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Abstract: In the case of a two-phase medium – such as the soil, which consists of an elastic skeleton and is filled with pore fluids
– stress and strain within the medium are dependent on both phases. Similarly, in the case of heat transfer, heat is conducted through
the two phases at different rates, with an additional heat transfer between the phases. In the classical approach to modelling a porous
medium, it is assumed that the fluid filling the pore space is water, which is incompressible. In the case of gas, the volume of which
is strongly dependent on temperature and pressure, one should take this behavior into account in the constitutive relations for the
medium. This work defines the physical relations of a two-phase medium and provides heat transfer equations, constructed for a po-
rous, elastic skeleton with fluid-filled pores, which may be: liquid, gas, or mixture of liquid and a gas in non-isothermal conditions.
The paper will present constitutive relations derived from the laws of irreversible thermodynamics, assuming that pores are filled
with either a liquid or a gas. These relations, in the opinion of the authors, may be used as the basis for the construction of a model of
the medium filled partly with a liquid and partly with a gas. It includes the possibility of independent heat transfer through any given
two-phase medium phase, with the transfer of heat between the phases.
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1. INTRODUCTION

The discussion about the behavior of a two-phase
medium, composed of a porous skeleton and fluid
filling the pores, is an important issue in the mechan-
ics of soils and rocks. Readers can find a description
of the rheology of soils and rocks in [15] and [16]. It
is shown in these works that, in addition to the at-
tempts to present the behavior of the soil or rock in
the form of a rheological model, there have been con-
tinuous attempts to present a model describing the
behavior of such a medium with regard to the proper-
ties of the solid and liquid or gas phases in rock pores.
In further discussion, these relations will be used to
more fully describe the impact of the seepage on the
strain of the two-phase medium composed of an elastic
skeleton and slightly compressible fluid. The equa-
tions of the model were presented for the first time by
Biot [5], with further refinement by Biot [6], [7], and

Biot & Willis [8]; they were then derived from the
basic laws of irreversible thermodynamics, taking into
account the statements made by Onsager on the work
of de Groot & Mazur [13].

The discussion about the constitutive relations also
dealt with the search for macroscopic dependencies
for the two-phase medium by averaging processes at
the pore scale, adopted as a non-uniform scale of the
periodic medium using the method of asymptotic ho-
mogenization. The non-uniform scale presents con-
stitutive relations in accordance with Bensoussan et al.
[4], Auriault et al. [2], Strzelecki et al. [20], Łydżba
[17], [18], separately written for the solid and liquid
phases of the REV element, additionally assuming the
lack of flow on the border of the solid and liquid
phases and introducing the condition of periodicity.
Thanks to the use of asymptotic homogenization algo-
rithms, one gains a macroscopic system of equations
corresponding to those proposed by M.A Biot, with
the ability to define the effective parameters of the
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medium when the properties of the skeleton and its
pore fluid are known; one can also define the geome-
try at a microscopic scale. The solution from the
above-cited work is a significant achievement of theo-
retical physics.

Classic constitutive relations for the poroelastic
medium for isothermal issues were given by Biot [6]
and Biot & Willis [8]. Considering also the work of
Coussy [10], [11] on the media consisting of a porous
elastic skeleton and liquid, the equations can be writ-
ten as follows:
 The first form of the constitutive relations:
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where N and A are the Lamé parameters  and  for
the skeleton of the porous medium, R is the bulk
modulus of fluid, Q is the coupling coefficient result-
ing from the interaction between the solid and liquid
phases, ij is the partial stress tensor in the skeleton,
 is the partial stress in the liquid, ij signifies the tensor
of strain of the skeleton,  = ij is the dilatancy of the
skeleton and θ is the dilatancy of the liquid. Moreo-
ver, determining the pressure in the liquid as p and the
porosity as f0, partial stress in the liquid is given as
 = – f0p.

