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Aims and scope

Aims and scope of this journal were determined already in the period of
the historical changes that took place in 1989 in the Europe, which had
a great meaning for Poland, especially for the subsequent political and
economic transformations. The introduction of the democratic system,
and the transition from the state-controlled economy to the free market
one were the driving forces behind the new Polish economy.

In the early 1990s, Poland made great progress towards achieving a
fully democratic government and a market economy. In November
1990, Lech Watlgsa was elected President for a 5-year term. In 1991
were held the first free parliamentary elections. In the same year, 1991,
the first issue of the journal was published under the title Statistical
Review of Lower and Opole Silesia. In the foreword of that first issue it
was stated what follows. “The changes in the socio-economic life of
Lower Silesia and Opole region caused the Council of Wroctaw Branch
of Polish Statistical Society to publish Statistical Review of Lower and
Opole Silesia, starting from the year 1991. This idea could come to life
thanks to the generous help of directors of Voivodeship Statistical Offi-
ces in Jelenia Gora, Legnica, Watbrzych and Wroctaw, with a special
involvement of the director of Statistical Office in Wroctaw”. The ini-
tial goal of the founders of the journal was to dedicate the journal
to “ecological problems, demographic issues as well as social and eco-
nomic well-being”.

Starting in the year 2002 the journal has been published with a new
layout and under a new title: Silesian Statistical Review. Together with
Statistical Review (Przeglgd Statystyczny) and Statistical News (Wiado-
mosci Statystyczne), Silesian Statistical Review is now one of the three
major journals in Poland dedicated to general statistical problems. Spe-
cial attention has been focused on general methodological issues, as
well as on the applications of various statistical methods in solving real
social and economic problems. Papers concerning all topics of quality
of life are published regularly. Historical essays are included on regular
basis.

After 25 years of the existence, by entering in the next quarter of the
century of its existence with the issue of 2016, the main scope of journal
is amplified. This is again caused by changes which took place on the
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sequences of human dominance over the planet the scope of journal has
been amplified to include any problems concerning the quality of hu-
man life, respecting all other forms of lives and not compromising the
possibilities for future generations to live their ways of life.

Nr 14(20)

Starting from the year 2016, Silesian Statistical Review is considered as a
Journal of Oikometrics

The name, derived from Greek words oixog and uetpw, suggests
that the journal focus is upon Nature’s house (0ikos), as a subject matter
of a study, and the measurement, as a prevailing methodology of study.
The journal is treated as an interdisciplinary forum on a sustainable
livelihood. Contrary to the inscription on the door of Plato’s Academy:
let no one ignorant of geometry enter here, over the door to Journal of
Oikometrics there is hanged the signboard with the inscription: Everyone
who cares about, and interested in any issue of sustainable livelihood is
welcomed here.

The Journal welcomes therefore papers from specialists in
sustainability science, ecology, ecological economics and any other
alternatives to neoclassical economics. It encompasses — but is not
limited to — the following topics:

* actuarial methods and their applications,

e social justice, inequality, polarization, and stratification,
* quality of institutional performance,

* social metabolism, its measurement and analysis,

e statistical education,

* sustainable development,

e environmentalism.

As the official journal of the Polish Statistical Society, Branch in
Wroctaw, it is designed also to attract papers that have direct relation
with the activity of the Society, particularly in the field of education,
promotion and rising awareness of the statistics role in the civilization
development.

Walenty Ostasiewicz
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1. Introduction

Multifunctions have many diverse and interesting applications in
control problems and the theory of contingent equations, in mathematical
economics, and in various branches of analysis (for example, see
[Aumann 1965; Brunovsky 1968; Debreu 1983; Hermes 1968]).

The special class of the multifunctions is called convex processes.
Convex processes were studied first by R.T. Rockafellar who was
interested in extending properties of linear transformations to a large
class of maps preserving convexity and which arise naturally in
economic theory. He elaborated a duality theory for these convex
processes and developed his study in his book [Rockafellar 1970].
P. Coutat studied continuous closed convex sets and gave many new
properties of convex processes [Coutat 1996].

