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Abstract

This paper presents selected products of the payout phase of the second pillar pension scheme
in the Slovak Republic which are stated by Act 43/2004 Coll. on the Old-Age Pension Sav-
ing Scheme and on amendments to some acts. By means of stochastic modeling of the force
of mortality, it models and analyses the amounts of pension annuities in the selected designed
products of the second pillar pension saving according to the requirements of the Council Di-
rective 2004/113/EC, which sets the rules on gender-neutral pricing in insurance, and of the
Council Directive 2009/138/EC, which, among other things, sets also the rules relating to the
technical provisions, Solvency Capital Requirement, Minimum Capital Requirement and invest-
ment rules.
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1. Introduction

Old-age pension saving in the Slovak Republic represents a capitalization, so-called second
pillar of the pension scheme based on contributions. This means that the amount of pension will
depend on the contributions paid to the second pillar and their appreciation. The funds of the
savers are managed by pension funds management companies (in Slovak Dôchodková správ-
covská spoločnost’ – DSS). A pension funds management company is a joint stock company
based in the Slovak Republic which deals with creating and managing pension funds to carry
out old-age pension saving. Each pension funds management company can be established and
run only with an authorization from the National Bank of Slovakia.
The area of old age pension saving is regulated by Act 43/2004 Coll. on the Old-Age Pension
Saving Scheme as amended by some acts in the wording of later regulations (hereinafter Act),
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Szklarska Poręba, Poland 30 August 2017 – 3 September 2017