The second form of the constitutive relations:
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where m = kk /3.
If we confine ourselves to volume, we use the

formula:
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where K determines the bulk modulus equal to
(A + 2N/3). Using the assumptions for the construc-
tion of the relations for gas (dependence resulting
from the Boyle–Mariotte law), provided in the work
of Strzelecki et al. [20]:
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With relations taking into account the mutual in-
fluence of the phases, the reverse relations (3) take the

form:
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The issue of constructing physical, non-isothermal
relations for the single phase is discussed in detail in
a work by Nowacki [19]. Based on the laws of irre-
versible thermodynamics, the problem of constitutive
relations for the two-phase medium consisting of an
elastic skeleton and liquids is discussed in detail in
Coussy [10], Strzelecki et al. [22], Uciechowska and
Strzelecki [24]. In these works the assumption was
made that the heat flows evenly through the porous
medium, meaning that the temperature of the liquid
and the skeleton is the same in any given area.

2. NON-ISOTHERMAL
CONSTITUTIVE RELATIONS

OF THE EQUATIONS
OF HEAT TRANSFER

FOR AN OPEN TWO-PHASE SYSTEM

When the first law of thermodynamics is used, it
can be shown as:
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where: L  is the work of internal forces, gravitational
force and the viscous resistance of fluid; Q  signifies
heat generated by seepage and stress on the porous
medium; W is internal energy; K denotes kinetic
energy.

In order to determine the strength of force from the
viscous resistance of the liquid in a two-phase me-
dium, the findings of Strzelecki et al. [22] and Coussy
[11] are used. The function of internal energy dissipa-
tion through viscous friction takes the form:
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where b is the coefficient of viscous resistance in the
fluid, and r

iv  describes the components of the rela-
tive speed of fluid, equal to the difference in fluid
velocity l

iv  and skeleton velocity s
iv .

Taking formula (7) as a starting point, one can
determine the strength of viscous resistance acting on
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the skeleton of the two-phase medium in the following
form:
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as well as the viscous resistance interacting with the
fluid
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The kinetic energy of the two-phase medium is de-
scribed in accordance with the work of Biot [7] in the
following form:
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If s and l denote the density of the skeleton and
the liquid, the partial density of skeleton 1 and liq-
uid 2 can be determined basing each of them on the
total volume of area . Using the volumetric porosity,
denoted by f0, the density: 1 = (1 – f0)s and 2 = f0l

can be calculated. Through  the density of the two-
phase medium will be denoted, equal to:  = 1 + 2.
In accordance with the findings presented by Biot [7],
11 + 12 = 1 > 0 and 12 + 22 = 2 > 0 and 12 < 0,
which means that 12 is the density resulting from the
mutual dynamic interaction of both phases of the me-
dium.

Formula (10) allows to describe the inertia forces
acting on the solid phase of the medium:
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as well as the inertia acting on the liquid:
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The first law of irreversible thermodynamics can
be used separately for each phase. Indicators 1 and 2
stand for the respective phases: solid and liquid.

Thus the power of internal forces on the skeleton
can be expressed as:
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The power of gravitational forces on the skeleton
of the medium:
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The strength of the viscous resistance of the fluid
relative to the skeleton:
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Because the force is a scalar quantity, the entire
force acting on the skeleton of the medium is:
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  . (16)

The rate of heat change in the skeleton of the me-
dium takes the form:

 


dqQ s
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where s
iq  are the components of heat flux flowing

through the solid phase of the medium.
The derivative of kinetic energy for the solid phase

is equal to the power of inertia forces acting on the
skeleton of the medium and is:
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Time derivative of internal energy for the skele-
ton is:
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T
W

1 , (19)

where 1w  denotes the rate of local changes to the in-
ternal energy of the skeleton.

