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Summary: Survival analysis can be defined as a set of methods where the response of
interest is the time until a specified event occurred. The most common specified event is
death and the related time is called survival time or life time in medical sciences. The
Kaplan Meier estimator is one of the popular methods for precise survival times. It is
natural that life time is of a continuous nature, therefore it is unrealistic to treat life time
observations as precise numbers. In [Viertl 2009] it is shown that life time observations
are not precise numbers, but more or less fuzzy. In this study a Generalized Kaplan Meier
estimator for fuzzy survival time observations is proposed.

Keywords: characterizing function, fuzzy numbers, Kaplan Meier estimator, non-precise
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1. Introduction

Statistical modeling for life time data started in the 20" century, and is
now known as reliability analysis or survival analysis. Reliability
analysis is mainly concerned with the models of life time data ob-
tained from components and systems in engineering sciences, and
survival analysis models are mainly concerned with life time data ob-
tained in biological or life sciences.

Life time, survival time, failure time or event time can simply be
defined as the waiting time till a specified event occurs. The event
may be death in life science, failure in engineering sciences, divorce
in sociology, change of residence in demography, and so on.

Survival analysis techniques are mainly concerned with predicting
the probability of response, probability of survival, mean life time,
and comparing survival functions [Deshpande and Purhit 2005].
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2. Survival Function

The survival function is conventionally denoted by S(+), which is de-
fined as:
S)=Pr(T>t) vVt =0.

Where ¢ is some specified time, T is the stochastic quantity de-
scribing time of death, and “Pr” stands for probability. This function
gives the probability that the unit will survive time ¢ or we can say that
the event will occur after time ¢.

For the survival function it is usually assumed that S(0) = 1, and
lim, , , S(t) = 0 [Lee and Wang 2003].

3. Kaplan Meier Estimator

Let 0< t; <t, <t <...<t, be nprecise life times from a given
population, and #n; be the number of observations “at risk” at time ¢,
and d; the number of deaths at time #. If d; denotes the number of

Table 1. Kaplan Meier Survival probabilities

Time d; n; 1- & S(t)
L

0 0 5 1 1
10 1 5 0.8 0.8
20 1 4 0.75 0.6
30 1 3 0.67 0.402
40 1 2 0.5 0.201
50 1 1 0 0

Source: own elaboration.
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Figure 1. Kaplan Meier Survival Curve
Source: own elaboration.
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are possible. In that case d; may be greater than 1. The Kaplan Meier
estimate can be expressed as:

Nr 13(19)

S(t) = Htist (1 - z—i) vV t > 0 [Kaplan and Meier 1958].

For example, if we have five precise complete life time observa-
tions, i.e. 10, 20, 30, 40, 50, then the Kaplan Meier survival probabili-
ties and survival curve are given in Table 1 and Figure 1 respectively.

4. Fuzzy Information

Standard statistical procedures like estimation of parameters and
testing of hypotheses are based on precise numbers. It looks
unrealistic to represent continuous real variables in the form of precise
numbers or vectors because exact measurements of real continuous
variables are not possible, they are more or less fuzzy. Some books
and research papers have already been written dealing with fuzzy
observations like [Klir and Yuan 1995; Lee 2005; Viertl and Hareter
2006; Huang et al. 2006; Wu 2009].

Survival time is a non-negative valued variable, and it is already
shown in [Viertl 2009] that life time observations are not precise
numbers but more or less fuzzy. Therefore dealing with time analysis
instead of classical statistical tools, fuzzy numbers approaches are
more suitable and realistic.

For fuzzy life time observations, a Generalized Kaplan Meier es-
timator is proposed in this paper.

5. Fuzzy Numbers

Let ¢ be a fuzzy observation with a so-called characterizing function
&(+), which is a function of one real variable obeying the following:

1. £&: R—[0;1].

