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The expressions for the elements of the on-axis and transverse generalized Stokes parameters of
random electromagnetic quasi-homogeneous beams on propagation are presented and are used to
study the polarization properties of the beams. Some typical numerical calculations of the on-axis
and transverse Stokes parameters, polarization properties of the beams on propagation are illustrat-
ed. The results show that for different sources all the on-axis parameters are identical in the near
field and keep fixed values in the far field. But the transverse parameters are affected greatly by
the properties of the source even in the near field. We have also found that the spatial profiles of
the transverse parameters remain unchanged upon propagation. 
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1. Introduction
As is well-known, the polarization properties of an electromagnetic beam at a point in
space can be determined by the use of the Stokes parameters since 1852 [1]. The Stokes
parameters have been generalized from one-point quantities to two-point counter-
parts [2]. The spectral interference law that governs the behavior of the four Stokes
parameters in Young’s two-pinhole experiment with a random electromagnetic beam
was derived in [3]. The changes in the probability density functions of the instanta-
neous Stokes parameters of a quasi-monochromatic electromagnetic beam propagating
in free space have been explored [4]. A physical interpretation for the two-point Stokes
parameters and how the interpretation related to a set of simple measurements with
Young’s interferometer were described in [5]. The experimental determinations of
the generalized Stokes parameters have been reported [6, 7]. The generalized Stokes
parameters have attracted much attention because they contain information about both
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the polarization and the coherence properties of the beams [1–10]. Since the so-called
quasi-homogeneous (QH) sources [11] are important models for partially coherent
sources which are found in nature or developed in laboratory, we will discuss
the changes in the on-axis and transverse spectral Stokes parameters of electromag-
netic light waves from the QH uniformly polarized beams on propagation. The on-axis
and transverse polarization properties of the beams are also discussed by the use of
the four Stokes parameters. And some interesting results are obtained since the trans-
verse properties of the scattered field of the QH sources have not been investigated.

2. Theoretical analysis
According to the unified theory of coherence and polarization [12], the correlation
properties of a QH source which are located at the source plane (z = 0) may be
characterized by its cross-spectral density function: 

(i, j = x, y) (1)

Here  is the spectral density of one component of  the elec-
tric field,  is the correlation coefficient between two components of
the electric field in the source plane. The brackets denote the average taken over an en-
semble of realizations  of the source distribution, and the asterisk denotes
complex conjugation. The superscript Q denotes quantities pertaining to the source.

 are the position vectors of two points in the source plane. The conditions for
a QH source to generate an electromagnetic beam were derived from [13]. By assuming
that the source is uniformly polarized, it was verified that the far field of the beam
generates and supports two reciprocity relations. For a QH electromagnetic source its
spectral degree of coherence depends on  and  only through the difference .
And its spectral density varies so slowly with this position that  is essentially
constant. Moreover, the two components  and  are proportional
to each other since the uniform polarization of the source, i.e.,

(2)

where α  is a quantity depending only on frequency. So the cross-spectral density
matrix W(Q ) of the source can be expressed as:

(3)

where  is the spectral density of the electro-
magnetic field of the source, and 
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(4)

Suppose now that the beam propagates in free space from the plane z = 0, which
we call the source plane, into the half-space z > 0. Then, within the accuracy of
the paraxial approximation, it follows that [14]

(5)
where 

 (6)

 (7)

where k = ω /c is the wave number, c is the speed of light in vacuum. And r ≡ (ρ, z ) is
a point of the electric field. 

It is convenient to make changes of variables:

 (8a)

 (8b)

By substituting Eq. (6) into Eq. (5) and using Eq. (8), we obtain the cross-spectral
density matrix:

(9)

The generalized (or two-point) Stokes parameters were defined by the formulae [2]:
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(10b)

(10c)

(10d)

The spectral degree of polarization of the beam and the state of polarization of
its polarized portion can be determined by S (ρ, ρ, z, ω) ≡ S (r, r, ω ) with r ≡ (ρ, z).
The spectral degree of polarization P(ρ, z, ω ) can be calculated as follows:

(11)

The ellipticity angle ε is defined as ε = atan(Aminor/Amajor), where Aminor and
Amajor are the semi-axis sizes of the polarization ellipse. The orientation angle θ  of
the polarization ellipse and the ellipticity angle ε  can be determined by:

(12)

(13)

3. Numerical calculations and discussions

Let us assume that the spectral density  and the correlation coefficients
 have the Gaussian form:

(14)

(i = x, y; j = x, y) (15)

where the coefficients A and Bij are independent of the position but may depend on
the frequency. By substituting Eqs. (14) and (15) into Eq. (9) the cross-spectral density
matrix is derived:
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(16)
where 

(17a)

(17b)

(17c)

With the choice of ρ1 = ρ2 = ρ the spectral Stokes parameters of the beams that
radiated from the QH uniformly polarized electromagnetic sources can be deter-
mined by Eq. (10) while the degree of polarization and the state of the polarization of
the beam will be determined by Eqs. (11)–(13).

