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Scattering by a siit
in an infinite conducting screen

T. HAYAT*, M. AYUB, T. FARID**

Department of Mathematics, Quaid-i-Azam University, Islamabad 45320, Pakistan.

Cytindricai wave diffraction by a s!it in an infinite, piane, perfectiy conducting barrier in a 
homogeneous biisotropic medium is investigated. The source point is assumed far from the stit so 
that the incident cyiindrica! wave is tocatiy ptane. The siit is wide and the barrier thin, both with 
respect to waveiength. The boundary vaiue probiem is reduced to a Wiener-Hopf equation and 
soived approximately.

1. Introduction
The diffraction o f eiectromagnetic waves by a siit in a screen is an importnat topic in 
diffraction theory from both theoreticai and engineering points o f view. As known, 
certain guiding structures such as microwave passive filters, coupling structures, e/c., 
contain thick slits or slots and it is therefore of prime interest to analyse their diffraction 
characteristics. The main aim of this work is to calculate the scattered wavefield excited 
by a cylindrical wave incident to a slit in a screen exhibiting conduction in 
homogeneous biisotropic medium. To the best of our knowledge, the diffraction by a 
slit in a homogenous biisotropic medium has never been discussed before. This seems 
to be first and the worthwhile attempt in diffraction theory in a homogeneous 
biisotropic medium. The source is assumed to be sufficiently far from the slit so that 
its wavefront is locally plane. Throughout we assume that the field is harmonic in time. 
The asymptotic analysis of the resulting integrals is only carried far enough to permit 
the calculation of the diffracted wavefields far from the slit. We anticipate extending 
the analysis o f these integrals, so that expressions for the wavefield in the slit and close 
to the screen can be obtained, and have therefore given more details o f the solution 
than is necessary to calculate only the farfield results.

Scattering from a slit or strip is a well-studied problem in diffraction theory. 
As VESTAS and KLEINMAN [ 1 ] summarize and review much of the work done on it. JONES 
[2] and NOBLE [3] discusses diffraction from a slit or strip using the Wiener-Hopf 
method. We follow their approach very closely. To calculate the diffracted wavefield
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from the interaction between the edges we assume that the siit is iarge, with respect to 
waveiength, and asymptotically approximate severai intégrais using this assumption. 
KARP and KELLER [4] caicuiate this interaction term for diffraction from a siit in a 
perfectiy rigid barrier using the geometricai theory of diffraction (this theory aiso 
assumes that the siit is large with respect to waveiength). Lastly, the same overaii 
approach used here has been taken by AsGHAR [5], AsGHAR, HAYAT, and HARRts [6] 
and AsGHAR and HAYAT [7].

2. Formulation and solution of the problem
A cyiindricai wave is incident at an angle 3>Q to a siit x, < x < X 2- We consider 
Cartesian coordinates (x,y, z) with origin O. The conducting pianes x < x ,  and 
x > X2 are assumed to be of infinitesimal thickness. We consider a line source located 
at (xo,y*o)- Thus, following AsGHAR and HAYAT [8], the problem becomes one of 
solving the equation

f  -2 -2 A
*2 7*2

kdx 8z 7
8 ty (*,2) =  8 (x -X o )8 (z-Z o).

Subject to the boundary conditions:

^ 6 t / * , 2)=F8 ^ - g ,y (x ,z )  =  0, forz  = 0 " ,  X < X „  X > X 2 ,

g ,y (x ,Z *) =  6]y(2C,2 ), forz  = 0, X, < X < X 2 ,

^  2*") =  ^  g,^,(x, z*), for Z = 0, X, < X < X2

( 1 )

(2)

( 3)

where:

^ (Y2 -*y )-

we have also used the implicit dependence exp (i^y ) o f the field vectors, 
Qt "  (6 ]x '6 ]y. 8 [v) is the left-handed Beltrami field and two wave numbers in 
homogeneous biisotropic medium are:

Y] =
1 -  4: aP

, 4 : ' ( a - P ) '  , 4r(a +  P)  ̂
4 2
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Y2
! -A: ap^

! + Ar\a -  p)^ Ar(a + P)^

Ar = m(cp) ) /2

io is frequency, s and p. are permittivity and permeabiiity scaiars, respectively, while 
a  and p are the biisotropy pseudoscalars. The biisotropic medium a  = p is reciprocal 
and is called a chiral medium.

For a unique solution to the problem we require that must satisfy the radiation 
/*2 2condition in the limit J x  + z ->co and the edge condition ( ^ ( x ,  0 ) = 0 ( 1) and

0) =  0 (x ^ '^ )  a s x - > x ^ , X 2.
We decompose the total field as

.̂ref , for

for

Z > 0 

z < ( F
(4)

where is the solution o f inhomogeneous wave equation corresponding to the 
incident wave, 0 ^, is the reflected wave, and 0  is the solution of the homogeneous 
wave equation which gives the diffracted Held, ;.e.,

+ ----
^dx^ dz^

f ^2 -2d + ^
^dx^ dz^

+ A

+4 ?

g.nc.ref ^  § ( x - X Q ) 8 (z iF Z o ) ,

<5 =  0.

(5)

(6)

We define the Fourier transform pair with respect to x as

Y (v , z) =  —Lr f(5(x, z)exp(;vx)dx,
V2rt J

(7)

(5(x,z) =  — )*T(v,  z)exp(7vx)dv,
V2n -*

( 8)

with identical definitions for the other fields ( incident and reflected). The solutions 
of Eq. (5) when rg -> oocan be written as:

6 ' J ( x ,z )  =  ¿exp[/(A :,;X  + Ar,;Z)],
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g ,^ (jc ,z) =  8 e x p [ / ( l ^ x - ^ , , z ) ] (9)

where:

*0 +  ^0 =

* ) ;  =  -^tYjCOSd),

!t < 0  < 3 n /2 .

