connectors of  
a greater degree of degradation to the studs of greater stiffness. The process evolves 
with each subsequent cycle of loading changing the strain distribution, internal forces 
and displacements along the girder.  
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In a new connection loaded for the first time (the number of cycles N = 0), the ini-
tial value cz

0 is constant (Figure 7). There occur proportional increments of the shear 
slip δ 0  and the force T 0  in each of the considered levels of the connection effort. This 
can be described by the equation 

const.0

0

0

0
0 ===

B

B

A

A
z

TTc
δδ

                                                                (36) 

 

Fig. 7. Work model and the stiffness of a connector with clearance 

In the connector subjected to the cyclic loads, there is formed a clearance δ N  in-
creasing along with the succeeding load cycles (N >> 0). The shear force is transferred 
between both parts of the composite section if the boundary value of the slip δ N  is ex-
ceeded (it depends on the number of cycles). At that value the stud is involved in 
work. The stiffness of the connector is a non-linear quantity which changes from the 
zero value cz

0 to the final value cz
N = const (defined from the curve δ= f ( T ) inclina-

tion like in Figure 7). It can be assumed [18] that the rigidity after the clearance has 
been filled is equal to the initial stiffness of the system subjected to the first loading.  

In order to determine the changed (reduced) value of cz
N, we can make use of  

a substitutional stiffness defined as a tangent of an angle of inclination of the straight 
line connecting the initial point of loading with a point on the load path (Figure 7) 
equivalent to a given value of the force. The stiffness defined in this way depends on 
the connector’s effort in the loading cycle considered (TA

N , TB
N ) as well as on the 

variable (dependent on the number of loading cycles N ) displacement value (clearance 
in the connection) δ N :  

N
A

N
AN

zA
Tc
δ

= ,                                                                        (37) 
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N
B

N
BN

zB
Tc
δ

= ,                                                                               (38) 

thus . N
zB

N
zA cc ≠

The above remarks apply to the systems with one degree of freedom (single con-
nector). In real bridge construction, the beam and the slab are connected by several 
elements. Each of them is characterized by a different degree of effort associated with 
the range of shear force. It should be expected that the reduction of the total stiffness 
of the connection Cz, resulting from the clearances formation, will take place in vari-
ous degrees along the length of the beam. The analysis of the complex systems may be 
difficult. Therefore, the most often used are those numerical applications based on it-
erative procedures.  

4. Comparative analysis 

♦ Linear model  

The analysis concerns a single-span road composite bridge girder of the theoretical 
span length L = 28.0 m, made of a steel beam of a variable stiffness along its length  
(a thicker bottom flange in the central part), combined with the slab made of concrete 
B30. The geometrical parameters and physical properties of materials of the girder are 
given in Table 1. The girder of the bridge was designed for live loads of class A [21].  

 

Fig. 8. Distribution of the connection stiffness Cz(x) along the length of the girder 

For the calculated shear force there were designed the stud connectors of a diame-
ter d = 12 mm and height h = 10d. The characteristic shear strength of each of them 
[22] is Pch = 35.4 kN, and the shear stiffness, taken according to [23], is equal to cz = 
200 MN/m. The number of connectors (the degree of stiffness of connection Cz) was 
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adjusted to the value of the shear force that changed along the girder (Figure 8). This 
force was symmetrical to the center of the span (Table 2). The loads in the composite 
beam cause a maximum bending moment M = 5.05 MNm in the center of the girder’s 
span. 

Table 1. Geometrical parameters of the analyzed girder 
Girder’s 
elements 

Ac, Aa
[m2] 

Ic, Ia
[m4] 

eg, rg 
[m] 

ed, rd 
[m] 

Ec, Ea 
[MN/m2] 

Deck slab 0.5826 0.0020 0.095 0.145 32600 

Beam with thinner 
bottom flange (1) 0.0448 0.0191 0.990 0.640 

Beam with thicker 
bottom flange (2) 0.0550 0.0227 1.108 0.542 

205000 

Table 2. Stiffness of the connection 
Range 

[m] 
Cz

[MN/m2] Number of connectors / m 

0 < x < 6 5000 24 
6 < x < 10 3500 16 

10 < x < 14 2500 12 

 

Fig. 9. Internal forces Ma ( x) and aNa ( x) in a steel beam 
 

The beam was divided into 140 elements, taking into account transitory segments 
of the connection stiffness change Cz as well as the flexural and axial stiffness of the 
steel beam. On the x-axis there are given the numbers of sections (0 and 141 are the 
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supportive sections). In Figures 9–12, there is presented a variation in both internal 
forces and connection coefficients along the girder, obtained on the basis of (28) and 
the authors’ own numerical application [4]. 