By substituting Eqs. (16), (17) into Eq. (10) the on-axis spectral Stokes parameters
are obtained. The behaviors of the on-axis spectral Stokes parameters Sm(0, 0, z, ω )
(m = 0, 1, 2, 3) of the electromagnetic QH beams versus the propagation distance z
for different values of correlation lengths are showed in Fig. 1. It is seen that all
the on-axis spectral Stokes parameters change monotonously with the growing propa-
gation distance z. All the Stokes parameters remain positive during the propagation
and tend to be zero in the far field. We can also see that larger δxx (or δyy) and δxy (or
δyx) result in lager S0, S2 and S3. 
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Fig. 1. To be continued on the next page.
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Fig. 1. The changes in the on-axis spectral Stokes parameters of the electromagnetic QH beams on
propagation. The parameters are chosen as: α = 0.5, A = 1.5, Bxx = Byy = 1, Bxy = 0.25exp(iπ/6),
Byx = 0.25exp(–iπ/6), σ = 1 cm. 

Fig. 2. The change in the on-axis spectral degree of polarization of the electromagnetic QH beams on
propagation. The parameters are chosen as: α = 0.5, A = 1.5, Bxx = Byy = 1, Bxy = 0.25exp(iπ/6),
Byx = 0.25exp(–iπ/6), σ = 1 cm, δyy = 0.225 mm, δxy =δyx = 0.25 mm.

Fig. 3. The change in the orientation angle θ  along the z-axis of the electromagnetic QH beams on
propagation. The source parameters are chosen the same as those in Fig. 2. 

Fig. 4. The change in the ellipticity angle ε along the z-axis of the electromagnetic QH beams on
propagation. The source parameters are chosen the same as those in Fig. 2.
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By the use of the on-axis spectral Stokes parameters in Fig. 1 and Eqs. (11)–(13)
the on-axis degree of polarization P, orientation angle θ  and ellipticity angle ε  are
derived and depicted in Figs. 2–4, respectively. From Figures 2–4 one can see that
the difference between δxy and the smallest of δxx and δyy plays a crucial part in
determining the magnitude and variance of both ellipsometric quantities and the degree
of polarization. Specifically, for δxx = 0.15, the degree of polarization changes non-
monotonously with increasing z. All the polarization properties will not tend to be zero
but keep fixed values in the far field. 

By using Equations (10), (16) and (17) the transverse spectral Stokes parameters
Sm(ρ, ρ, z, ω ) (m = 0, 1, 2, 3) are obtained. The influence of the source correlation

Fig. 5. The evolution of the transverse spectral Stokes parameters S0 of the electromagnetic QH beams
for different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d).
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Fig. 6. To be continued on the next page.
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coefficients and the propagation distance on the transverse spectral Stokes parameters
is shown in Figs. 5–8. Figures 5a–8a indicate that the properties of the source have
only a small or no effect on all the generalized Stokes parameters over short distances.
From Figures 5, 7 and 8 we can see that the spatial profiles of transverse spectral Stokes
parameters remain unchanged upon propagation, although the magnitude and the con-
trast decrease apparently. Parameter δxx, on the other hand, influences the magnitude
rather than the shape of the transverse spectral Stokes parameters. Furthermore, it is
clearly seen that the changes in the spectral Stokes parameters not only “propagate”

Fig. 6. The evolution of the transverse spectral Stokes parameters S1 of the electromagnetic QH beams
for different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d).
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Fig. 7. The evolution of the transverse spectral Stokes parameters S2 of the electromagnetic QH beams
for different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d).
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Fig. 9. The evolution of the spectral degree of polarization of the x-axis of the electromagnetic QH beams
for different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d).

Fig. 8. The evolution of the transverse spectral Stokes parameters S3 of the electromagnetic QH beams
for different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d).
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Fig. 11. The evolution of the ellipticity angle ε  of the x-axis of the electromagnetic QH beams for different
values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2; z = 10 m (a),
z = 500 m (b), z = 3000 m (c), z = 10000 m (d). 

Fig. 10. The evolution of the orientation angle θ of the x-axis of the electromagnetic QH beams for
different values of δxx on propagation. The source parameters are chosen the same as those in Fig. 2;
z = 10 m (a), z = 500 m (b), z = 3000 m (c), z = 10000 m (d). 
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with distance z from the source but also “spread” with radial distance r from the axis
of the beam.