With the heip o f Eqs. (4) and (9) the boundary conditions (2) and (3) in terms of 
diffracted fieid Q can be written as

for < x  < * 2 -
The soiution of boundary vaiue probiem consisting of Eq. (6) and boundary 

conditions (iO) and (11) has been obtained by employing the procedure used 
in AsGHAR, HAYAT and AYUB [9]. Omitting the details the diffracted Held is directly 
given by

^ ( x ,  0*) -  8 ^ ? (x, ( f  ) = 2/8^,; 6 e x p ( /^  x)

( 10)

f o r x < x ,  a n d x > X 2 , and 

0 (x , 0+) =  <D(x, 0 1 ,

^ ? (x ,  0^ ) - ^ ? ( x ,  0 ) =  - 2 i8Ar,^exp(^,^x), ( Ü )

O =  (P ,(x,z) + ^ 2 (^ .1 ( 1 2 )

where:

^ 2  =  ^ ^ ^ ^ 2(-^ [^cose)exp [iA :,^ (r +  /-o)],
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J^ ,( - ł ,^ c o s e )  = / tß -G D , 

with:

^  ^  ̂ 8 sgn(z)¿+(-Ár,J
^+(-^r ta c ó se ) sine C0s6í+(-Á:,^,C0se)' 

exp[;(/r,^-Á r,^cose)x2]
(^x-^)xzCOSe)

c  = -S L Í-^ J ^  5sgn(z)Z_(-A:^)

D  =

& ( - ^ ] ^ C O s 8 ) s i n e  COs6 ¿ _ ( -Á :,^ .C O s e ) '

ex p [/(^ ,^ -/r ,^ c o s6 )x ,]

cos<P + cos8 ^ 0,

J^ (-Ł ,x ;C ose) =  (Е  + ^ )С  + ( Я + / ) 7  

with:

G  =  e x p [ ( - ;7r , ^ c o s e ) x 2İ ,

a  = [ ^ ( i , , , c . , e ) = x p ( í í , ^ ) - c , ^ , , , e . s e ) ] ^ ^ i L ^ .

У = exp[(-/^,^.COs8)X]],

^ ( v )  =  ^ + ( v ) ^ _ (v )  =  1 +
,2 2 

Vs ^ „

t ( v )  = í , ( v ) í . ( v )  =  , . S ' [ v )  =  Í A ' , .S ' , ifA '_ .S _ ),

+ ^txz. "  л/ v - ^ txz'
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3±(v) =  ^±(0 )exp[ jT ± (v )d v ],

-S+(0) =  ^_(0) =  1,

1 δ ,/f, F (v ,v ,)  δ,Α; F (v , v^)
Ψ+(ν) = -Ψ _(-ν) = -  , ... ...............^ -----------+ -------Lb----------- ,

+ π (1 + δ , ) ( ν , - ν 2) π ( 1 + δ , ) ( ν , - ν 2)

^  , Д v )- Д v o )  ,  _  , „
^ (v , Vo) =  1 — 1^— T " .  S , -  ! / δ ,

/İP) =
cos (p /^ t^ )

i/Γ̂ δ

C2 -  - --------^ +

c, = - -------L - ------+

Q  = —------------ -̂----- [ ^ ( ^ t ^ ^ + i ^ l x z ^ ^ i ^ x z ^ i ^ t x z ) ] '
^ „ z ) - y  (^.,z)

C,(v) = P,(v)exp(;A:^X2) " ^ [ iv ) e x p ( ^ ,^ x , ) ,

(?2(v) = ^2 (v )exp(^ ,^x ,)-P 2(v )exp(^ ,^X 2) '

^ ( v )  = P 3(v)exp(^ ,xX 2)-^t(v )cxp(^ÎxX ı).

C^(v) =  P ^ (v )e x p (/A ;^ x ,)-P 2(v )e x p (^ ^ X 2)̂

Λ ,2 (ν )

^3,4(V)
i + ( v ) - L ^ ( - ^ , J

V ± * i ı
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Z7tt

= 2 exp(/7t / 2 )
( * 2 " * [ )

^ ( z )  = T (3 /2 )e x p (z ,/2 )(z ,)  ' ^ ^ / 4  ,^ (z ,) ,

is a Whittaken function, z, = - /(v  + A :,^ ,^ - ^ ] ) ) ,  and -S+(v), /f+(v) and 
T+(v) arc reguiar for Im v > -Im ^ ,^  and ^_(v), Ä^_(v)and i_ (v ) are reguiar for 
Imv < ImA;^..

3. Concluding remarks

in this work, the scattering of cyiindrica) wave by a siit in an infinite perfectiy 
conducting screen in homogeneous biisotropic medium has been analyzed through the 
Wiener-Hopf technique. The finai approximate soiution is uniformty valid for all angle 
o f incidence and observation except for the grazing incidence. By using we can 
write the other components o f Q] through the following equation:

Similarly the analysis for the right-handed Beltrami field Q2 can be discussed. 
Furthermore, for a chiral medium (a  = [3) we have:

The diffracted Held for the chiral media can easily be found using Eq. (14) in 
Eq. (12). In nature these media occur as the stero-isomers of organic chemistry which 
betray circular birefringence or optical activity at optical frequencies. With advances 
in crafting macromoleculear polymers [10], it is conceivable [11], [12] that media 
displaying their chirality at microwave frequencies may become commonly available.

V *  Q, =  -y ,Q, . (13)

Y, = A r(l-kß )"',

Y2 =  ^ (1  + k ß ) (14)
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