with effect from January 1, 2016.
The first pensions from the old-age pension saving system started to be paid out on January 1,
2015, when it turned out that a few issues had to be revised in the Act. One of the benefits
for the savers is that they can buy an annuity in a life insurance company which was granted a
licence to pay pensions from old-age pension saving. The savers can also have the value of the
amount saved increased and use it as a life insurance, in which case the amount saved can be
inherited if the saver dies. Article 40 paragraph 1 of the Act says that "the authorised person
designated by the saver in an old-age pension scheme agreement shall, upon the death of the
saver, become entitled to the payment of an amount corresponding to the current value of the
deceased saver’s personal pension account as at the date on which the pension funds manage-
ment company learnt of the saver’s death, with this amount to be reduced by the amount of
undue mandatory contributions transferred on behalf of the deceased saver and requested back
by the Social Insurance Agency and by the amount of legitimate expenditures of the pension
funds management company incurred in relation to the payment of the amount in cash or its
transfer to a non-euro area country, and increased by the amount of mandatory contributions
that the Social Insurance Agency has still to transfer. Where a saver has not designated an au-
thorised person in the old-age pension scheme agreement, or no such person exists, the assets
in the saver’s personal pension account shall become the subject of inheritance proceedings."
The Social Insurance Agency has established a so-called Central Information Offer System (in
Slovak Centrálny informačný ponukový systém – CIPS) to mediate relevant pension offers for
the savers. This register will guarantee transparency of the system and reduce the administra-
tive burden of the savers, who will get all offers at one point. This allows the saver to compare
easily the offers of individual insurance companies. The introduction of the Register has elim-
inated the intermediary business in pension payment, which increased the price of pension by
the commission cost incurred. It has also established a competitive environment, which brings
a positive effect on the amount of pensions paid.
The aim of our paper is to model and analyse the products by which it would be possible to
determine the amount of pension on the basis of a future pensioner’s own choice. Moreover,
we analyse the amount of future pensions with respect to some risk factors, such as force of
mortality, costs, gender and technical interest rate.
For analysis of the products we use life tables from the web page of the Statistical Office of the
Slovak Republic, Life tables (2017). These tables represent a corner stone of actuarial mod-
elling of the force of mortality and subsequently the probability of survival or the probability of
death. Individual products were created on the basis of models found in Dickson, D. C. M. et
al. (2009) and their description can be found in Article 46 of Act 43/2004 Coll.
The amount of pensions can be significantly affected by the cost of pension administration and
payment by life insurance companies. The establishment of the Central Information Offer Reg-
ister has abolished the obligation of insurance companies to calculate mostly high commissions
paid to insurance consultants, which were then subtracted from the amount of savings.
The European Union (EU) Gender Directive (Council Directive 2004/113/EC) guarantees equal
treatment between men and women in the access and supply of goods and services. However,
the Directive does not prohibit insurers from using gender in the calculation of premiums and
benefits, as it contains an exemption to this rule: under Article 5(2), "Member States can opt
out from banning the use of gender and can allow "proportionate differences" in insurance pre-
miums and benefits, where the use of gender is a determining factor in the assessment of risk
based on the relevant and accurate actuarial and statistical data, provided that Member States
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ensure that such data is compiled, published and regularly updated." All European national
legislative assemblies chose to use the opt-out for life products – including life insurance and
pension annuities. However, on March 1, 2011, the European Court of Justice (ECJ) ruled that
this time-unlimited opt-out provision from the EU Gender Directive was inconsistent with the
European Charter (Test-Achats ruling1). The ECJ ruled that the (time-unlimited) exemption is
invalid but allowed for a transition period for implementation up to December, 21, 2012. Na-
tional governments of Member States were obliged to change their laws accordingly by that
date. For more information, see Oxera (2012) and The Impact of a Ban on the Use of Gender
in Insurance (2012).
Not only the risk factors – gender and regulation of ECJ, but also trends in the development
of technical interest rate can affect the amount of pension annuities. Technical interest rate
currently valid in the Slovak Republic is 0.7 % p. a., see National Bank of Slovakia (2016).
This maximum technical interest rate holds only for insurance companies which act in a so-
called special regime. It concerns "small" companies which are not governed by the new rules
of Solvency II. For other companies the National Bank of Slovakia does not set the maximum
interest rate any more. Instead, these companies use bond yield curves and the National Bank
of Slovakia controls and approves the whole internal model and its parameters, including the
parameters of yield curves. Naturally, an integral part of the calculation of pension annuities
are administrative costs, too.
We would like to emphasize that our results do not express real monthly pensions which in-
surance companies could pay out, because in our approach, we did not consider the longevity
of pensioners and the variable structures of risk-free interest rates. Our results illustrate the
differences between six products and between the entry pensioner ages from 62 to 72 years.
Moreover, we discuss the impact of the individual costs on an amount of pension annuities.
This paper is divided into five parts. In Section 2, we mention basic paragraphs of the Act which
are related with individual products arising from payout phase of the old pension saving and ba-
sic concepts of pension annuity modelling. Section 3 contains models of all products which are
defined in Section 2. In Section 4, we offer analysis of the mentioned products with focus on
costs, technical interest rate in the Slovak Republic and gender with regard to the requirements
of the European Court of Justice. At the end, in the fifth part, we give conclusions and some
remarks and schemes of our further investigation.

2. Preliminaries

2.1 The Offer of Life Old-age Pension Stated by the Act

In our paper we focus on modeling and analysis of life old-age pension and life early retire-
ment pension pursuant to Article 46 of the Act.
This article says that the insurer will draw up an offer of old-age annuity or early retirement an-
nuity for the saver on the date of issue of the certificate through the Offer System. The possible
products for the saver to choose from are as follows:

• Product 1 - includes permanent monthly annuity and the payment of a lump sum equal to
not yet paid monthly annuities in the case of the beneficiary’s death during the period of

1The ruling arose from a legal challenge from the Association Belge des Consommateurs test – Achats ASBL,
a Belgian consumer association, about whether the exemption is compatible with the prohibition on discrimination
on the grounds of gender.
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the first seven years of pension payment (does not include raising of the pension and does
not include survivors’ benefits),

• Product 2 - includes permanent monthly annuity with (geometrically) raising annuity by
z % yearly, and it includes also the payment of a lump sum which is the sum of not yet
paid monthly annuities in the case of the beneficiary’s death during the period of the first
seven years of pension payment (does not include survivors’ benefits),

• Product 3 - includes permanent monthly annuity and the payment of a lump sum equal to
not yet paid monthly annuities in the case of the beneficiary’s death during the period of
the first seven years of pension payment, and includes survivors’ benefits with a payment
period of one year,