The extension of this notion to the fuzzy framework was done by
M. Matloka [2000]. Y.R. Syau, C.Y. Low and T.H. Wu [2002]
observed that the Matloka definition is very strict. Therefore, they
give another definition that extends the Matloka definition. In recent
years, many generalizations of convexity have appeared in the
literature aiming at applications to duality theory and optimality
conditions. In 1997 R. Pini and Ch. Singh [20] introduced (®;, ®,)-
-convex functions and studied some of their properties [Pini, Singh
1997]. They showed that some of the well-known classes of
generalized convex functions (e.g. B-vex functions [Bector, Singh
1991], invex functions [Hanson 1981]) form subclasses of the class
of (@, ®y)-convex functions. In 1999 E.A. Youness showed that
many results for convex functions actually hold for a wider class
of functions, called E-convex functions [Youness 1999]. In 1978,
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W.W. Breckner introduced s-convex functions as a generalization of
convex functions [Breckner 1978] and in 1993 studied the set valued
version [Breckner 1993]. The extension of this notions to the fuzzy
framework was done by M. Mattoka [1999, 2012], and Y. Chalco-
Cano and M.A. Rojas-Medar [2004]. In 2007 S. Varosanec [26]
introduced a large class of functions, the so-called 4-convex functions
[Varosanec 2007]. This class contains several well-known classes of
functions such as convex functions and s-convex functions.

In this work, we introduce a new class of fuzzy processes, the so-
called A-preinvex fuzzy processes. This class contains several well-
known classes of fuzzy processes such as convex and s-convex.

The plan of the paper is as follows. In Section 2, we introduce the
notations and definitions used throughout the paper. In Section 3, we
establish the main results and finally, in Section 4, we show some,
properties and the connection with fuzzy integral for fuzzy set-valued
maps.

2. Preliminaries

Let R™ denote the n-dimensional Euclidean space.

A fuzzy subset of R™ is a function u: R™ - [0,1]. Let F(R™)
denote the set of all nonempty fuzzy sets in R™. A fuzzy set u is called
convex [Lowen 1980], if

u(ty; + (1 = 8)y;) = minfu(y,), u(y2)}
for all y,,y, € supp (1) = {y: u(y) > 0}and t € (0,1).
We shall define addition and scalar multiplication on F(R") by

the usual extension principle, i.e. for u,v € F(R") and A ER, u +v
and A - u are defined for any y € R™ by

w+v)(y)= sup  min(u(y), v(yz))
V1,¥Y2:Y11Y2=Y
and

u X) if 1+ 0
M) (y) = (’1 '
WY X{o}(y) ifA=0,

where for any subset A S R™, X, denotes the characteristic function
of A.
We can define an order € on F(R™) by setting

ucveuly <v(y),Vy eR™
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Let u€F(R™). For 0<a<1, we denote [u]* = {y € | srarystvcany

R™ u(y) = a} the a-level set of u. [u]® = supp(u) = {y: u(y) > 0} | nr 1400
is called the support of u.
A fuzzy set u: R™ — [0, 1] is said to be a fuzzy compact set if [u]*
is compact for all ¢ € [0, 1]. For any fuzzy compact sets u and v it is
verified that
e ucCveul*clvl® vaelo1],
e [Au]® = A[u]% VAand Va € [0,1],
o [u+v]*=[ul*+[v]*% Va € [0,1].

Definition 2.1. A fuzzy set u: R™ = [0, 1] is called h-convex fuzzy set
iff

u(h(t)x; + h(1 —t)x,) = min{u(x,), u(x,)}

for all x;,x, €R™, t€(0,1) where h:] = Ris a non-negative
function, h # 0 and ] is an interval, (0,1) C J.

Definition 2.2. [Weir, Mond 1988] Let X be a nonempty set in R"™ and
x € X.
Then the set X is said to be invex at x with respect ton: X X X —
R™, if
x+tn(y,x) €X
forally € X andt € [0,1].

X is said to be an invex set with respect to 1, if X is invex at each
x € X.

Definition 2.3. 4 fuzzy set u: X X R™ = [0, 1] is called (m, h)-convex
fuzzy set iff

u(xy + tn(xz, x1), h(t)y1 + h(1 — t)y;) = min {u(xy, y1), u(x2,¥2)}
forall x;,x, € X,y,,¥, € R and t € [0, 1].

Definition 2.4. The graph of a mapping F: X = F(R"), denoted by
Gp, is a fuzzy set in X X R™ such that for any (x,y) € X X R"

Gr(x,y) = F(x)(¥).