2. For all § € (0;1] the so-called §-cut C5(¢) := {t € R : &(r) >6}
is a finite union of compact intervals [as;; bs;], i.€ Cs(t) =

Ui2.las, ; bs,1# @

3. The support of &(+) is bounded, i.e. supp[&(-)]:= {t € R : &(t) >
0} S [a;Db].

The set of all fuzzy numbers is denoted by F(R).

If all §-cuts of a fuzzy number are non-empty closed bounded in-
tervals, the corresponding fuzzy number is called a fuzzy interval.
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6. Fuzzy Vectors

A n-dimensional fuzzy vector t* is determined by its so-called vector
characterizing function {(.,...,.) which is a real function of n real
variables t,, t,, ..., t,, obeying the following three conditions:

1.:R* —[0;1].

2.For all 6 € (0 ; 1] the so-called &-cut C,g[g*] = {teR" :
¢ (5) > 4§} is non-empty, bounded, and a finite union of simply con-
nected and closed sets.

3. The support of (., ...,.) defined by supp [{(., ...,.)] ;= {t ER:
¢ (§)> 0} is a bounded set.

The set of all n-dimensional fuzzy vectors is denoted by F(R").

Let T be a stochastic quantity with observation space M;C [0 ; 00),
and a sample of size n i.e t,t,, ..., t, is considered from it. Each t; is
an element of the observation space and (t;,t,, ..., t,) is an element
of the so-called sample space M} which is the Cartesian product of n
copies of My, i.e. M} = My X My X ... X Mp.

While on the other hand in the case of fuzzy observations, each
fuzzy observation t;,i = 1(1)n with characterizing function (") is a
fuzzy element of M then (t3,t5, ..., t;,) is not a fuzzy element of M.
In order to generalize the Kaplan Meier estimator, the aggregation of
the fuzzy observations into a fuzzy element of the sample space is
necessary.

To construct a fuzzy element (fuzzy vector) of the sample space
M7 usually the so-called minimum t-norm is used.

For the vector-characterizing function of the combined fuzzy sample
t* = (ty,t;, ..., t,)" applying the minimum t-norm, i.e. {(t;,t,, ..., t,)
= min{&l(tl )a &2(t2 )a cee én(tn)} v (tl vl e, tn) € Rna a ﬁlZZY
element of M} € R™ is obtained, whose vector characterizing function
isC(,n,n).

Remark: The §-cuts of the combined fuzzy sample will be ob-
tained as the Cartesian products of the §-cuts of respective fuzzy ob-
servations, 1.€.

Cs[2C, )] = X", CsIE()] V8 € (0;1] [Viertl 2011].

Extension Principle:
This is the generalization of an arbitrary function g:M — N for fuzzy
argument value a* in M. Let a* be a fuzzy element of M with member-
ship function: M — [0; 1], then the fuzzy value y* = g(a*) is the
fuzzy element y* in N whose membership function () is defined by
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[Klir and Yuan 1995].

Theorem: For a continuous function f: R = R and for a fuzzy
interval t* the following holds true:

Cslf (tM)] = [minf(t)tecg(t*) ; maxf(t)tecg(t*) ] vé e(0;1]

where min f(t), t = 0 determines the lower end of the §-cut, and
teCs(t*)
max f(t)¢ e czc+) determines the upper end of the §-cut of the fuzzy
value f(t*) [Viertl 2011].
Examples of characterizing functions of fuzzy life times are
depicted in Figure 2.
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Figure 2. Fuzzy sample

Source: own elaboration.

For the generalized Kaplan Meier estimator $*(t), upper and lo-
wer §-level curves are obtained with the help of §-cuts from the above
mentioned theorem in the following way:

Cs(S*(t)) = minS(g) ; maxS(g)

texin, Cs(t;)  texis,Cs(t))

with t=(t;,t;,...,t,) € [0; 0)"V§ € (0;1].
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lower §-level curve and max$ (g) is the upper end of the §-cut
EEX?:1C5( t:)
which defines the upper oJ-level curve.