• Product 4 - includes permanent monthly annuity and the payment of a lump sum equal to
not yet paid monthly annuities in the case of the beneficiary’s death during the period of
the first seven years of pension payment, and includes survivors’ benefits with a payment
period of two years,

• Product 5 - includes permanent monthly annuity with (geometrically) raising annuity by
z % yearly, and it includes also the payment of a lump sum which is the sum of not yet
paid monthly annuities in the case of the beneficiary’s death during the period of the
first seven years of pension payment, and includes raising of the pension and includes
survivors’ benefits with a payment period of one year,

• Product 6 - includes permanent monthly annuity with (geometrically) raising annuity by
z % yearly, and it includes also the payment of a lump sum which is the sum of not yet
paid monthly annuities in the case of the beneficiary’s death during the period of the
first seven years of pension payment, and includes raising of the pension and includes
survivors’ benefits with a payment period of two years.

Article 42 of the Act, which rules the increasing of annuities, states that where it is agreed in a
pension insurance contract to raise the old-age annuity or early retirement annuity, the increase
shall be carried out each year on the same date on which the insurer’s obligation to perform
the contract arises and by the percentage rate applicable as at the submission date of the offer
mentioned in Article 46. The percentage rate of increase of pensions under paragraph 1 may be
set by the National Bank of Slovakia in a decree to be published in the Collection of Laws of
the Slovak Republic.

2.2 Basic Concepts of Pension Annuity Modelling

Pension annuity contracts offer a regular series of payments. If the pension annuity contin-
ues until the death of the annuitant, it is called a whole life annuity or perpetuity. The buying
of a whole life annuity guarantees that the income will not run out before the annuitant dies. In
this part we show how probabilities of survival or death can be calculated under the framework
of life insurance.
Let (x) denote an age at entry x, where x≥ 0. The death of (x) can occur at any age greater than
x, and we can model so-called future lifetime of (x) by a continuous random variable Tx.
First, we will define basic quantity known as the force of mortality. A fundamental building
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block of our investigation are mortality tables from the year 2015 which are published on the
web page of the Statistical Office of the Slovak Republic, Life tables (2017) or The Human
Mortality Database (2017), respectively. The force of mortality is a fundamental concept in
modelling future lifetime. We denote the force of mortality at age x by µx and we define it as
Dickson, D. C. M. et al. (2009, 17-26).

µx = lim
dx→0+

1
dx

Pr [Tx ≤ dx] (1)

On the basis of the number of living and dying we determine an estimation of the force of
mortality by the formula

mx =
Dx

Px
, (2)

where Dx is the number of dying at age x and Px is the number of living at age x.
Throughout this paper we illustrate our results on the Standard Survival Model using Make-
ham’s law, which models the force of mortality as follows:

µx = A+B · cx (3)

where A,B and c are constants and x is entry age of individual.
We will summarize the relevant actuarial notation for survival and mortality probabilities:

• t px is the probability that individual (x) survives to at least age x+ t,

• tqx is the probability that individual (x) dies before age x+ t,

• r|tqx is the probability that individual (x) survives r years, and then dies in the subsequent
t years, that is, between ages x+ r and x+ r+ t.

Following Dickson, D. C. M. et al. (2009, 26-27), we can derive t px as follows

t px = exp
{
−
∫ x+t

x
µr dr

}
(4)

Using expressions (3) and (4) we obtain t px

t px = exp
{
−At− B · cx

log c

(
ct−1

)}
, (5)

and subsequently, we can model the probability of survival and probability of death with t =
1/12. Constants A, B and c can be obtained by modeling of the force of mortality using IBM
SPSS Statistics 21 system.

Table 1: Constants of the Standard Survival Model Using Life Tables 2015

A B c

Unisex 0.001433 0.00001293 1.113202
Male 0.000000 0.0000689 1.094054

Female 0.000000 0.000004338 1.126396

Source: the authors
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Table 2: Standard Survival Model Using Formula (5)

x 1/12 px 1/12qx

62 0.999045540 0.000954460
62 1

12 0.999038047 0.000961953
62 2

12 0.999030487 0.000969513
62 3

12 0.999022859 0.000977141
62 4

12 0.999015163 0.000984837
62 5

12 0.999007398 0.000992602
62 6

12 0.998999563 0.001000437
...