Definition 2.5. The function f on the invex set X is said to be preinvex
with respect to n, if

flx+t,x) < h@Of () + (1 - Of ()
foreach x,y € X and t € (0,1).
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Let us note that:

o ifn(y,x) =y — x then we get the definition of #-convex function
introduced by S. Varosanec [2007],

e if h(t) = t then our definition reduces to the definition of preinvex
function [Weir, Mond 1988],

e ifn(y,x) =y —x and h(t) =t then we obtain the definition of
convex function,

o ifn(y,x) =y — x and h(t) = t° then our definition reduces to the
definition of s-convex function [Breckner 1978].

3. h-Preinvex fuzzy processes
In this section, we present some basic properties of A-preinvex fuzzy
processes.

Definition 3.1. 4 mapping F from invex set X € R™ into F(R™) is
called h-preinvex fuzzy process iff for any x;,x, € X and t € (0,1) it
satisfies the condition

h()F (x;) + h(1 = )F (x2) € F(x1 + tn(x2, x1)),
where h: | = R is a positive function and ] is an interval, (0,1) c J.

If n(xy, x1) = x, — x; then such a mapping we will call
h — convex fuzzy process.

Remark 3.1. If n(x,, x;) = x, — x; and h(t) = t° then our definition
reduces to the definition of s-convex fuzzy process defined by Y. Chalco-
-Cano and M.A. Rojas-Medar [2004].

Example 3.1. Consider F: X = F(R) defined by
FG) = Xy,

where f(x)is h-preinvex function from X into R. Then F is h-pre-
invex process.

Theorem 3.1. A mapping F: X - F(R") is a h-preinvex fuzzy
process if and only if

F(xy + tn (22, %)) ()

= sup min {F (x1) (y1), F(x5) ()}
Y1.Y2:h(6)y1+h(1-t)y,=y

for all x;,x, € X and y € R™.
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F(xy + tn(xz x1))(¥) = (R(E)F (x1) + h(1 — )F (x)) ()

=sup min {h(t)F(x) (1), h(1 — )F(x)(¥2)}
V1,Y2:Y11Y2=y

oo min (PG (555) Po (s )
= sup min {F(x,) (y1), F (x2) (¥2)}
Y1,Y2:h(0)y1 +h(1-t)y,=y

Conversely, let us suppose that the inequality from the theorem is
satisfied. Then for all x;,x, € X, t € (0,1) and y € R™, we have

F(xy + tn(x, %)) ()

> sup min {F (x;) (y1), F (x2) (72)}
Y1,Y2:h(0)y1 +h(1-t)y,=y

. yi V2
= F -
y{,yéig?yéw e { () (h(t)> Flxa) <h(1 )>}

= sup min {h(t)F (x) (1), h(1 — )F (x2) ()}
VY2 Y11tY=Yy

= (R(®OF(x) + h(1 = )F (x2)) ()
which implies that F is h-preinvex fuzzy process.
Theorem 3.2. Let F: R™ — F(R™) be a mapping such that
(1) F(xy +x5) 2 F(x1) + F(x3),  Vxq,x, ER™,
(2) F(tx) = h(t)F(x),Vt > 0 and Vx € R™.
Then, F is h-preinvex fuzzy process.

Proof. Let x;,x, ER™, t € (0,1) and y € R™. Then, from the
addition and scalar multiplication on F(R™"), and from the conditions
(1) and (2), we have

F(tx, + (1= %)) = (F(tx) + F((1 - 0)x,)) )
= sup  min{F(tx) (), F((1 — 0)x3)(¥2)}
V1,Y2:Y11Y2=Y
= sup min {F (tx,)(h(t)y;), F((1
Y1Y2: (Y1 +h(1-t)y,=y

= )x)(h(1 = t)yz)}
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Nr 14(20) Y1z )y +h(1-t)y; =Yy

= OF () (h(1 = )y,)}

= sup min {F(x;) (y1), F(x2) (v2)}
Y1 ¥2: h(®)y1+h(1-t)y,=y

which means that F satisfies the inequality from the Theorem 1.
Therefore, F is h-preinvex fuzzy process.

Theorem 3.3. If F: R™ — F(R") is a h-preinvex fuzzy process and
for any t € (0,1) and x € X x = x + tn(x,x) then for any x € X,
F(x) is a h-convex fuzzy set.