 

Fig. 10. Normal stresses σag (x), σad (x) on the flanges of a steel beam 

 

Fig. 11. Strain difference along the steel–concrete interface εac(x)  
and the values of the coefficients µ (x) and β (x)  
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Fig. 12. Shear force t(x) 

The analysis presented becomes more complicated in the case of multi-span con-
tinuous bridges. In such a case, we deal with cracking of concrete in the negative 
moment regions, in the vicinity of supports. In the case of long-term loads, not only 
the stress redistribution in cross-sections, but also the redistribution of internal forces 
along the girder should be taken into account. The effect of connection flexibility also 
becomes more complex. The slip along the steel–concrete interface may appear either 
in positive and negative moment regions. Behaviour of continuous composite beams 
with flexible connection was described in [24, 25, 26]. This problem will be the sub-
ject of authors’ further researches and numerical analyses. 

♦ Effects of multiple loads 

The analysis concerns the steel-concrete composite girder of the geometric and 
material characteristics as these in Table 1. A tractor of K800 class [21] is the load of 
the bridge. It generates a bending moment M = 2.87 MNm in the middle of the girder. 
We assume that the load is of a cyclic character. The connection is assured by stud 
connectors taken earlier. For the sake of simplicity we assume a uniform spacing of 
studs along the length of the girder (24 connectors per meter), which means a constant 
stiffness of the connection Cz = 5000 MN/m2. 

The beam divided into 24 elements was subjected to a multiple load resulting in the 
shear slip increment in succeeding cycles according to Equation (35). Thus a total 
stiffness of the connection Cz(x) was reduced. Figures 13–16 present the stiffness re-
duction Cz and the resulting changes of the internal forces and the connection coeffi-
cients in the chosen section of the girder, depending on of the number of loading cy-
cles. The results were obtained using a numerical iterative procedure. 
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Fig. 13. Change of connection stiffness Cz (N )  in the beam section x = L/3 

 

Fig. 14. Changes of internal forces Ma (N )  and aNa (N )  in the middle of beam 

 

Fig. 15. Changes of normal stresses σag(N ) , σad (N )  in the middle of beam  
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Fig. 16. Changes of the coefficients µ(N )  and β(N )  in the middle of beam 

5. Summary 

In the paper, the problem of a partial interaction in steel-concrete composite beams 
connected by flexible stud shear connectors is discussed. The analysis of the problem 
is presented with use of a classical parameter characterising flexibility of the connec-
tion Cz and the authors’ own coefficients µ and β. They allow the estimation of the in-
teraction degree in relation to the composite girder of a full connection. There are pro-
posed two kinds of solutions to the problem of the composite girder’s elements inter-
action: a linear one based on the analytical solution in the form of differential equa-
tions and a non-linear one presented in terms of the mechanics of clearances. Special 
attention is focused on the cyclic loads predominating in bridge construction and their 
influence on the change in a connection stiffness of the girder. The analysis of the in-
fluence of the connection parameter function Cz(x) on the distributions of internal 
forces and strains in a cross-section of the girder is presented. The results obtained 
using the coefficients µ and β allows us to formulate the following conclusions: 

• The functions of the connection parameter Cz(x) and the moment M(x) affect 
considerably the distributions of internal forces in the beam and the slab. They also 
have  
a decisive influence on a characteristic curve of the stress in the cross-section of the 
girder. 

• The connection coefficients µ and β give exclusively information about the char-
acteristics of the strains at the height of the girder. 

• In general, establishing the relationships between Cz(x) and M(x), and µ(x) and 
β(x) is impossible. Thus, the classical (design) analysis of the distribution of internal 
forces in the cross-section of a flexibly connected girder, selected from the structure, 
does not show the strain of a steel beam flexibly connected with a concrete bridge deck. 
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The results of the analysis in which cyclic exploitation loads are taken into account 
allow us to define the changes in the connection stiffness of the girder in the function 
of the load cycle number. The reduction of the parameter Cz occurring in this process 
influences significantly the distribution of internal forces as well as the girder’s strain. 
The values of the coefficients µ and β change as well. The relationships describing this 
phenomenon affect the results obtained. So far the phenomenon has not been clearly 
formulated and described in terms of multiple and long-term loads. 