By the use of the transverse spectral Stokes parameters in Figures 5–8 and
Eqs. (11)–(13) the transverse polarization properties of the beams are obtained.
The changes in the polarization properties along the x-axis and the evolution of
the transverse polarization properties on propagation are showed in Figs. 9–11.
Figures 9a–11a show that one can easily distinguish different sources by the use of
the transverse polarization properties over short distances from the source, since the in-
tensities due to different sources are identical over short distances (S0 represents
the spectral density). And one also cannot distinguish different sources by the use of
the on-axis parameters because from Figs. 1–4 it is seen that the parameters are
the same within short distances. This will be useful for the inversing problems from
QH sources. From Figure 9 we can also see that the transverse degree of polarization
is greatly affected by the properties of the QH beam. Figures 9–11 show that the spatial
profiles of the transverse polarization properties remain unchanged upon propagation.
Apart from the degree of polarization, the transverse orientation angle and ellipticity
angle have their maximum or minimum value at the point of ρ = 0, i.e., the point on
the z-axis.

4. Conclusions
In conclusion, the expressions for the elements of the generalized Stokes parameters
of random electromagnetic QH beams on propagation are presented. The degree of
polarization, orientation angle and ellipticity angle can be determined by the Stokes
parameters. With the help of numerical calculations we studied the changes in
the on-axis and transverse Stokes parameters of the electromagnetic QH beams on
propagation. The on-axis and transverse polarization properties of the beams are also
discussed. For different sources all the on-axis parameters are identical in the near
field and keep fixed values in the far field. The transverse degree of polarization and
the state of polarization are affected greatly by the properties of the source even in
the near field. So one can distinguish different sources by the transverse polarization
properties easily even in the near field. And the spatial profiles of the transverse
parameters remain unchanged upon propagation. This will be useful for inversing
problems from the QH beams and for the properties of the QH beams.

Acknowledgements – This work is supported by the National Natural Science Foundations of China (Grant
No. 61077012, 61107011). The authors are indebted to the reviewers for their invaluable comments and
suggestions.

References

[1] STOKES G.G., On the composition and resolution of streams of polarized light from different sources,
Transactions of the Cambridge Philosophical Society 9, 1852, pp. 399–416.

[2] KOROTKOVA O., WOLF E., Generalized Stokes parameters of random electromagnetic beams, Optics
Letters 30(2), 2005, pp. 198–200.



216 JINGJING CHEN et al.

[3] SETÄLÄ T., TERVO J., FRIBERG A.T., Stokes parameters and polarization contrasts in Young’s
interference experiment, Optics Letters 31(14), 2006, pp. 2208–2210.

[4] KOROTKOVA O., Changes in statistics of the instantaneous Stokes parameters of a quasi-monochro-
matic electromagnetic beam on propagation, Optics Communications 261(2), 2006, pp. 218–224.

[5] TERVO J., SETÄLÄ T., ROUEFF A., RÉFRÉGIER P., FRIBERG A.T., Two-point Stokes parameters:
interpretation and properties, Optics Letters 34(20), 2009, pp. 3074–3076.

[6] BHASKAR KANSERI, SHYAMA RATH, HEM CHANDRA KANDPAL, Direct determination of the generalized
Stokes parameters from the usual Stokes parameters, Optics Letters 34(6), 2009, pp. 719–721.

[7] BHASKAR KANSERI, HEM CHANDRA KANDPAL, Experimental determination of two-point Stokes
parameters for a partially coherent broadband light beam, Optics Communications 283(23), 2010,
pp. 4558–4562.

[8] XINYUE DU, DAOMU ZHAO, Changes in generalized Stokes parameters of stochastic electromagnetic
beams on propagation through ABCD optical systems and in the turbulent atmosphere, Optics
Communications 281(24), 2008, pp. 5968–5972.

[9] TAO WANG, DAOMU ZHAO, Stokes parameters of an electromagnetic light wave on scattering, Optics
Communications 285(6), 2012, pp. 893–895.

[10] KRAVTSOV A.Y., BIEG B., Propagation of electromagnetic waves in weakly anisotropic media:
Theory and applications, Optica Applicata 40(4), 2010, pp. 975–989.

[11] MANDEL L., WOLF E., Optical Coherence and Quantum Optics, Cambridge University Press,
Cambridge, 1995, pp. 239–190.

[12] WOLF E., Unified theory of coherence and polarization of random electromagnetic beams, Physics
Letters A 312(5–6), 2003, pp. 263–267.

[13] KOROTKOVA O., SALEM M., WOLF E., Beam conditions for radiation generated by an electromagnetic
Gaussian Schell-model source, Optics Letters 29(11), 2004, pp. 1173–1175.

[14] BORN M., WOLF E., Principles of Optics, Pergamon Press, Oxford, 1980, pp. 581–590.

Received April 17, 2012
in revised form June 26, 2013



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