Proof. Let x € X. Since x = x + tn(x,x) for all t € (0,1), by the
definition of A-preinvex fuzzy processes, we have for all y,;,y, € R™
andt € (0,1),

F()(h(t)y, + h(1 = t)y,)
= F(x + tn(x, x))(h(©)y, + h(1 = t)y,)

> sup min {F (x)(y1), F (x) (¥3)}
Y1.Ya:
h(t)y;+h(1-t)yy=h()y,+h(1-t)y,
= min{F (x) (y1), F (x)(¥2)}-

Hence, F(x) is a h-convex fuzzy set. This completes the proof.

Theorem 3.4. The graph of h-preinvex fuzzy process is a (7, h)-con-
vex fuzzy set in X X R™.

Proof. Let x;,x, € X and y;,y, € R"and t € (0,1).
Then we have

Gr(x;, + tn(xz, %), h(O)y; + h(1 — t)y,))

= F(x; + tn(xz, 1)) (h(D)y, + h(1 — ©)y2)
> sup min {F () (071), F () (9}
n@y;+hu—o§§'=yﬁ&t>yl+n<1-t)yz
= min{F (x;) (y1), F (x2) (72)} = min{Gp(xy1, 1), Gp (x2,¥2)}-
So, G is a (1, h)-convex fuzzy setin X X R™.
Theorem 3.5. If F is a h-preinvex fuzzy process then for any a € (0, 1]
[F (1 + tn(xa, x:)]% 2 RO[F (x)]% + h(1 = )[F (x2)]*
for any x4,x, € Xand t € (0, 1).
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[F(xy + tn(xz, x))]* = {y € R": F(xy + tn(xz, x1))(¥) = a}, Nr 1460
[Fx)]* ={y1 € R F(x))1) 2 a },
[F(x)]* ={y; ER™: F(x)(yz) = a }.
Moreover
h®[F(x)]* + h(1 = O[F(x2)]* = {y = h(©)y, + h(1 — t)y,:
y1 € [F(x)]%, vz € [F(x2)]"}
and

F(xq +tn(xz, x1))(y) 2 Sup min {F (x1) (y1), F (x2) (v2)}-
h()y1+h(1-t)y,=y
This means that if y € h(t)[F(x)]* + h(1 — t)[F(x,)]* then
y € [F(x1 + tn(xz,xl))]a, i.e.
[F(xy + tn(xz, x1))]% 2 h(O[F(x1)]* + h(1 — O)[F(x)]*

what completes the proof.

4. Hadamard’s inequality

In this section, we present some inequalities of Hadamard type for
h-preinvex fuzzy processes.

Let Fx(R™) (TC(R")) denote the set of all fuzzy compact
(compact and convex) sets and K(R™) the set of all nonempty,
compact (crisp) subsets of R™.

R.L. Aumann [1965] introduced the following definition of the
integral of set-valued function.

Definition 4.1. The integral of a measurable set-valued function
G:[a, b] = K(R"™) is defined by

fb Gdt = {fbg(t)dt : g€ S(G)},

where f; g(t)dt is the Bochner-integral and S(G) is the set of all
integrable selectors of G, i.e.,

S(G) ={g € L*([a,b],R™): g(t) € G(t) a.e.}.
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e o | Fat [a,b] = K(R™) by F,(x) = [F(x)]%, Va € [0,1].

Definition 4.2 [Puri, Ralescu 1987]. A4 mapping F is called
measurable (integrably bounded) if F, is measurable (integrably
bounded) for all « € [0,1].

Proposition 4.1 [Puri, Ralescu 1987]. If F : [a,b] = Fx(R™) is
integrably bounded, then there exists a unique fuzzy set u € F(R™)
such that [u]* = f: F,dt,Va € [0,1].

The fuzzy set u € Fx(R™) in the above Proposition defines
integral of F by f; Fdt = wiff [u]* = f: F,dt, for every a € [0,1].

Many important inequalities have been established for the class of
convex functions, but the most famous is the Hermite—Hadamard’s

inequality. These double inequalities are stated as:
(a) for convex function

f(a+b)sﬁfbf(x)dxgw’

2 2
(b) for s — convex function (see [Dragomir, Fitzpatrick 19997])

s—1p(2tD 1 f(a) + f(b)
2 1f< 2 )Sb—afa fldx < s+1

(c) for h-convex function (see [Sarikaya et al. 2008])

)

1 a+b 1 b 1
Zh(%)f< 2 )Sb—afaf(x)dxﬁfoh(t)dt[f(a)+f(b)],

(d) for preinvex function (see [Noor 2009])
a+n(b,a)

1

f (a + En(b' a)) = n(b, a)

Now, we prove an inequality of Hermite—Hadamard type for
h-preinvex fuzzy processes. But first we need the following assumption
regarding the function 1 which is due to S.R. Mohan and S.K. Neogy
[1995]:

Condition C. Let X € R be an open invex subset with respect to 7.
Forany x,y € X andany t € [0, 1]

ny,y+tmx,y) =—-tn(x,y)
n(x,y +tn(x,y)) = (1 - nx,y).
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Condition C, we have

Nr 14(20)

n(y + tn(,y),y + tn(x, ) = (&, — t)n(x, ).