The analysis of rheological effects of the steel and concrete composite beam with 
partial interaction [27] is a different problem. In this paper, the problem was formu-
lated according to the modified Trost’s theory [5] of concrete ageing. 
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Efekty podatności zespolenia w belkach stalowych 
z płytą betonową pod obciążeniem zmiennym 

Praca dotyczy dźwigarów głównych mostów wykonanych z belek stalowych zespolonych 
w sposób podatny z betonową płytą pomostową. Analizie poddano siły wewnętrzne i prze-
mieszczenia w funkcji zmian podatności zespolenia wynikających z działania obciążeń zmien-
nych, cyklicznych, jakie występują w mostach. Problem analizowano, korzystając z klasycz-
nego parametru, który charakteryzuje podatność zespolenia Cz, oraz uzupełniono własnymi 
wskaźnikami µ oraz β. Wskaźniki te pozwalają ocenić stopień zespolenia w odniesieniu do 
dźwigara złożonego (o zespoleniu pełnym). Analizowano dwa ujęcia rozwiązania zagadnienia 
współdziałania elementów dźwigara zespolonego: liniowe oparte na rozwiązaniu w postaci 
analitycznej (równania różniczkowe) oraz nieliniowe w ujęciu mechaniki luzów. Ujęcie to do-
brze oddaje zasadę pracy dźwigara poddanego obciążeniom połączeń płyty betonowej z bel-
kami stalowymi, występującymi w przęsłach mostowych. Analizę zilustrowano przykładami 
liczbowymi rzeczywistego mostu zespolonego. Główną uwagę zwrócono na zmiany kształtu 
wykresów zaproponowanych wskaźników µ i β .  
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This paper presents the results of an investigation of the grinding wheel wear in a peripheral surface 
grinding process. During this investigation varying geometrical parameters of an active grinding wheel 
surface have been measured and the components of the grinding force and acoustic emission signal have 
been recorded. On the basis of these output quantities an analysis has been conducted of an acoustic emis-
sion descriptor’s practicability, i.e. a root-mean-square (RMS) value, to characterize the cutting abilities 
of a grinding wheel in the time progress of its work. This article also presents a new energy coefficient, 
which determines the rate of grinding wheel wear in the form of a RMS value of acoustic emission signal 
falling on a contact surface of a grinding wheel. Moreover, the article presents some examples of a corre-
lation between the root-mean-square value of acoustic emission signal and the surface roughness of  
a workpiece, which shows that the parameters of acoustic emission signal can be a useful tool to monitor 
the surface roughness during the grinding process. 

Keywords: grinding process, grinding wheel wear, tool life, acoustic emission, root-mean-square 

1. Introduction 

The results of an abrasive machining process, which ensures the expected quality 
of the workpiece, depend on three elements: the kind of stock (material), grinding 
conditions and the geometrical state of the active flank of the grinding wheel (AFGW). 
On the assumption that in the manufacturing cycle only one material is being proc-
essed and that the parameters are constant, the only variable in the whole process is 
the geometry of grinding wheel surface, which is determined by the wear and glazing 
of the grinding wheel in the function of time. 

Among the methods allowing wear evaluation, there are direct and indirect methods 
which describe the changes on the wheel surface in the grinding process. In industrial ap-
plications, where a great capacity and efficiency of manufacturing processes are re-
quired, the most widely applied are non-destructive methods, which additionally do 
not need to hold up the machining. That group includes indirect methods, which are 
based on an observation and analysis of effects which accompany the grinding process 
and which are greatly dependent on the properties of the grinding wheel tested. 
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Recently, an acoustic emission (AE) has been the method most commonly applied, 
but still in the phase of research. We are hopeful that this method will be useful for 
monitoring the adaptation grinding machining methods. Of the methods applied so far, 
this is the one which gives the most essential information about the phenomena occur-
ring in the grinding zone. An AE contains in a global manner the phenomena occur-
ring both in the tool and the workpiece. Especially, an AE signal provides information 
about the size and nature of deformations being the result of machining conditions and 
the grinding wheel wear. 

The main purpose of this paper is to evaluate the grinding wheel wear and to de-
termine the tool life based on the changes of geometric parameters, which describe the 
state of AFGW, and the output quantities of the grinding process: Fc (tangent force), 
Fn (normal force) and URMS (root-mean-square value). 