...
...

9911
12 0.952316025 0.047683975

100 0.951899461 0.048100539

Source: the authors

3. Products of the Second Pillar Pension

In this section, we offer models of individual products which are determined by the Act,
in the order as they are listed above, see Section 2. These products models include whole life
annuities and also inheritance in the payout phase and so-called survivor’s benefits.

Inheritance in the Payout Phase In case the beneficiary of whole life old-age annuities dies
during the first seven years of payment, the rest of the sum to be paid during this period will
be paid to a person designated by the saver in the old-age pension agreement. If there is no
such person, the amount designated for the payment shall become the subject of inheritance
proceedings.

Survivor’s Benefits The saver can arrange also survivor’s benefits in their old-age pension
agreement. In case of death of the beneficiary of whole life old-age annuities the life insurance
company will pay the survivor (widow, widower, orphan) a survivor’s pension during the agreed
period, which is one or two years. First we will give basic notations which are used in formulas
of individual products:

• S - accumulated sum, gross single premium (the saver’s pension savings);

• i - technical interest rate as a % p.a.;

• m - number of paid, or paid out annuities within one year;

• x - retirement age;

• n - number of years of term pension;

• ω - maximum age to which a person can live to see (regarding used life tables is here
ω = 100;
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• z - rate of geometrically increasing annuity as a % from yearly regular annuity;

• α - initial costs as a % from accumulated sum;

• β - administrative costs as a % from yearly regular annuity;

• δ1 - collection costs as a % from yearly regular annuity;

• δ2 - collection costs as a % from sum of guaranteed annuities;

• δ3 - collection costs as a % from accumulated sum, essential to the termination of the
contractual relationship during the first month, when the client was not entitled to get the
first pension yet.

Product 1 This product contains permanent monthly annuity and payment of a lump sum
equal to not yet paid monthly annuities in the case of the beneficiary death during the period of
the first seven years of pension payment. Monthly pension annuity MP1 of this product is given
by formula

MP1 =
S ·
(

1−Ax:1/12
(12) · (1− δ3

100)−
α

100

)
12 ·
(

a(12)
x · (1+ β

100 +
δ1

100)+(Ga)x:7
(12) · (1+ δ2

100)
) (6)

where
ν =

1
1+ i

100
, (7)

Ax:1/12
(12) = 1

12
qxν

1
12 (8)

a(12)
x =

12(ω−x)

∑
r=1

1
12

r
12

px ·ν
r

12 (9)

is expected present value of whole life benefits in advance of 1/12 of monetary units (m.u.),
12-times per year, conditional upon the client life, and

(Ga)x:7
(12) =

83

∑
r=1

84− r
12
· r

12 |
1
12

qx ·ν
r+1
12 (10)

is expected present value of the sum of not yet paid monthly annuities in the case of the benefi-
ciary death during the period of the first seven years of pension payment.

Product 2 The difference between Product 2 and Product 1 is in that in Product 2 we consider
a whole life pension annuity with (geometrically) raising annuity by z % yearly, and it includes
also the payment of a lump sum which is the sum of not yet paid monthly annuities in the case
of the beneficiary death during the period of the first seven years of pension payment.
Monthly pension annuity is as follows

MP2 =
S ·
(

1−Ax:1/12
(12) · (1− δ3

100)−
α

100

)
12 ·
(
(Ia)z(12)

x · (1+ β

100 +
δ1

100)+(IGa)x:7
z(12) · (1+ δ2

100)
) (11)
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where

(Ia)z(12)
x =

ω−x−1

∑
r=0

(
1+

z
100

)r
r px ·νr ·ax+r:1

(12), (12)

where

ax+r:1
(12) =

12

∑
j=1

1
12
· j

12
px+r ·ν

j
12 (13)

represents the expected present value of individual benefits of 1/12 m.u. 12-times per year,
raising by z % yearly, and

(IGa)x:7
z(12) = (14)

=
11

∑
j=0

7

∑
n=1

{
(n−1)12+ j

12 | 1
12

qx ·ν
(n−1)12+ j+1

12 ·

[
(1+

z
100

)n−1 · 12− j
12

+(1+
z

100
)n ·

(1+ z
100)

7−n−1
z

100

]}
−

− 1
12
· 1

12
qx ·ν

1
12

(
(1+

z
100

)
(1+ z

100)
6−1

z
100

+1

)

is the expected present value of not yet paid monthly annuities in the case of the beneficiary
death during the period of the first seven years of pension payment.