Theorem 4.1. Let F : [a,a +n(b,a)] = Fx(R™) be h-preinvex and
integrably bounded fuzzy process, with a < a +n(b,a). Then, if

h G) + 0 and the Condition C is fulfilled we have

1
{F(a) +F(b)}J h(t)dt
0

c

F(a + n(b, a)).

1 a+n(b,a)
e a)f F(x)dx €
’ a

1
24 (3)
Proof. Since F is h-preinvex fuzzy process we have that

h(t)F(a) + h(1 —t)F(b) S F(a + tn(b,a))
for all t € (0, 1). Integrating on [0, 1], we obtain
fl F(a+n(b,a))dt 2 flh(t)F(a) + h(1 —=t)F(b)dt
0 0

1
={F(a) + F(b)}- f h(t)dt.
0
Making the change of variable x = a + t n(b, a) we obtain

1 a+n(b,a)
n(b,a) J,

1
F(x)dx 2{F(a) + F(b)}f h(t)dt.
0

To prove the second inclusion, we observe that from the Condition
C it follows that

1
F(a+zn(b,a))
=F (a +tn(b,a) +%n(a +(1-t)nlh,a)a
+tn(b,a))

2h (%) F(a + tn(b, a)) + F(a +(1- t)n(b,a)).
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Integrating this inclusion on [0,1] we get
L 1
f F (a + —n(b,a)) dt
0 2

2(3)|[ e+ 3n0.0)a

1
+ f F(a+ (1 —-1¢t)n, a))dt].
0
Since

1 1
f F(a+tn(,a))dt = f Fla+ A —-t)n(,a))dt
0 0

1 a+n(b,a)
nb,a) Jq

F(x)dx,

it follows that

1 a+n(b,a) 1 1
c Z
U(b»a)L F(x)dx < 1 F (a + Zn(b, a))

what completes the proof.

Remark 4.1. If n(b,a) = b —a and h(t) =t° then our inequality
reduces to the inequality for s-convex fuzzy processes obtained by
R. Osuna-Gomez et al. [2004].

Now, for a mapping f: [a, b] = R let us define a mapping

H(t)=ﬁLbf(tx+(1—t)asz)dx.

Some properties of this mapping for convex function are given in
[Dragomir 1992]. We extend these properties for A-convex fuzzy
processes. Let F : [a,b] = F-(R™) be an integrably bounded fuzzy
process and define

H, (t) =ﬁbe<tx+(1—t)asz>dx

for t € [0, 1].
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on an interval [a, b]. Then Hg is A-convex on [0, 1] and Nr 1420)
Hgp(t) © 1 Hg(0),vt € [0,1].
21 (3)

Proof. The h-convexity of the mapping Hr is a consequence of the
h-convexity of the mapping F. Namely, for t;,t, € [0,1] and @, 8 = 0
with ¢ + f = 1 we have:

Hp(at,+pt;)

1 bF . a+b p
~b_a i (at;+Pt)x + (1 — (at1+ﬁt2))T x

1 b a+b a+b
= b—a . F(a(t1x+ (1_t1) 2 +B(t2x+(1_t2) 2 )dx
51 bh(a)F(t x+(1—t)a+b)dx
“b—a L )

a

- fbh( IF (62 x+ (1 -t )a+b)d
b—al, B 2 X 2) x
= h(a)Hp(t1) + h(B)HE(t2)
what means that Hy is s-convex.

Now, lett € [0,1]. Takingy =t x + (1 —t) aTer we obtain

1 d
Hp = ﬁfc F(y)dy

where ¢ =ta+ (1 — t)az;b and d =tb+ (1—1t) aTer. By Theorem
4.1 forn(d,c) = d — c we have
1 de( Yy < 1 F<C+d) 1 F<a+b)
- yay = =
el m(z) ~ 2 m(p) 2
1
:mHF(O)
2

what completes the proof.
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