2. Research methods 

Experiments were carried out with a universal surface grinder OC3, model 3711. 
An aloxite grinding wheel designated by producer as T1 250×32×98 99A60J7V was 
used. The grinding process took place at a constant flow rate of cooling-lubrication 
fluid Qc = 3 [dm3/min]. The samples were made from tool steel (NC10 60±2HRC) and 
machined at the following parameters: 

– grinding wheel peripheral speed vs = 27.5 [m/sec]; 
– tangential table feed speed vft = {4; 14; 24} [m/min]; 
– axial table feed fa = 0.3 [mm/stroke]; 
– working engagement ae = 0.03 [mm]. 
The grinding wheel was dressed with the use of M1010 single point dresser with  

a 1.23 carat diamond tip and a vertical angle of 93–110° under constant conditions in  
3 passes: 

–  grinding wheel peripheral speed vs = 18 [m/sec]; 
–  axial dresser feed speed vfd = 230 [mm/min]; 
–  dresser engagement ad = 0.05 [mm]. 
Output parameters of the process were recorded with the use of the Kistler equip-

ment. Grinding forces were measured with a 9251A dynamometer, and the acoustic 
emission signal, with a 8152A2 sensor. Signals 1 or 2 seconds long of the frequency 
of 25 kHz per channel were recorded in files for statistical data handling. 

The surface roughness of workpieces was described by an arithmetic mean rough-
ness value (Ra) of a profile with the use of a ME 10 surface analyzer. 

The measurement of the edge wear of the grinding wheel was carried out by means 
of an axial profile mapping on a razor blade, which was placed along the grinding 
wheel axis and fixed in a holder on the magnetic chuck of the grinding machine. 
The edge wear of the grinding wheel was determined by means of the active grinding 
wheel length (Bkr), with the use of Measuring Processor MZ-3541 (a distance meas-
uring computer system). 
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3. Analysis of results 

The most synthetic measure allowing the grinding wheel cutting abilities to be 
evaluated is the ratio of cutting abilities of an active grinding wheel surface (KAFGW) 
related to the geometric features of AFGW. In the numerator of the expression repre-
senting KAFGW, there are the values directly related to the area of the machined layer 
cut, and in the denominator, the values connected with the characteristics of the AFGW 
wear: 

,
krs

wzsri

Bl

law
K

⋅
⋅⋅=AFGW      (1) 

where: 
ls – mean abraded length of abrasive grain vertex profile, 
wi – mean amount of abrasive grain vertices, 
lw – mean distance between abrasive grain vertices, 
azsr – elementary cutting depth per one abrasive grain (i.e., an abrasive grain load in 

the grinding zone). 
The changes of this ratio, determined on the basis of measurements in the function 

of the grinding wheel working time, are presented in Figure 1. 

 

Fig. 1. The changes of the ratio of cutting abilities (KAFGW) depending  
on the working time of the grinding wheel 
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Under given machining conditions, KAFGW ratio represents a visible loss of cutting 
abilities of the grinding wheel after 1058 [sec] (about 17 [min]) of working time. 

The analysis of the relationship between geometric parameters of AFGW, included 
in KAFGW ratio, and the output quantities of the process in each case showed that the 
acoustic emission was characterized by a better correlation coefficient than any force 
component. 

Figure 2 depicts the relationships between the output quantities (Fc, Fn, URMS) and 
the active grinding wheel length (Bkr) for one example of machining parameters. 

 

Fig. 2. The changes of the output process signals (Fc, Fn and URMS)  
depending on the active grinding wheel length (Bkr) 

In this case, the function URMS = f(Bkr), expressed in the form of quadratic polyno-
mial below, has been distinguished from two other by the highest correlation coeffi-
cient: R2 = 0.74 (the correlation coefficient has been determined in MS Excel program 
and presents the concentration ratio of the experimental data to the assigned curve): 

( ) ( ) .7332.05344.0099.0 2 +⋅+⋅−= krkr BBURMS  (2) 

The correlation between the components of the grinding force (Fc, Fn) and the 
changes of the analyzed geometrical parameters of an active grinding wheel surface is 
low. 
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Similar results have been obtained for the remaining parameters, which describe 
the geometry of the active grinding wheel surface, and are given in KAFGW ratio. But 
for an increase of tangential table feed speed (vft), due to an escalation of the changes 
in the grinding zone, the correlations described become lower. 

The relationships obtained between the tangent force (Fc), normal force (Fn), root-
mean-square value (URMS) and the ratio of the cutting abilities of active grinding wheel 
surface (KAFGW) are presented in Figure 3. 