Bearing in mind the formulas from (13) to (19),
the first law of thermodynamics, in relation to the
solid phase of the medium, takes the form:
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Because, in accordance with Strzelecki [22], the
balance equation for the solid phase of the medium
has the form:
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the Eq. (20) leads to a local relation allowing to define
the speed of local changes to the internal energy of the
skeleton:
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The internal forces in the liquid equal:
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The strength of the forces of gravity in the liquid
equal:
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The power of the forces of viscous resistance on
the liquid is:
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The speed of heat flow in the liquid takes the
form:
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ii,

 , (26)

where l
iq  are the components of the vector of heat

flow.
The derivative of the kinetic energy of the fluid is

equal to the power of inertia forces acting on the fluid
and it is:
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The derivative of the internal energy of the liquid
in the area  can take the form:








dw
t

W
2

2  . (28)

Using the formula (6) as well as the formulas from
(23) to (28), the first law of thermodynamics for the
fluid takes the following form:
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In the above relation, the rate of the change of ex-
pansion of the liquid is determined by  . Because, in
accordance with the law of the conservation of mo-
mentum, which is discussed in detail in a work of

Strzelecki and Strzelecki [23], the equation of dy-
namic equilibrium for fluid takes the form:
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The Eq. (29) leads to the local relation, allowing to
define the rate of the local change of the internal en-
ergy of the fluid:

l
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It can be assumed that the rate of the change of the
internal energy of two-phase medium w  is equal to
the sum of the rate of energy change for each of the
phases, 1w  and 2w .

Therefore:
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Using the relation (32), as well as the relations
(22) and (31), it can be stated that the change of the
internal energy of the two-phase medium is:
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The first law of thermodynamics gives the relation
between mechanical work and heat. It expresses the
balance of energy without imposing limitations on the
direction of the process of changing the state of the
body. When discussing the classical mechanics of per-
fectly rigid bodies, one can talk about the mutual con-
version of potential energy into kinetic energy assum-
ing, certainly, the system does not have the dissipation
of the energy generated due to, for example, the mutual
friction of particles. When thermal changes begin to
occur in the system, an irreversible process takes place.
In this case, the second law of thermodynamics must be
used, which imposes significant limitations on the pro-
cess of changes in the energy system.

In order to describe the irreversible processes,
thermodynamics introduces the function of state
changes called entropy. To determine the limitation in
the direction of changes in the system, the second law
of thermodynamics introduces an inequality which
states that the entropy change inside the system is al-
ways positive or zero in the case of the irreversible
process named the Clausius–Duhem inequality. In con-
tinuum mechanics, according to Derski [12], de Groot,
Mazur [13], the introduced function of specific en-
tropy (S) is measured per unit of volume () and can
be expressed by the formula:

 


dsS . (34)
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Specific entropy is described as:

T
dqds  , (35)

where T is the absolute temperature, dq is heat gain
per unit of volume, and ds is the exact differential of
entropy.

Because, in general, the body may exchange heat
with its surroundings, the rate of entropy change is the
sum of the rate of entropy change Sz as a result of heat
exchange with the surroundings and the rate of inter-
nal entropy change, expressed as:

dt
dS
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Entropy related to heat exchange with the sur-
roundings is expressed as:
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Which leads to the following local equation:
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As can be seen in (38), entropy Sz can have a positive
or negative value, or equal zero, depending on the di-
rection of heat flow and its divergence. Internal en-
tropy Sw behaves differently. Its changes in unit vol-
ume must be in accordance with the Clausius–Duhem
inequality, which can be expressed as follows:
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Let us now assume that the temperature of the
skeleton of the two-phase medium is equal to the tem-
perature of the pore fluid flowing through it. Defining
the absolute temperature of the skeleton as T s, and the
absolute temperature of the fluid as T l, the rate of
entropy change can be defined for the stable phase
with this example:
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The rate of entropy change for the fluid as:
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Utilizing the Clausius–Duhem inequality for each
of the phases of the medium:
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The conduction law for both phases of the medium
is obtained:
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Introducing the Helmoltz free energy for the two-
phase medium gives the equation:

ls TSTSWF 21  . (44)