Products 3 and 4 Products 3 and 4 represent Product 1 with the addition of survivor’s benefits
that are guaranteed to be paid to the survivors during one (Product 3) or two (Product 4) years.
i.e. n = 1 or n = 2.
Monthly pension annuity for the mentioned products is

MP3,4 =
S ·
(

1−Ax:1/12
(12) · (1− δ3

100)−
α

100

)
12 ·

[(
a(12)

x +

(
12(ω−x−1)+11

∑
r=0

r
12 |

1
12

qx+ 1
12
·ν r+1

12

)
· än

(12)

)
· (1+ β

100 +
δ1

100)+(Ga)x:7
(12) · (1+ δ2

100)

]
(15)

where

än
(12) =

1
12
· νn−1

ν
1

12 −1
(16)

is present value of an annuity-certain of 1/12 of one m.u. payable monthly in advance for n
years. See, e.g. Urbaníková, M., Maroš, M. (2014).

Products 5 and 6 These products represent Product 2 extended by inheritance pension during
one (Product 5) or two (Product 6) years. Precisely, the mentioned products represent whole
life pension annuity with raising annuity and with inherited annuities with term payment of one
or two years.
Monthly pension annuity is given by

MP5,6 =
S ·
(

1−Ax:1/12
(12) · (1− δ3

100)−
α

100

)
12 ·
(
((Ia)z(12)

x + Inhp(12)
x · än

(12)) · (1+ β

100 +
δ2

100)+(IGa)x:7
z(12) · (1+ δ2

100)
) (17)
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where

Inhp(12)
x =

11

∑
j=0

ω−x−1

∑
r=0

(1+
z

100
)r · r pxν

r · j
12 |

1
12

qx+r ·ν
j+1
12 − 1

12
qx ·ν

1
12 (18)

is the expected present value of whole life benefits in the case of death of the pensioner.

4. Analysis of Individual Products

Net and also gross monthly pension annuities for all proposed products are evaluated for
unisex mortality tables 2015 (see Life tables (2017)), Makeham’s law (see Tables 1 and 2),
retirement ages x = (62−72) years and saved accumulated sum S = 10,000 euros, with raising
annuity by z = 0.5 % yearly, inherited pension annuities during n = 1 or 2 years. Monthly
net and gross pension annuities can be found in Tables 3, 4 and 5. Gross monthly pension
annuities are evaluated for two types of costs which are determined as follows:

• type A: α = 8 % from accumulated sum, β = 0.5 % from yearly annuity, δ1 = 0.2 % from
yearly annuity, δ2 = 0.3 % from single paid annuities and p = 0.1 % from accumulated
sum;

• type B: α = 4 % of the accumulated sum, β = 0.3 % of yearly annuity, δ1 = 0.2 % of
yearly annuity, δ2 = 0.1 % of single paid annuities and p = 0.05 % from accumulated
sum.

Table 3: The amount of net monthly whole life pension annuities (euros) according to retirement
age with accumulated sum 10,000 euros and technical interest rate 0.7 % p. a.

x
MP1 MP2 MP3,4 MP3,4 MP5,6 MP5,6

n = 1 n = 2 n = 1 n = 2

62 46.61 44.22 44.44 42.47 42.08 40.15
63 48.34 45.95 46.00 43.88 43.64 41.57
64 50.18 47.78 47.64 45.37 45.29 43.07
65 52.11 49.72 49.37 46.92 47.04 44.64
66 54.16 51.77 51.19 48.55 48.87 46.29
67 56.33 53.94 53.11 50.25 50.80 48.02
68 58.62 56.23 55.12 52.04 52.83 49.83
69 61.02 58.64 57.23 53.90 54.95 51.72
70 63.55 61.18 59.43 55.83 57.18 53.69
71 66.20 63.85 61.72 57.83 59.50 55.74
72 68.92 66.63 64.10 59.90 61.92 57.86