The above mathematical calculations are made through the follow-
ing algorithm:

1. The values for § are taken from O to 1 with an increment
A€ (0;1).

2. For a given value of § calculate the d-cut of the fuzzy combined
sample t*.

3. Taking minimum and maximum from the §-cuts to generate hy-
pothetical classical samples.

4. The Kaplan Meier survival probabilities are calculated and the
Kaplan Meier survival curves are drawn for fixed §-level.

5. Steps 2-4 are performed for each § =0 (A) 1.

Example: For the fuzzy life time data given in Figure 2 the lower
&-level curves and upper &-level curves of the generalized Kaplan
Meier estimator are calculated for § =0, 0.2, 0.4, 0.6, 0.8, 1. They are
depicted in Figure 3.
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Figure 3. Generalized Kaplan Meier estimator for the fuzzy sample from Figure

Source: own elaboration.
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Meier estimator) is depicted in Figure 3. Nr 1309)

The functions are the lower and upper §-level curves defined by
the considered &-levels.

7. Conclusion

The precise measurement of a continuous variable is impossible.
Survival time observations are usually assumed as precise numbers.
However, these observations are of a continuous nature and therefore
survival time observations are more or less fuzzy. Consequently,
fuzzy numbers are more suitable and realistic to describe real surviv-
al times. In the given study, the classical Kaplan Meier estimator
based on precise observations is generalized for fuzzy life time ob-
servations.

References

Deshpande J.V., Purhit S.G., Life Time Data: Statistical Models and Methods, World
Scientific Publishing, Singapore 2005.

Huang H.-Z., Zuo M.J., Sun, Z.-Q., Bayesian reliability analysis for fuzzy lifetime data,
“Fuzzy Sets and Systems” 2006, Vol. 157(12), pp. 1674—1686.

Kaplan E.L., Meier P., Nonparametric estimation from incomplete observations, “Journal
of the American Statistical Association” 1958, Vol. 53(282), pp. 457-481.

Klir G., Yuan B., Fuzzy Sets and Fuzzy Logic — Theory and Applications, Upper Saddle
River: Prentice Hall, 1995.

Lee E.T., Wang J.W, Statistical Methods for Survival Data Analysis, Wiley, New Yersey
2003.

Lee K.H., First Course on Fuzzy Theory and Applications, Springer, Heidelberg 2005.

Viertl R., On reliability estimation based on fuzzy lifetime data, “Journal of Statistical
Planning and Inference” 2009, Vol. 139(5), pp. 1750-1755.

Viertl R., Statistical Methods for Fuzzy Data, Wiley, Chichester 2011.

Viertl R., Hareter D., Beschreibung und Analyse unscharfer Information — Statistische
Methoden fiir unscharfe Daten, Springer, Wien 2006.

Wu H.-C., Statistical confidence intervals for fuzzy data, “Expert Systems with
Applications” 2009, Vol. 36(2), pp. 2670-2676.



14 Muhammad Shafiq, Reinhard Viertl

SLASKI
PRZEGLAD B
STATYSTYCZNY § UOGOLNIONY ESTYMATOR KAPLANA MEIERA

Nr 13(19) DLA ROZMYTEGO CZASU PRZEZYCIA

Streszczenie: Analiza przezycia definiowana jest jako zestaw metod badawczych stuza-
cych do okreslenia czasu zajscia pewnego wyspecyfikowanego zdarzenia (losowego).
W szczegolnosci zdarzeniem takim jest Smieré cztowieka. Do estymacji czasu przezycia
stosowana jest metoda Kaplana-Mayera. W 2009 r. Viertl wykazal, ze czasu zycia nie
mozna okresli¢ precyzyjnie i zaproponowal, by stosowaé liczby rozmyte. W niniejszym
artykule zaproponowano uogoélniony estymator Kaplana-Mayera wykorzystujacy obser-
wacje rozmyte.

Stowa kluczowe: liczby rozmyte, estymatory Kaplana Meiera, dane nieprecyzyjne, czas
przezycia.