Taking into account that the Helmholtz energy works
with the aid of local free energy:
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The local rate of free-energy change relationship
can be defined with the example:
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Taking into account formulas (46) and (33), the
following formula is obtained:
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If it is then assumed that local free energy is a func-
tion of the tensor of strain on the solid phase ij, fluid
dilatation  and absolute temperature for the solid and
liquid phases, it can be written that:
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The differential fulfilling in function  takes the
form:
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So the Eq. (47) leads to:
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Let us then expand the function of local free en-
ergy in the region of the natural state, meaning a state
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where ij = 0,  = 0, Ts = ,0
sT  Tl = .0

lT  Tempera-
ture sT0  and lT0  is adopted for the skeleton and the
absolute temperature of liquid in a natural state, which
conventionally can be assumed as equal to the exam-
ple 0 K. The temperature of both phases of the me-
dium can be represented as the sum of:

llss TTTT   00 aswellas , (52)

T0 is freely adopted temperature as the value of the
reference temperature, for example, 237.15 K. Assum-
ing that in the natural state:
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The function of free energy can be represented with
the formula:
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In accordance with (51), the constitutive relations
and equations of entropy are obtained in both phases
of the two-phase medium in the formula:
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Although the Onsager law of symmetry was not
used, constitutive relations and the equation of en-
tropy which fulfils the law were obtained. A four-
dimensional tensor of elasticity in the case of an iso-
tropic medium was analyzed in detail by Nowacki
[19] and based on the results of these analyses, it can
be expressed with the help of two material constants:
Young’s modulus E and Poisson’s ratio , or with the
two Lamé constants A and N:

)( jkiljlikklijijkl NAc   . (57)

On the basis of a work by Biot and Willis [8], it
can be said that tensor ij and constant , in the case of
the isotropic medium, can be expressed with the use
of Biot’s constants Q and R:

ijij Q  , (58)

R .

Working on the assumption of an isotropic two-
phase medium and assuming that the gradient of the
temperature causes the volumetric strain of both
phases and does not cause shear strain, one are led to
the conclusion that the two-phase second-order ten-
sors s

ij  and l
ij  can be expressed through the constant

s and l in the example:

ij
ss

ij   , (59)

ij
ll

ij   .

The constitutive relations and entropy equation
after the implementation of the proposed simplifica-
tions for the isotropic medium (57), (58) and (59) lead
to the equations:
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Next the physical meaning of new material con-
stants  s,  l, s,  l,  s,  l,  ls are considered. After
the contraction of the first Eq. (60) the following form
is obtained:

llss
mii Q  333)32(3  . (61)

From where the value of mean stress m is calcu-
lated, it is equal to:

llss
m QK   . (62)

K =  + 2 /3 is the modulus of volume strain of
the skeleton of the porous medium; thus Q is the coef-
ficient of the influence of liquid volume strain on the
skeleton. If it is assumed that the only cause of stress
on the skeleton is temperature  s, where m = 0,  l = 0
and  = 0, it can be written:

ssK   . (63)

It can also be stated that:

0so,3  sss K  (64)

 s is the coefficient of linear thermal expansion in the
porous skeleton. On the other hand, if the only reason
for the deformation of the fluid is the temperature of
liquid  l, and the temperature of skeleton  s = 0,
where m = 0 and  = 0, the following relationship is
obtained:

llQ   , (65)

where  l is the coefficient of the linear thermal ex-
pansion of the liquid. The above formula allows to
define the value of coefficient  l with the equation:

0so,  lll Q  . (66)

Operating analogously to the second constitutive
relationship and assuming that the cause of strain is
the case when there is a non-zero relative temperature
in the skeleton at a zero relative temperature of the
liquid allows to obtain:

0so,3  sss Q  , (67)

or in the case when the cause of strain is a non-zero
relative temperature in the fluid at a zero relative
temperature in the skeleton, which allows to define
value  l:

0so,  lll R  . (68)