 

Fig. 3. The relationships between the output process values (Fc, Fn, URMS)  
and the ratio of the cutting abilities of active grinding wheel surface (KAFGW) 

Along with the time of the grinding wheel work, its cutting ability diminishes to  
a certain value of the coefficient KAFGW (KAFGW = 0.3355; t5 = 190.97 [sec]). In the pe-
riod of the grinding wheel work (in the example analyzed), both components of the 
grinding force and the RMS increase. This increase in the values of the components of 
the grinding force and RMS was caused by an increasing quantity of grains in the 
grinding zone (as a result of Bkr increase – the contact length). 

After the boundary value of the coefficient KAFGW has been exceeded, the values of 
URMS, Fn and Fc signals are reduced considerably, since in this period of grinding 
wheel work (t > t5 = 190.97 [sec]), the grain vertices begin to show an abrasive wear 
of the larger part, and the elementary cutting depth for one abrasive grain (azsr) be-
comes shallower. For this reason, the coefficient KAFGW has a small value and changes 
in a very narrow range (0.3355–0.1611) with a tendency to decrease. 
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The consequence of this is a significant decrease in the AE signal and in the values 
of the grinding force components. The changes of the AFGW geometry, caused by 
its wear, have a direct influence on the size of the mechanical and thermal loads of 
workpieces in the grinding zone. 

 

Fig. 4. The changes of grinding force components for the elementary surface in the grinding zone, 
depending on the working time of the grinding wheel 

The loss of the cutting ability of the grinding wheel in the case analyzed occurred 
as a consequence of a considerable reduction of the elementary cutting depth for one 
abrasive grain in the grinding zone, due to the width enlargement of the contact zone 
(Bkr) and an increase in the quantity of active grains. The relationships between the 
values of the components of the grinding force per an elementary surface of the 
grinding zone (Figure 4) have a visibly diminishing tendency. These quantities are 
given below as the coefficients of an elementary loading of the grinding zone with the 
contiguous and normal grinding force. 

Besides, a new energetic coefficient has been proposed. It describes the cutting 
ability of the grinding wheel by the root-mean-square value of the acoustic emission 
signal (URMS) per an elementary surface of the grinding wheel contact with the work-
piece (Bkr · Lψ): 
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where: 
Lψ – the length of grinding zone contact with workpiece,  
ds – the external diameter of grinding wheel, 
ae – working engagement of grinding wheel. 
The nature of the changes of the coefficient qRMS in the function of working time of 

the grinding wheel in the case selected is presented in Figure 5. 

 

Fig. 5. Changes of qRMS values depending on the grinding wheel working time 

The lowest values of the coefficients qFc and qRMS were measured after the time t of 
the grinding wheel work equal to 468 [sec] (ca. 8 [min]). In this case, the working 
conditions of the abrasive grain in the grinding zone were not suitable for initiating  
a self-sharpening process and for appearing new microvertices on active grinding 
wheel surface. 
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There was only an abrasive wear of grain vertices, and the final effect of this was 
grinding burn on the machined surface and the changes in the surface microhardness. 
The grinding wheel lost its cutting ability. 

Based on the above, the changes of qFc and qRMS coefficient allow the cutting abil-
ity of the grinding wheel to be unambiguously determined; besides, they can be more 
useful parameters than other parameters. These coefficients can be used as the criterion 
of the grinding wheel durability. 

The correlations between the changes of qFn, qFc and qRMS coefficients and the ratio 
of cutting ability of active grinding wheel surface (KAFGW) are presented in Figure 6. 

 

Fig. 6. The correlations between the changes of qFn, qFc and qRMS coefficients  
and the ratio of the cutting ability of active grinding wheel surface (KAFGW) 

Under conditions of our investigations the dependence qRMS had the highest corre-
lation (R2 = 0.8747). It was approximated by the following function: 

( ) .3245.0 4189.0
AFGWRMS Kq ⋅=  (7) 

Based on the wear evaluation, as Kannatey-Asibu and Domfeld [2] proposed, in the 
present investigations the parameters of beta distribution were used to analyze the 
root-mean-square values of acoustic emission, on the assumption that this signal shows 
a beta distribution. 
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where:  
WRMS is a variance of the signal URMS,  
r, s are the beta-distribution parameters. 
The kurtosis is a normalized fourth-order centre moment, which appears to be  

a useful measure. 
It became evident that the changes of kurtosis for the RMS value of acoustic emis-

sion (URMS) are dependent on the grinding wheel wear, and this relation increases to-
gether with wear stages (Figure 7). 