Source: the authors

449



20th International Scientific Conference AMSE
Applications of Mathematics and Statistics in Economics 2017
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Table 4: The amount of gross monthly whole life pension annuities (euros) according to retire-
ment age with accumulated sum 10,000 euros and technical interest rate 0.7 % p. a., type of
costs A.

x
MP1 MP2 MP3,4 MP3,4 MP5,6 MP5,6

n = 1 n = 2 n = 1 n = 2

62 42.59 40.40 40.60 38.80 38.44 36.68
63 44.17 41.98 42.02 40.09 39.87 37.98
64 45.84 43.65 43.53 41.45 41.38 39.35
65 47.61 45.42 45.11 42.87 42.97 40.79
66 49.49 47.30 46.77 44.36 44.65 42.29
67 51.46 49.28 48.52 45.91 46.41 43.87
68 53.55 51.37 50.36 47.54 48.26 45.53
69 55.75 53.58 52.28 49.24 50.21 47.26
70 58.06 55.90 54.29 51.01 52.24 49.06
71 60.49 58.33 56.39 52.84 54.36 50.92
72 63.02 60.88 58.57 54.73 56.57 52.86

Source: the authors

Table 5: The amount of gross monthly whole life pension annuities (euros) according to retire-
ment age with accumulated sum 10,000 euros and technical interest rate 0.7 % p. a., type of
costs B.

x
MP1 MP2 MP3,4 MP3,4 MP5,6 MP5,6

n = 1 n = 2 n = 1 n = 2

62 44.59 42.30 42.51 40.63 40.25 38.41
63 46.25 43.95 44.00 41.98 41.75 49.77
64 48.00 45.71 45.58 43.40 43.33 41.20
65 49.86 47.56 47.23 44.89 45.00 42.71
66 51.82 49.53 48.98 46.45 46.75 44.29
67 53.89 51.60 50.81 48.07 48.60 45.94
68 56.07 53.79 52.73 49.78 50.54 47.67
69 58.38 56.10 54.75 51.56 52.57 49.48
70 60.80 58.53 56.85 53.41 54.70 51.37
71 63.33 61.08 59.05 55.33 56.93 53.52
72 65.99 63.75 61.33 57.31 59.24 55.35

Source: the authors

Based on the data available for the Slovak Republic, with technical interest rate 0.7 % p. a
monthly pension with types of costs A could see a reduction in pension income from pension
annuities of around 9.0 % on average; a monthly pension with types of costs B could see a
pension income reduction by around 4.0 % on average in comparison with net monthly pension
(with zero costs).
Based on the data available for the Slovak Republic, with technical interest rate 0.7 % p. a. men
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(aged 62) could see a reduction in pension income from pension annuities of around 10 % on
average; women (aged 62) could see a pension income rise by around 7 % on average.

5. Conclusion

In this paper, we have analyzed products of the second pillar pension related to payout phase,
namely those products which are defined in Article 46 of Act 43/2004 Coll.
Individual products have been modelled using the expected present values of corresponding
benefits. These products are influenced by a lot of factors and we have focused on the impact
of the force of mortality, administrative costs, technical interest rate and gender.
We have considered constant technical interest rate. In future, we intend to continue further and
investigate the impact of yield curve and inflation on the amount of monthly pension annuities
according to Directive 2009/138/EC of the European Parliament and of the Council, which is
known as Solvency II. We also plan to study the impact of the force of mortality from statistical
point of view, which we would like to model by fractional age assumption using basic mortality
tables and Balducci’s assumption, e.g. Potocký (2012, 38).
Another issue that could be worth of our interest in future is annuity modeling according to
Albrecher et al. (2016), Deprez, P. et al. (2017), Chen, L. et al. (2017), Konicz et al. (2015a)
and (2015b) and other papers, e.g. the Consultation paper of the European Insurance and Occu-
pational Pensions Authority - (EIOPA) (2015) about a pan-European personal pension product.
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