The next considered problem are the entropy
equations in the equation system (60), which can be
written in the formulas:

llssssss   1 , (69)
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The Eqs. (69) are differentiated with respect to
time:

llssssss    1 , (70)
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As is known, 
dt
dsT  is the measure of the amount

of heat generated per unit of the volume of the consid-
ered medium in the process of temperature change
when the deformation of the consolidating medium is
fixed (the rate of expansion of the skeleton and liquid
is equal to zero). It is defined as the heat of the given
component of the medium at constant volume cv. Be-
cause  s,  l as well as s and  l are negative, mean-
ing  s < 0,  l < 0 and  ls < 0, a3 < 0 and equals:
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where l
v

s
v cc ,  show specific heat at a constant volume

of the skeleton fluid and ls
vc  is the specific heat of the

thermal coupling of phases.
The entropy Eq. (70) can be written as:
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Taking into account relations (40) and (41), and
using the Fourier’s law of heat transfer for both phases
of the medium (43), the heat transfer equation in the
formula is obtained:
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where s is the coefficient of heat transfer of the two-
phase medium, and l is the coefficient of the heat
transfer of the fluid.

When the pore fluid flows through the two-phase
medium, the constitutive relationships can be expressed
as below:
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When gas flows through the medium, the consti-
tutive relations take on a non-linear form:
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The difference is that, in the case of the liquid,
the modulus for the strain on the volume is described
by the constant R, while, in the case of the gas, there
is a non-linear strain of gas equal to –a /(1 + ). The
difference is also seen in the definition of the con-
stant  l, which in the case of the gas takes the form:
–a l/(1 + ).

As a result of the lack of data related to effective
parameters for the constitutive relationships given
above and the heat transfer equations, for the simplifi-
cation of the model it is necessary to state that heat
propagates in the specific medium at the same speed
for both phases of the two-phase medium, so:

  ls . (76)

Constitutive relations for such a case where the
pores are filled with liquid can be simplified to:

ijijij QAN  )(2  , (77)

  RQa .

The constant  is equal to the sum of the con-
stants  s and  l and equals:

)3( ls QK   . (78)

While the constant  is equal to the sum of the
constants s and  l and equals:

)3( ls RQ   . (79)

In the case where pores are filled with gas, the fol-
lowing constitutive relation formulas are obtained:
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The constant  takes the same form as in the case
of the fluid, while the constant  takes the form:
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The heat transfer equations lead to one equation:

  vc
T
TTT

0

2  (82)

 is the averaged coefficient of the two-phase me-
dium,  describes the volume density of the medium,
and cv is the averaged specific heat for the analysis of
the two-phase medium.

The physical relationships and the heat transfer
equation, along with the interpretation of the effective
parameters of the simplification model, are in accor-
dance a work by Strzelecki et al. [22].

3. THE NUMERICAL MODEL

The numerical model was created for the two-phase
medium using the obtained relationships. The ge-
ometry of the model is constituted by a core ground
sample with a diameter of 40 mm and a height of
76 mm, made up of an elastic skeleton and a gas
(water vapor). Below is presented a comparison of
3 models:
A) model using one heat transfer Eq. (82),
B) model using 2 Eqs. (73) of heat transfer without

phase coupling – assuming ls
vc  = 0,

C) model using 2 heat transfer Eqs. (73) with a full
coupling of phases, where ls

vc  is calculated accord-
ing to the thermal parameters of the media, assum-
ing there is no deformation and there is the same
temperature in both phases (assuming that the diffu-
sion coefficients for both phases are equal):

ls

sl
v

ls
vls

v
ccc







 21 . (83)

Fig. 1. The outer structure of the element
and boundary conditions
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The outer surface of the sample was assumed to be
an impermeable adiabatic sheath, the initial tempera-
ture is 373 K, which then increases to 393 K. The
boundary conditions are shown in Fig. 1.

The following parameters for the medium were
garnered:
 Porosity: n = 0.25.
 Filtration coefficient (initial value) k0 = 10–8 m/s.
 Mechanical parameters of the medium:

– Shear modulus (Lamé’s constant ) N =
2.5  108 Pa.

– Biot Modulus A (Lamé’s constant ) for a gas-
filled medium Ag = 5  108 Pa,

– Coefficient determining the influence of stress
placed upon gases on the deformation of the
skeleton Qg = 3  105 Pa.