 

Fig. 7. Loss of the cutting abilities expressed by the kurtosis of URMS  

The nature of the kurtosis changes of the signal URMS shows an abrupt increase of 
its value when the process is stopped because of the grinding burns appearing on the 
machined surface. This testifies to substantial changes in the CPS geometry, a loss of 
its cutting ability and a considerable thermal influence of the grinding wheel on the 
machined surface, which results in grinding burns. 
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So, the kurtosis parameter can play a major role in revealing the changes in the 
process producing the surface (e.g., tool wear). 

The changes in the AFGW geometry, caused by its waste, have a decisive effect 
upon the results of the grinding process estimated in this article based on the meas-
urements of the roughness of the grinding surface (Ra). 

The reduction of an average height of abrasive grain vertices, the appearance of 
microvertices on grains and the reduction of an average elementary cutting depth for 
one abrasive grain (azsr), and indirectly the smaller cutting abilities of the grinding 
wheel, are due to a decrease in the grinding surface roughness. 

The changes in the surface roughness of grinding workpiece in the function of 
grinding force components and in the function of root-mean-square are presented 
in Figure 8. 

 
Fig. 8. The correlation between the roughness of the machined surface (Ra) 

and the registered output quantities (Fc, Fn, URMS) 

The highest correlation, under the working conditions studied, was for Ra = f(URMS) 
expressed by the function with the correlation coefficient R2 = 0.9366: 

( ) ( ) .4007.12425.2965.0 2 +⋅−⋅= RMSRMS UURa  (11) 

Together with the tangential table feed speed increase (vf t), the correlation coeffi-
cient of function Ra = f(URMS) became smaller, which was the result of more signifi-
cant dynamic changes in the grinding zone along with a load increase of grinding grains. 
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4. Summary 

The investigations into the changes of geometrical parameters of the active grind-
ing wheel surface (AFGW) and the output quantities of the grinding process (Fc, Fn 
and URMS) show clearly that due to the complexity of the grinding wheel wear process, 
in evaluation of the grinding wheel durability, the most useful are geometrical pa-
rameters of AFGW defined by the coefficient of cutting ability (KAFGW) and energetic 
quantities defined by the coefficients qRMS, qFc representing an elementary load of the 
grinding zone. 

The best correlation shows the RMS value of the acoustic emission, which is 
the measure of the energy emitted by the material as a result of deformations occurring 
in it. Apart from this, the signal received from the whole machined material volume 
captures the total influence of the results of the wear of abrasive grains and AFGW, 
which have a direct influence upon the size of deformations in the workpiece. 

That is why the coefficient qRMS shows a very high correlation with the ratio of the 
cutting abilities of active grinding wheel surface (KAFGW) related to geometric results 
of AFGW wear and a kinematic nature of grain working conditions. 

Therefore, the root-mean-square of the acoustic emission may be sufficient to 
evaluate the cutting ability of the grinding wheel without measurements of geometri-
cal changes of the AFGW and without breaks in the process. The results of the inves-
tigations show that the kurtosis of URMS allows us to evaluate the wear progress, or to 
notice the destructive wear, or to detect grinding burns on the machined surface. 
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Badanie zuŜycia ściernicy z wykorzystaniem wartości 
skutecznej sygnału emisji akustycznej 

Przedstawiono wyniki badań nad zuŜyciem ściernicy elektrokorundowej w procesie obwo-
dowego szlifowania płaszczyzn. Mierzono zmieniające się parametry geometryczne czynnej 
powierzchni ściernicy (CPS), rejestrowano wartości składowych siły szlifowania oraz sygnał 
emisji akustycznej. Na podstawie tych wielkości wyjściowych procesu przeanalizowano przy-
datność deskryptora emisji akustycznej (EA), jakim jest wartość skuteczna (RMS), w scharak-
teryzowaniu zdolności skrawnych ściernicy w miarę czasu jej pracy. Zaprezentowano takŜe 
nowy współczynnik energetyczny, określający stopień zuŜycia ściernicy, w postaci wartości 
skutecznej sygnału emisji akustycznej przypadającej na powierzchnię kontaktu ściernicy. Po-
nadto przedstawiono przykłady korelacji wartości skutecznej sygnału emisji akustycznej z chro-
powatością powierzchni szlifowanego przedmiotu, które wskazują na moŜliwość wykorzysta-
nia sygnału EA i jej wartości skutecznej (RMS) do monitorowania chropowatości powierzchni 
szlifowanej. 
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