Parameters of the skeleton:
 Linear coefficient of thermal expansion: s =

5  10–6 K.
 Specific heat: Cv = 700 J/kgK.
 Heat transfer coefficient: s = 3 W/mK

Parameters of water vapor:
 Thermal expansion coefficient:  = 1/T.
 Specific heat: Cv = 700 J/kgK.
 The viscosity and the heat transfer coefficient for

gases, as described in Sutherland’s formula
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where 0 = 8.53  10–6 Pa  s, 0 = 16.2  10–3 W/mK,
Cs = 673.

The density of water vapor is described by the fol-
lowing formula, based on the Clapeyron formula:

rT
p

g  , (86)

where r is the individual gas constant.
 In the case of the model with one equation for

temperature (A), the specific heat and heat transfer
coefficient are calculated as weighted averages
(with density and fraction of a given phase used as
a weight, respectively)
The final modeling results, after time t = 8000 s for

all models, are similar. The displacement field gener-
ated by the temperature gradient is shown in Fig. 2.

Differences in modeling result from the heat con-
duction model – as much as the differences between
models A and C were minimal, for model B (without
phase coupling), the fluid temperature was significantly
different from the skeleton temperature for longer peri-
ods. The temperature waveform for the 3 models is
shown in Fig. 3.

While analyzing the waveforms representing tem-
perature, it can be observed that the line showing tem-
perature change in the skeleton in the coupled model
(C) differs only slightly from the corresponding line in
the model without the coupling of phases (B) and also
from the case in which the medium is treated as ho-
mogenous (A); however, significant changes are visi-
ble when observing the temperature course in gas.
Moreover, the skeleton temperature in the model with
the full coupling of phases (C) is also very close to

     

Fig. 2. Displacement: a) after 120 s, b) after 8000 s
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Fig. 3. Time course of temperature at the geometric center of the sample

Fig. 4. Amount of heat flowing through the medium at points:
a) 0,0,0; b) 0, 0, 19 mm; c) 0, 0, 38 mm; d) 0, 0, 57 mm; e) 0, 0, 76 mm
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that in the model assuming equal temperature in both
phases of the medium (A), which confirms the domi-
nant influence of the skeleton on the heat transfer proc-
ess. Small temperature differences in the skeleton and
the fluid in the model result from dilatation. The
amount of heat flowing through the medium (model A)
is shown in Fig. 4. For calculations using two heat
transfer equations (B & C), the results are very close.
Moreover, the amount of heat transported by the fluid
is negligible compared to the amount of heat trans-
ported by the skeleton.

In the initial phase of heating the direction of
seepage flow is reversed as a result of density differ-
ences and a temporary spike in pressure, and as far as
the heat transfer process becomes fixed, the sign is
changed and stabilized at a level of –2.04e-6 m/s. The
graphs of seepage velocity are shown in Fig. 5.

The graph illustrates the cases for simultaneous
heat transfer in both phases (A), as well as for the
coupling of both phases (C). In the absence of cou-
pling (B), the fluid velocity drops faster, as a result of
the lack of heat transfer to the skeleton. This is also
associated with slower heating speed in the skeleton.

4. SUMMARY

Starting with the first and second laws of irre-
versible thermodynamics, the authors obtained con-
stitutive relationships of the two-phase medium con-
sisting of a porous elastic skeleton and a fluid filling

the pores in non-isothermal conditions, as well as
heat flow equations. These were gained under the
assumption that the process of heat flow in both
phases of the medium occurs in parallel, and assum-
ing that there is also a heat transfer between both
phases of the medium. The resulting system of equa-
tions requires familiarity with the basic mechanical
properties of the two-phase medium, known as
Biot’s bodies, as well as the thermal properties of the
solid and liquid phases. The equations for the cases
of a gas or liquid filling the pores of the medium are
presented separately.

In the case in which the averaged heat flow
through the porous medium is considered, the rela-
tions are significantly simplified. For various practi-
cal issues, such a model may be sufficient from the
point of view of the precision required for practical
applications.

Calculations have been carried out using resources pro-
vided by the Wroclaw Centre for Networking and Supercom-
puting (http://wcss.pl), grant No. 427.
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